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ABSTRACT: This paper studies the dimensional reduction of a nonlinear vis-
coelastic problem posed in a thin domain D¢ C R?, featuring a logarithmic
source term and mixed boundary conditions. The model combines a Dirich-
let boundary condition on one portion of the boundary with non-linear slip
conditions described by a Tresca friction law on the remaining parts. Using
asymptotic analysis, we rigorously derive the limiting behavior of the solu-
tion as the thickness parameter ¢ approaches zero. Our results show that the
three-dimensional solution converges to a well-defined two-dimensional limit
problem, where the effects of the Tresca friction are preserved in the reduced
formulation. Additionally, we prove the uniqueness of the solution to the lim-
iting problem, ensuring the well-posedness of the derived model.

KEY WORDS: Logarithmic source term; Viscoelastic contact problem; Asymp-
totic behavior; Tresca friction law.

1 INTRODUCTION

In the field of continuum mechanics, materials frequently defy simple classification.
While purely elastic solids conserve mechanical energy during deformation and ideal
viscous fluids irreversibly dissipate it, many real-world substances exhibit a hybrid
response: they partially store and partially lose energy when subjected to external
forces. This intermediate behaviour, known as viscoelasticity, has been observed in a
wide spectrum of physical systems, ranging from biological tissues such as tendons
and cartilage to synthetic polymers and even certain molten alloys. In all of these
systems, the balance between resilience and damping plays a critical role in function
and performance.
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Mathematically, this duality can be modelled using equations that incorporate
both memory effects and energy dissipation. These equations are often described as
partial differential equations with convolution-type viscoelastic terms. A particularly
rich class of such models includes nonlinear source terms with logarithmic depen-
dence. These have emerged as powerful tools for representing complex interactions
in contexts ranging from quantum field theory to geophysical dynamics and nonlinear
optics. Though subtle in form, these logarithmic nonlinearities introduce significant
analytical challenges due to their slow growth and sign-changing nature. However,
they offer greater fidelity in modelling long-range interactions and phase transitions.

Recent investigations have explored the well-posedness and asymptotic prop-
erties of viscoelastic systems featuring logarithmic sources. Notably, studies by
Mezouar [1], Choucha [2], Cordeiro [3] and others (see [4—9]) have provided evi-
dence of the existence of solutions, determined the rates at which energy decays, and
identified stabilisation mechanisms for various structural equations, including Kirch-
hoff, Lamé and pseudo-parabolic systems. These studies have often employed tech-
niques such as the potential well method, Nakao’s inequality or semigroup analysis.
Extensions to stochastic settings and fractional dissipation have further broadened
the scope of these studies, revealing the influence of noise and nonlocal effects on
solution behaviour.

Alongside these developments, another significant area of research involves re-
ducing the dimensions of physical models in domains with singular geometries, par-
ticularly thin structures where one spatial dimension becomes asymptotically small.
These configurations naturally arise in micro-electromechanical systems, layered com-
posites and biological membranes. The challenge in these settings is to derive ef-
fective lower-dimensional models that accurately reflect the full three-dimensional
physics. This is typically achieved through asymptotic analysis as the thickness pa-
rameter £ approaches zero, leading to limit problems defined on surfaces or lines with
modified constitutive laws and boundary interactions.

Several authors, including Dilmi [10-14], Bayada [15] and Rodriguez-Arés [16,
17] and their collaborators, have developed this area of research by analysing the
convergence of solutions in elastic and viscoelastic thin media under various contact
conditions. They have treated problems involving frictional interfaces, nonlinear dis-
sipation and mixed boundary constraints using asymptotic expansion methods and
energy estimates. This has yielded justified reduced models with emergent transmis-
sion conditions.

Building on this foundation, the present work investigates a viscoelastic system
in a three-dimensional thin domain D¢ C R3, where 0 < ¢ < 1 denotes a small
thickness parameter. The model incorporates a logarithmic source term and is sub-
ject to Tresca friction on part of the boundary, a condition that introduces additional
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non-smoothness and requires careful treatment within a variational framework. Our
objective is twofold: first, to prove the existence and uniqueness of a weak solution
for each fixed &; and second, to carry out a rigorous asymptotic analysis as £ ap-
proaches 0, in order to identify the limiting two-dimensional problem and prove the
convergence of the rescaled solutions.

In line with previous studies, the present work may be regarded as the first to
rigorously analyse the combined effects of the Tresca friction law and a logarithmic
source term within the framework of dimension reduction for viscoelastic systems.
In contrast to earlier contributions, the proposed scaling is specifically designed to
ensure that both the frictional effects and the logarithmic nonlinearity remain effec-
tive in the asymptotic limit. This leads to a non-trivial two-dimensional limit problem
in which the Tresca friction condition is preserved on the reduced boundary, thereby
capturing the essential mechanical features of the original three-dimensional model.

From an application perspective, the proposed model is directly motivated by the
study of adhesive materials and thin viscoelastic layers arising in biomechanical and
industrial settings, such as articular cartilage in joints and micro-electromechanical
systems (MEMS). In these contexts, the logarithmic nonlinearity provides an effec-
tive representation of long-range interactions and nonlinear internal responses, while
the Tresca friction law describes threshold-dependent slip behaviour at contact inter-
faces. The resulting reduced model offers a computationally efficient yet physically
reliable framework for simulating thin viscoelastic structures, allowing engineers and
applied scientists to accurately capture the essential behaviour of such systems with-
out resolving the full three-dimensional geometry.

The paper unfolds as follows. Section 2 introduces the governing equations and
the geometric setting. Section 3 derives the weak formulation and proves well-
posedness via a combination of Faedo—Galerkin approximation and energy argu-
ments. It also applies a suitable scaling to reformulate the problem on a fixed refer-
ence domain. Section 4 develops uniform estimates with respect to £ and establishes
the compactness necessary for passing to the limit. Finally, Section 5 derives the ef-
fective limit problem, characterises its structure and demonstrates the uniqueness of
its solution.

2 MATHEMATICAL FORMULATION OF THE PROBLEM

In order to formulate the problem of nonlinear viscoelasticity with a logarithmic non-
linearity source term, we start with the geometry of the domain. Let D¢ be a bounded
domain of R?, where 0 < ¢ < 1 is a small positive parameter. The boundary of D¢
will be denoted 9D¢ = A U 8D§ U 827% , where: A is a fixed bounded domain in

R?, characterized by x5 = 0, which represents the bottom of D¢, 8D§ is the upper
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surface defined by r3 = £G(y) with y = (z1,72) € R? and the function G () is
defined on A of class C!, such that

0 <G = Gnin <G(y) < Grmae =G, Vy € A.
DE is the lateral surface of the domain D¢. The thin domain D¥ is given by

D ={(y,xz3) eR3:y e A, 0<z3<EG(y))

Let wé (z,t) = (wf (x, t)) i denote the displacement of the viscoelastic body at
(2

position = and time ¢ € 7 :_[OTT]. The strain tensor is denoted by I;; (u5 ) where

1 aw£ &ué
Dij(wt) = 5 | 2 L) ,i,5€{1,2,3}.
Zj(w) 2<8$]+8$1 727]6{ » }
The relationship between stress and strain can be expressed as

ot (wf) = 2uD(wf) + YD <%“f) .

Here 1 is Lamé’s coefficient and 1 is the viscosity coefficient.
The normal and the tangential components of w¢ along the boundary can be ex-
pressed as

wh = whn, wi=wt—wian.

Similarly, the normal and tangential components of ¢ on the boundary are defined

as:
Ug = (Un.n) n, 05 =on — <05> -,

n
where 7 the exterior normal on 9D,
The dynamics of a three-dimensional viscoelastic body, including source effects,
is described by the following governing equations

7223

920¢ 3. Dot (wf) ' )
1 p 8tQZ —;g%—a&n (wf)ln(wf ) zﬁf,l <i<3,inD¢ xZ,
where p is the volumetric mass density, ¢ = (55) L<ics represents a density of
<i<

external forces and of is positive constant.
Our boundary conditions are described as follows:
e The displacement is on 8D§ x T, 82)% x T satisfies the Dirichlet condition

) ws = 0.
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e On A x 7 the normal component of the velocity satisfies
(3) —n=0.

ot

e The tangential viscosity on A x Z is unknown and governed by the Tresca friction
law

o <k:5:>(‘98—°f> = 0;
T

“4)
02| = k% = 3k > 0, such that (%) = —/ia§
T

>

7as%

where | - | represents the Euclidean norm in R?, and k¢ is a prescribed function.
The problem (1) — (4) is complemented by the following initial condition

8(")6 (ya zs3, 0)

5 = wi(y, 3) V (y, 23) € D"

(5) Wy, 3,0) = woly, z3),

Finally, we present some conditions satisfied by the logarithmic source term

(o) (fe]) = (e ()0 (o))

where T; : R — R, 7 € {1, 2, 3} are continuous functions that satisfies the following
conditions:

oY, (¢)In(l€]),i € {1,2,3} are a continuous functions for all £ € R.

o There exists a positive constant C'y such that

wf

(O (¢ < Oy (I + 1), forall ¢ € R,

3 NOTATIONS AND WEAK FORMULATION

To obtain the variational formulation of the problem. We will write ||-| 12(D¢) and
H-HLP(D5>, (1 < p < +o0) for the usual L? (D) norm and LP (Df) norm, respec-
tively. We will use the standard Lebesgue space L? (D¢) with the inner product

(w,v):/ w.vdydxs,
DE

1
2
lelloey = ([ o dvaaa) "

and the norm
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H' (D¢ )3 Sobolev space defined by

3 3 Ow;
H! (Df) - {w €12 (Df) K2 (235),@,]' - 1,2,3},
89:]-
H} (Df)3 the closure of D (D5)3 in H! (D5)3, and H~! (Df)3 the dual space of
i ()"
Let 9B a Banach space endowed with the norm ||-||;. We denote by L? (Z;B) the

space of functions w : Z — ‘B such that ||w||y € LP (Z), which is a Banach space
equipped with the norm:

1
P
Jll oo ) = ( /I o ()11 ds) .

L (Z;B) denotes the space of functions w : Z — B which are measurable and
lw|lg € L (Z). This space is a Banach space endowed with the norm

HWHLOO(I;‘B) =ess sup |[w(s)y-
s€]0,T|

Lemma 1. [18]. The condition of Tresca (4) is equivalent to

crﬁ. <w€>T + k¢ ‘ <a‘;f>7

We multiply the equation (1) by (¢ — w®) and integrating over D¢, then using
(2) — (4) and the integration by parts, we get the following variational result:

Problem (P,). Find w® € W¢, Vt € Z, such that

=0 on AxZT.

© oG5+l )+ 4G )
- o (T (), o - XY 4 ()
K ()2 (o). veews

Ouws
w§ (y7 CC3, 0) = UJO(% x3)7 W (y7 x37 0) = wl(y7 $3) )
where

Wé = {v € Hl(D§)3:UzOOH@DfU@DE,U.n:OonA};
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3
Agp (w,v) = 2<I>/]D) (w) : D (v)dydzs; D (w) : D (v) := Z Dj; (w) Dyj (v) 5
DE 1,j=1
5 (v) = /k£v|dy; (0,v) = /5.vdyd:c3.

A DE

The existence and uniqueness results of (6) are established in the following theorem.

Theorem 1. Under the following assumptions

3
5 0 o (z; 12 (pf) ) ,
ot
kS € L®(A), k& >0,
wp, W1 € I{1 (D§)3,
there exists a unique solution w® to problem (6) with

92ws
02

gaw

o €L (I HY(DS)Y? ) :

€ L2 (z L2(D5)? )

Proof. The proof relies on the regularization method, which approximates the non-
differentiable term ;¢ (-) by a family of differentiable functions jg (+), where

5 (U):/Akf () v/ Js P + C2, where 0 < ¢ < 1.

It is clear that jg (+) is convex and Gateaux differentiable with its Gateaux derivative
(jc)' defined on W¢ and given by

(Ge) W) ) = /A K () Py,

\/ |UT|2 +¢2

Since jg (+) is differentiable, adopting the classical arguments in [18], one can state
that (6) is equivalent to:
Find wg (t) € L? (Z;W¢), such that for almost all ¢

2w (1) At (t)
() p( 52 ,w>+Au(w§(t>,¢)+Aﬁ< = ,<P>
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—af (7 (wE ) (|wf @) ) + <<9§), (awgt(t)> ’@>

= <5§ (t),<p> , Vo e WE.

Now, using the Faedo-Galerkin procedures as in [18] and [19] to prove that the prob-
lem (7) has a solution. O

3.1 THE PROBLEM IN A FIXED DOMAIN

The aim of the asymptotic analysis is to ascertain the behaviour of the solution w®
of the problem (6) as £ approaches zero. For that it is significant that the domain
on which is posed the problem does not depend of £&. According to the change of
variables z = x3/&, we define the fixed domain

D={(y,2) eR3:yeA0<2z<Gy}

and we denote by 9D = A U dD; U 9Dy, its boundary. We define on D the new
unknowns

Wf (y7 Z,t) = Wf (y,l’:;,t) ’ i = 17 2’ Wg (y7 th) = filwg (yvxfﬂvt) .
The data of problem (6) are assumed to depend on ¢ as follows
8 (y7 th) = 5265 (va?)at) B ]% = é’k,ﬁ’ s = 17 2; o= 620459

with 9, k and & does not depend on £.
We now introduce the functional framework on D as follows:

W:{@EHI(D)?):gpz()on@DlLJ@DLandgo.n:OonA},

E:{cpEHl(D)Q:90:(gpl,apg),(pi:Oon8D1f0ri:1,2}.

The problem (6) is reformulated on the fixed domain D as follows:
Problem (7, ). Find w € W, ¥t € T such that

92w Ows 920§ Ows
2 7 . 7 4 3 75 (75 (5 _
S < o2 't ot ) S < o2 073 3 A“( ’ ot >

+Aﬁ<(2f,¢—(i)é;u;>+@§:<’fi(w§>ln( )’wi_a;§>
=1

W
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— ae? (Tg (gwg) In (‘Ewg‘ ,P3 — ag?) +J (@) -T <8(;f>

=1
3
Wb (2,0) = wo(z); Ow a(? 0 1(z),
where J (@)= [ kl|p|dy,
and
(54
A(b ( (I)f ;1/ (895] z) 81']' dydz

wi/p(%fwzzf){;@ o)+ (=) v

0us 0 (93— i)

2
+ 2(1)5 D 0z . 0z

dydz.

4 A PRIORI ESTIMATES AND CONVERGENCE RESULTS

In order to derive a priori estimates and convergence results for the solutions to the
problem 8, it is necessary to consider the following two inequalities:
Korn’s inequality

1 1 ;
9 Ck HVw ‘ 12(p%) axs < HD (w )‘ L2(D§)3X3 , (Ck independent of &).
Poincaré’s inequality
1o 60|
(10) lw; [l p2(peys < EG 8903 Lapey 1,2,3.

Theorem 2. There exists a constant c that does not depend on &, such that the fol-
lowing estimates

3
(1) Z(H o >+H£222 ;(D>+H€65? o) * Z Hgax] L2(D
£
N
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2 €
(12) ; <H§z(a(;tl > ’ ;(I L2(D)) H§2 ox; <8w3)‘ ;(I;B(D)))
+ Z H§ ( )‘ L2(Z;L2(D H§ (&”3)‘ LX(T;L(D)) ~
92,8
(13) Z H 8t2 @) Hgdaazg‘;a;m)'

Proof. Let w® be the solution of problem (6). Setting ¢ = (0,0, 0), we obtain
02w 0wt Ouwt Ows Ouw
z - = 3
p<8t2’8t>+A< 8t> Aﬁ(at 8t)
0wt Owt
S 1
a(T(w)lnw,at>+3(8t)

At
as j < ) is positive, we have

IN

Ow’
&
(6 b at > )

ot
3 13
[ Haw L2(D$)3 +2MHD ’;(D&)BXJ +219HD<aw )’LQ(D§)3x3
ga5<r( ) In |of], ag’t)Jr(Esﬁ,aa“f).

By integrating the above inequality over (0, ¢), then using Korn’s inequality (9), we
find

0wt (s) |2

2%

+ 20k [V 2 peysns + 20Cc / Hv

L2(D8)?

<af /Ot <r (wﬁ(s)) ln|w§(8)|,&i9t()> ds+/0 (65(5),8“};;8))@

Now we estimate the right-hand terms of this inequality. Using Poincaré’s inequality
(10), we see that

[l (ot mpetion, 255 o
< ([/m( T (o) In st ()] ]

L2 (D5)3><3

0wt (s) ’
ot

)ds
L2(DE)3
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/Ot (fé [/Di <Oz£’T (wg(s)) In |w5(s)||)2dx}é
/ot(?;éc%fy[/ <T<w5( ) In fw (s)l)2dx}ds

19(3’;(/ H 8w5

We know that

0wt (s)
ot

IN

L2(D€)3x3)

IA

LQ(D£)3x3

2
(@) I fws]l)” < 20x (w2 + 1),

s0, using Young’s inequality, we conclude that

[ o0,

t Eeh)?
S/(]scréglf) [fG Hvs ‘

. ICK / t
4 Jo
this implies that

(14) /Ot of (r (& () ]t ()], a“’éﬁ) ' ds

207 (6G2)° [t 2 207 (G (a/VE))®
= Tz? /vaé(s) Lz(Dé)3X3ds+ : VCK

3
r2(pe)>*? ‘D ”

Ows (s)
ot

ds,
L2(D5)3X3

T[D|

awf( )
ot

ds.
L2 (D£)3><3

t o 13
The term / <E§5 (s), wat(s)> ds is estimate by the Cauchy-Schwarz inequality,
0

Poincaré’s inequality (10) and Young’s inequality as follows:

t I3 t 3 2
(15) / 5t (), 22 | g < V0K [7]| g2 () ds
0 3t 4 0 8t LQ(D§)3X3
¢
19CK / H L2(p¢)? ds.
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According to (14) and (15), we get

2

p || Ow ¢
16) = ||— + uCxk ||V s
00 85[0
9Ck [ 0wt (s) | 2
<
~ A2\ 2
p 9 2Cy (6G?) /t ¢ 2
Ty lellie ey + 5e |, HV“’ (S)‘L2(D5)3X3 ds
2Cy ((a/V%) 6)2 4(5@)2 t 2
D ¢ :
* 9 TIPIH =ye /0H3 (S)’La(ps)3d5
As )
2 ||5¢ —1|4
¢ H ‘L2 D)’ =& 9 L2(D)*’
we multiply this inequality by &, we deduce
aut |7
B§ H + nCk§ va 3x3
3t LQ(D£)3 §
190;( 8w5
20 et
(7%)
20y (aG2)? [t 2
<A+ —— ¢ d
= + ’190[( /()é'va (s)’LQ(DE)BXB S,
where A is a constant does not depend of & with
4G? 14|12
A = pCrc ol @) Ty ”MHLQ AT L2(zL2(D))

Now, using Gronwall’s lemma, we obtain that there exists a constant ¢ does not de-
pend of £ such that

17) e[| 2 2 +§va5‘ <¢
ot 2(pe)? 2(p&)>? — 7
with
aut |I?
= <
(18) 13 HV B <cg,

12(za2(p) )
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thus we get the first estimate (11) — (12).
9%t
To show the a priori estimate (13), we take ¢ = 8t2€

92uS 92wt 02w ot 0%ws
- ¢ T 7e £ - ¢ Y ¢
p( a2’ o2 >+A“ (“’ e | T e
ot 92wt 920t
£\ [ 9 ¢\ _ ¢ 3 ¢ ¢
(6 (5) F) o (x () m(ee) G
2, &
_ (5 8w< ‘
T Ot2
This leads us to
13 13
d P, 8wc> Ow;
R I

a2w§
< (567 8;:?) — A, (wf’ (9(§:;§> +af <T <w§) In (’wgD , 8;;?) .

ot?
Integrating this inequality over (0, ¢), use the Korn inequality (9), we obtain
ds +9Ck

t || 92wt (s) aut | At
(19) ,0/ o Y + (gﬁ) -
0 L2(D£)3 3x3
¢ 92wt (s)
3 2 3 ¢
S/Ak: \/ [(w1),] —|—1dy—|—2/0 (5 (s), 52 ds

ot
&

3
- /Ot.Au (wg (), 3;;;) ds + ot (T <w§> In <’w§’> , 8;:C> .

Using integration by parts, we notice that

/ 828 (s) Awt (1)
/ <a€ (5)’a§2> ds = <af (t), ét ) - (65 (0),w1)
0

[ ({906 (s) 0w (s) ;
- / ot ' ot 5

0

in (7), we obtain

2 2

P

L2(D£)3X3

2

12 (%)

Now, using Cauchy-Schwarz’s inequality, Poincaré’s inequality (10) and Young’s
inequality, we obtain
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3 S)
(20) ds
t
L ¥k / Lo / HW ds
| / (D5)3X3 ﬁCK L2 D5
2 _
N ICk awg (s) 4£2G? H5§ ‘
2 A2 g

+ HVCL)IHLQ(N)?’X?’ 486 H6 ’ ()’

We have

! (./J5 S (JJ£
/Au(wﬁ(s), 82a§2( ))ds = A (w50, i 5t(t)) — A (wh, wb)
0

Using Cauchy-Schwarz’s inequality and Young’s inequality, we get

¢ 92w &
o [l "E o

e )\

W (8) 22 peyoes

H||VWO”%2(D§)3><3

&ug(s) ‘

L2('D§)3><3

2

—}—MHleuiz(Dg)w:s "‘M/ Hv L2(DE)3x3 5
0

On the other hand, we know that

S

[ (eresmmiaiin )
wi(s)

40’1‘64 &- 2 ¢ § 2 5
< 2/ H (%2 >3 sds+ P (a®) /0 (||w<(s)\|L2(DE)3+\D |> ds

L2
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then, we deduce that

ot?

ACve*atG? [t
s/&wé@@mws

4C e
T< A0 ) ey 4.2 /H

Now, from (20) — (22) and (19), we conclude that

t
(23) 5/53
’ p(pe)’

Te ab 9
S“'(C?/gﬂ ’

p

t
9C
+ <4K +u>/ \Y

0

t w€S
@myé@%w%mm%@mydﬁwm

(9t2 LQ(D£)3x3 5

2
At
¢
v ot

82w§ (s) ?
ot?

ds—i—%

L2(D¢
4Cye* (af) 2
p

)SXS

,ds +

T¢|D
(e’ £[D)

2
ﬁwg (s)
ot

4§2G2 5 (
L e ol

L2 D5

L2(D¢

2
2
v ‘BWWﬁMWWQW

)3X3

ﬂCK

+(p+1) ||VW1||22(Dg)

462G2 00¢ (s
+/k5\/|(w1)7\2+1dy+ 3 /H
A

We pass to the limit in ( 23) as  tends to zero, we deduce

3x3 —|—4£2G2 H5§ ‘

(o

ds.

L2 Df

t 2 ¢ 2
(24) IO/ 53‘ 0 w2(s) ds
2 0 8t LQ(D5)3
_4c G 4Cvet (af)?
 40re! (ofG)’ / Hv ¢, s+ L Gl
P L2 D€
t
E 272
ﬂCK/Hvaw | ,d3+4§ G Ha6 )
i) L2(De)>* ICk 12(p)°
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L2(Df)
4€2G2 [ |99 (s
+/k5\/|(W1)T|2+1dy+ ¢ /H
A

Multiplying now the inequality (24) by £ and using the estimations (17)—(18), we
obtain

ax3z T 1 HVWOH

ﬁCK L2(,D§)3><3

Mo

(A1) [[Vwi |2, axs + 462G Hﬁf ‘

id

ds.
r2(p¢)?

5?2 5 2 .
(25) g H gt2 ds< B,
L2(Dt) p
where B is a constant does not depend of ¢ such that
_ 4C 4Cye* (&)
5 = re(gTH i d8+MT|D|
P L2( D5)
o (L 5 vl ds+ 2 5 )
4 L2(D§)3X3 VCk L*(D)?
+(:u’+ 1) HVWIHL2 (D)3*3 +4G H5 ‘ L2(D)?
+ [ i)
A VCk L2(T,L2(D)?)
Thus, we get
2,56 |1? .
(26) 0 - <25
ot (z;2(0)*) P
From (26), we deduce (13). ]

Next, we aim to establish the convergence theorem as & — 0. To achieve this, we
introduce the Banach space

ov;
0z

V, = {v = (v1,v2) € L? (D)? : e L?(D),i=1,2andv :()on@Dl}
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1
2
L2(D)>> .

Theorem 3. Under the hypotheses of Theorem (2), there exist functions w} € L* (Z;V,),
1= 1,2 such that

with the norm

2
ov;
MMZ(Z(WMWWM&

i=1

¢ A ow;
o ot
£

)

(27)

(28) T; <w£> In ( w

528w3 40 52(%;3 0

=1 2} inL*(T;V.) ;

) — T (W) In(Jw]), i =1,2a.einD;

(29) in L* (Z; L* (D)) ;
I3 13
250 = 0,655 = 0,0, = 12
92 E L
Eomy = 0inj = 1,2
I3 .
0 e2e 0,20 Lo i=1,2 p nI*(LLI}(D)).
32 3
§4 8:;3 -0 )

Proof. By the Theorem (2), there exists a constant ¢ independent of £ such that

2
f)wf

¢, i=1,2.

L*(D)

Using this estimate with the Poincaré inequality in the domain D, we get
[

So (wﬁ7 w%)g is bounded in L? (Z;V,), which implies that there exists an element

2 8w

<e¢ i=1,2.
0z =60

L? (D)

(w§,w3) in L2 (Z;V,) with (wl,ué)g converges weakly in L? (Z;V,) to (wf,w3),

P
the same for <88°;1, agf) , thus we obtain (27).
3
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8w§ 8w§

We know that (wf, w2) is bounded in L? (Z;V,) and <8t= 81;) is bounded in

L?(Z;V,). Using the Lions Lemma [19] and the compact injection of L? (Z;V,) in
L? (I; L? (D)Q), we deduce that (wf, w§> — (w?,w3) strongly in L? (Z; L? (D)2>.
Now, since g(-) = T; (+) In|-| is continuous, we have the convergence (28).

For (29) and (30) through (12)—(11) and (27). L]

5 EXAMINATION OF THE LIMIT PROBLEM

In this section, we aim to determine the limit system satisfied by w¢ as £ — 0.

Proposition 1. Under the same assumptions as in Theorem 3, w* the following limit
variational problem:

a0 w3 [ 5 (o 2tz 03 [ (%) (- o
;/ Dl ) (¢ 8at)dydz+J() j(agf)

>Z/

)dydz VoeX
and the limit problem:

(32) —p

2% 2 O
02 (%) —amuted) (o ) = Bi(0), 1 € (1,2) in L2(D),

w;i (Y, 2,0) = woi(y, 2),7 € {1,2}.

Proof. Taking the limit as £ — 0 in the variational inequality (8) and applying the
convergence results from Theorem 3, we deduce
L >dydz

(33) uZ/ aé(i ~ 8w bi—
_QZ/ ) Ines ) (1 - 24 )dydz+j( ) - j(a“’*)
ot ot

2 *
22/@&(@— a(;‘;i)dydz, Voes.

(%J & ow?
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We choose now in (33)
@i = wi £, ¥ € Hy (D) i € {1,2},

and using the Green’s formula, then choosing 1/, = 0 and ¢»2 € H} (D), then 1y = 0
and ¢ € H} (D), we obtain

_/ 2((%?
DluaZ 82

2 9 /02w
)idydz z; /D 92 (a0 ) udud=
i / T(wf) Inlw? rdydz = / §ivndyds
D D

Thus

82%* 0 (‘92w;~“
o9 505 (5o

02 5, >—@T,~<w:>m<rw;‘\>:6i,z‘e{w} in H~ (D).

since 9; € L2(D), i € {1,2}, it follows that (34) holds in L2(D). O

Proposition 2. We denote

*

. ow N "
0 (yvt)za(ZLOvt)’Tr (yvt):w (yvoat)’

the trace of the displacement. Then o*, ™" satisfy the inequality

*

@ [ R+l [ <u9*+1968@ )wdyzo,vweﬁmﬂ
A A t

and the following limit form of the Tresca boundary conditions
‘,ug*+19%‘ <k=>n"=0

(36) aeon A xI.
‘ug*—i—ﬂ%*’ —k=3x>0:7" :%<ug*+ﬁ%>,

Also w* satisfy the weak equation

(37)

o G(y) * 871—1* “ * 8wi D 9 —
/A(FZ T(Wﬁ' +9 ot )+/0 (Mwi +v ot )d(—l—Rz(y,G,t) 8xi(y)dx_0

i=1,2, Yy e HY(A),
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where

z ¢
Rilyzn) = | jg () In(|ef )iy

Proof. To prove (35) and (36), we follow the same steps as in [20]. To prove (37) by
integrating (32) from 0 to z, we see that

ow; ow; 0 (0w}
—n <y,zt>+ua (4.0.8) - ﬁf(at)@,zt)

0 8w %
+198—( 815 / Ti(w!) In(jw]|)dn = / 3i(y,n, t)dn.

The second integration between 0 and z gives

* *

* awi _ * 8
(38) (uwi +U—, )(y,z t) = pzo; 5t 5%

—a// ) In(|w?|)dnd¢ — //Esyn, )dnd¢ .

We replace z by G (y), hence

0oF
(39) G(y) [MQ;* + 9 89” + pi + / / ;) In(|w;|)dndC

:/0 /O&(ym,t)dndé-

Integrating (38) from 0 to G(y), we obtain

ow™*( y“)dg

el at]JrG(y)Q[“ 5]

—a/ //T ) n |w; \dnd(dz—/ //5 y,m,t)dnd{dz .

From (39) and (40), we deduce (37). O

(40) /OGuw (y,<td<+z9/
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Theorem 4. We assume that the functions Y; (-) are differentiable and there exists a
positive constant C* > 0 such that, the following inequality holds

T (§)
§

(41) T (€)In || + <CY ie{1,2,3}. Forall £ € R.

Then the solution (w},ws3) of the limit problem (31)-(32) is unique in L* (Z; V,).

Proof. First we take ¢ = —t) + W in (31) we deduce the solution (w7}, ws;) that
satisfies

(42) “Z/ i 8wzdydz+z92/ (%(
_aZ/ T (w!) In (|w; ])@idydz—j@?)

-y /D Siibudydz, Vi) € .
=1

> ﬂ)ldydz

Now, let w*, w** solutions for the limit problem (31)-(32) with initial data w (0) =
wy = wy™. So we have

(43) ui/ ag%ildd ”Z/ az<
—aZ/ )In (Jo ) didydz — 7 ()

< Z/Déﬂﬂidydz, V@& €3,
=1

) Q,Z)Zdydz

and

2
A Oy
(44) L2 dydz + 9 / (
“; b 0z 02 Z

_QZ/ ) n (|w™* )iﬂidydz—j(zz))

2
<> /D Oi)idydz, Y1 € .
=1

) 1/11 dydz
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Denoting U = w* — w**, we choose ¢ = U in (43) and in (44) respectively, then
subtract the resulting inequalities to get

“Z/ <8U> ddz+q92/ 82( )Udydz

—aZ/ N In |wf| — Yi (W) In |w)*|) Usdydz

<0

’

this implies that

2
2 Jp

By the Mean Value Theorem, there exists U; = w? + 7 (w}* — w?) where i € [0, 1]
such that

au (t) |?
0z

dydz < QZ/ / Dnjw!| — T (w;™) In |w™|) Usdydz.

9 [ |Uof 1 GO
— dydz < T — M7 dydz.
2/D P ydz < aZ// U n |U; 7, \U|” dyd=
Now, we use Poincaré inequality and (41), we get
2 t 2
vo[|ou dydz < 6CTG? / oU(s) ds.

It follows from Gronwall’s inequality that

<0.

ou () |I?
0z

L*(D)?
Using Poincaré inequality, we conclude

U=0,aein DxT.
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6 CONCLUSION AND PERSPECTIVES

This work provides a rigorous asymptotic analysis of a nonlinear viscoelastic prob-
lem posed in a thin three-dimensional domain with a logarithmic source term and
Tresca friction boundary conditions. By means of an appropriate scaling of the data
and careful uniform estimates, we proved the existence and uniqueness of weak solu-
tions for each fixed thickness and established the convergence of the three-dimensional
solution toward a well-defined two-dimensional limit problem. The resulting reduced
model preserves both the frictional effects and the logarithmic nonlinearity, leading to
a system of two-dimensional viscoelastic equations coupled with the corresponding
limit form of the Tresca boundary conditions. These results offer a mathematically
justified dimension reduction and provide a reliable theoretical foundation for sim-
plified modeling of thin viscoelastic structures.

As a natural continuation of this theoretical study, a complementary work de-
voted to the numerical validation of the asymptotic model is currently in progress.
The forthcoming study will develop a complete computational framework for both
the original three-dimensional formulation and its reduced limit counterpart. A con-
sistent finite element discretization in space, combined with suitable time-integration
schemes adapted to viscoelastic memory effects and the nonlinear logarithmic source
term, is being implemented. Particular attention is devoted to the nonlinear coupling
between displacement, hereditary terms, and the source contribution, through stable
and robust staggered or fully coupled algorithms. The numerical investigation will in-
clude convergence analyses with respect to the thickness parameter, mesh refinement,
and time-step size, as well as systematic comparisons between the three-dimensional
and reduced solutions in terms of relative errors and computational cost. Moreover,
extensive simulations will explore stability properties, long-time behavior, parameter
sensitivity, and the influence of the logarithmic source term on the mechanical re-
sponse and energy evolution. This second contribution aims to provide a complete
numerical confirmation of the asymptotic results and to demonstrate that the reduced
model constitutes an accurate, stable, and computationally efficient alternative to the
full three-dimensional viscoelastic problem.
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