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ABSTRACT: This paper investigates the two-dimensional flow of a free surface
of an inviscid and incompressible fluid over a non-smooth bottom. It consid-
ers the surface tension effect while neglecting gravity. The potential region
in the W -plane is transformed onto the auxiliary A-plane using the Schwarz-
Christoffel transformation. The primary goal of this study is to offer an approx-
imate solution to this problem employing the perturbation approach and the
Hilbert transformation. The computations are conducted for high Weber num-
bers and small slopes of the bottom. Solutions are presented and illustrated up
to the first-order approximation. Free-surface shapes for various Weber num-
bers and different small slopes are plotted.

KEY WORDS: Surface tension, conformal mapping, Weber number, Hilbert’s
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1 INTRODUCTION

The phenomenon of fluid flow over irregular terrain with a free surface attracts con-
siderable scholarly and practical interest. This category of phenomena, often known
as Neumann-Kelvin problems, is characterized by the nonlinear boundary condition
on the free-surface, as dictated by the Bernoulli equation. As the shape of the free-
surface is undetermined, it must be considered when addressing the problem. For
further information on this topic, refer to Bhimsen K. Shivamoggi [1] and Batche-
lor [2].

Several researchers have successfully applied the Hilbert method in combination
with perturbation techniques to analyze free-surface flow problems. For example,
Abd-el-Malek and Hanna [3] treated the flow over a ramp with gravity effects, Abd-
el-Malek [4] provided an approximate solution for gravity-affected flow from a planar
sluice gate, Masoud and Abd-el-Malek [5] investigated flows over irregular topogra-
phy, Bounif and Gasmi [6, 7], and [8] determined the numerical solutions for free
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surface flow: over a step, over a trapezoidal obstacle and Past an Obstacle, as well as
other configurations.

A related study by the authors Bounif and Gasmi [9] considered free-surface flow
over a smooth sinusoidal obstacle. In contrast, the present work investigates flow over
a non-smooth bottom configuration, leading to a different mathematical formulation
and new analytical results.

In the present study, we investigate the two-dimensional flow of an inviscid, in-
compressible fluid over a non-smooth, assuming the flow is irrotational and steady.
We consider the effects of surface tension while neglecting gravity. The aim of this
study is to approximately solve the specified problem, characterized by a small slope
and large Weber number. To this end, we employ the Hilbert method for a mixed
boundary value problem within this transformed plane, thereby deriving a system of
nonlinear integral equations. The resulting system is then solved using a perturbation
technique. Our results demonstrate that the proposed methodology is efficient, math-
ematically tractable, and and yields approximate solutions to these types of problems.

2 PROBLEM FORMULATION

Let us consider the two-dimensional flow of an incompressible and inviscid fluid over
a descending step. The flow is uniform far upstream, with a constant velocity U; and
depth h;. We take the point C' as the origin in the (l’/, y/)—plane, where the 2’ -axis
extends from left to right and the y/—axis is vertical at point C' (see Fig. 1).

We introduce the harmonic functions, the stream function v and the potential
function ¢. Then, for a two-dimensional, inviscid, irrotational, and incompressible
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Figure 1. The physical plane of the flow 2’ = ' + iy/’.
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fluid, the velocity potential qg satisfies Laplace’s equation:
(1) A = 0.

Next, we introduce the complex potential function:

2) W' = ¢ +i),

within the flow space, the function W’ (2') represents an analytical function of the
complex variable 2’ = 2’ + iy/.

The 2’ and 3/ directions’ velocity components are denoted by u’ and v/, then, the
complex conjugate velocity is:

aw’ ) s
7 =u —iv =qe .
z

3)
When the pressure is uniform, Bernoulli’s equation along the free surface E'F' has
the following form:
Lo P15 po

4 ¢ +==-U; +—,
“4) 54 , 2 + )
where p is the fluid’s density, p’ is the fluid pressure and py is the atmospheric pres-
sure at the interior.

By applying the relationship between p’ and pg, equation (4) becomes:

1, T 1

5 v - /: *UQ,
) 54 ’ =5
r" =1/ R’ denotes the free-surface’s curvature.

Use the dimensionless analysis to retrieve this dimensionless equation.

3 CONFORMAL MAPPING

For simplicity, we non-dimensionalize the variables using h; and U; as the length

unit and the velocity unit, respectively. The resulting dimensionless variables are

defined as follows:

Zl :E/ +Z / W/ / R/
_dty . q _

- = _ — — 1. p=_".
c hi hy Uihy’ 1 Uy’ hy’

k= K'h.

(6)
According to Gasmi [10], equation (5) can be written in dimensionless form:
2100
v 2
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where « is the Weber number defined by:

pUth

®) Q= T

T is the surface tension.
By using (6), the complex conjugate velocity in (3) has the following form:

aw LdW' ¢ —i0
9 = — = — = — W — v .
©) e AT T g€

Moreover, when utilizing the logarithmic hodograph variable:
(10) w=In{=Inqg— 10,

from (9) and (10), we obtain:

(11) z:/e_de.

We can set ¢ = 0 on the streamline ABCD, 1) = 1 on the streamline E'F' can be
inferred from the choice of dimensionless variables.

By definition, the domain of the flow in z-plane is transformed into an infinite
band 0 < ¢ < 1 and —oo < ¢ < 400 by the potential function W (Fig. 2).
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Figure 2. The potential W-plane.

Next, the flow space in the W -plane is mapped onto the upper half of the auxiliary
A-plane using the transformation of Schwarz-Christoffel (see Fig. 3).
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Figure 3. The auxiliary A-plane.

The obtained mapping function is
1
(12) W(A) =——1In(1-\).
T

This Table 1 shows the locations of the principal points of the flow domain in the
W -plane and the A-plane:

Table 1. The locations of the principal points of the flow domain in the W-plane and the
A-plane

Cartesian plane W -plane A-plane
A W = —oc0 A= —00
B W =0 A=0
C W = (bc >0 A=Ac >0
D W =+o00 A=1
E W =—-o0 A= +o0
F W = +o0 A=1

4  NUMERICAL PROCEDURE

The Hilbert transformation is introduced for the mixed boundary-value problem de-
fined on the A-plane. Its general solution takes the form:

T oo T

(13) YO = Lp. /Oo fm (7)] [f(;” dr+ 3" A5,
j=0

where A; and p.v. represent real constants and the integral’s principal value respec-
tively.
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To transform the function w(\) into x(A), we introduce an auxiliary function
H ()\). For the present problem, we define it as:

V1=, A<,
(14) H(\) =
—iVA—1, A>1,
with
w(A)  Ing(\) —i0(N) .
15 A) = = = R(A A
the values of 6 are:
0, A <0,
-y, 0< A<,
16 O(\) =
(16) () 0, Ae <A< 1,
g(N), A>1.
Using (14), (15) and (16), we have:
0, A <0,
17 5 0< A< A,
(17 Imx(N) =9 ¢, Ae< A<,
Ing(})
, A>1.
VA—1
Considering the upstream condition. Thus, (13) takes the form:
1 < T
(18) x(\) = p.v./ “mIXAT) [X(T)]dT.
7r o T —A
Using (15) and (18), the corresponding forms of R(\) and S(\) are:
1  S(r)
19 R(A\) = —p.v. —=d
(19) S s
and
1 o0
(20) S(\) = —p.v. / R
T e T— A

We obtain a system of integral equations by using (19) and (20). The equations below
are all that we need for our study:
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@n o) = Y2 / lnq )i
MVT —1
v — Ae
+ TVA 1/ dr, A>1,
m 1—7
and
(22) Ingy(N\) = 1- / lnq 7) dr
MVT —1
— Ac
+7\/17/ dr, 0< A< A
s 1—7
By integration, (21) and (22) take the forms:
23) o) = Y2 / Ing(r)
VT —1
+2’yarctan< A I 1_)\0_1)>, A>1,
T A—1++vV1- A
and
24) Ing(\) = / lnq )4
VT —1

"y <<¢1 K- VTN VT
(VI A+ VI N(1-vVI-N

Using (11) and (12) to find the coordinates (x,y), we get:

), 0< A< A

B 1 [ cosf(r)

(25) z(A) = Too — - //\ EPE) T)q(T)dT’ A>1,
B 1 [ sinf(r)

26) YN =1+1L - W/A G AL

Along BC, we have (0 < A < A¢, ¢ = gy and § = —~ ), then we obtain:

1 [ sin y
27 L=— ——dT.
e - T e

Now, the problem is completely described by (7), (23), (25), (26) and (27), which
will be solved in the following section.
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5 NUMERICAL SOLUTION
5.1 APPROXIMATE FORMULATION OF THE PROBLEM

The solution of (7) is provided, when the Weber number is high and first-order Taylor
expansion is applied, the result is:

1106
2 ~1- - | &
using (12), for A > 1 we obtain:
T ’
29) )~ 1- S0 -1
therefore, we approximate In ¢(\) and q(l/\) by:
(30) qu)z—gQ—1)du),
and
1 T ’
31 ——x14+—-A=1)10 (A
(3D ORI AE

substituting (30) in (23), we get the approximate equation of the slope angle of the
free-surface relative to the horizontal:

N_W_l/oome
- « 1 T—A

O(\) "(r)dr

(32)

VA=1(V1-=-X—-1)

, A>1.
A—1+vV1=X

Small inclination angles cause small variations in 6, As a result, § approximates sin 6,

while cos 6§ = 1.

By applying equation (31) and performing the necessary simplifications, the free-

surface equations (25) and (26) can be written as:

2
+ il arctan (
T

(33) 93()\)%:500—1/ 1 dT—@, A>1,
™)y 1—71 «
1 00 2
(34) MM%1+L—/ aﬁhh_eux A> 1
TSy 1—7 2a
By using (27), we obtain:
A
v o[ 1
(35) L=~ / ————dr1.
TJo (1 =7)a(7)

The perturbation method is used to solve this resulting system.
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5.2 PERTURBATION TECHNIQUE

We express g(A), 0(A), z(\) and y(\) as asymptotic expansions in terms of the per-
turbation parameter +y:

(36) aA) = @) +ya(N) + 2\ + ..,
(37) 0(A) = Oo(A) +701(X) +7*02(N) + ...,
(38) r(A) = wo(A) +y21(N) + 562(/\)+---,
(39) y(A) Yo (A) +751(A) + 7792 (A) + ...

Upon substitution of the expansions (36)-(39) into the equations (29), (32), (33) and
(34) respectively, and by equating terms of equal powers of ~, the zeroth and first-
order approximation for A > 1 take the following form:

e Zeroth-order approximation

(40) w0 ~ 1= = 1N,
@1) Bo(N) ~ ‘\ﬁ/ T 196(7)&’
42) zo(\) A~ xoo_l/“ 1 dT_eo N
™ JA 1—171 «a
00 2
43) ywo(\) A~ 1+L_1/ Oo(7) 4. _ 6N
Ty 1-—7 2«
e First-order approximation
(44) (N ~ —g(/\ —1)84(N),
(45) 01 (\) ~ _\/? /°° VT Ly ) dr
1 _

VA1V = e — 1)>

2
— t
Uar”“( Yy

1
(46) () =~ —591()\),

00 2
(47) n) ~ L A o), 01N

T 1—7 2c
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5.3 SOLUTION OF THE PROBLEM

For A > 1, the zeroth-order solution is given by:
Considering the direction of velocity the horizontal orientation:

(48)

90()\) ~ 07

substituting this value in (40), we obtain the flow velocity:

(49)

the free streamline equations:

(50)

™

1 /> 1
2o(\) = Too — / dr,
A

and we have the formula:

(D

implies that

(52)

and

(53)

yo(\) ~ 1+ L.

For high Weber number «, the first term in (45) and the second term in (47) can be
neglected. Therefore, for A > 1, the first-order solution is obtained by using the
zeroth-order solution:

(54)

(55)

(56)

(57)

q1(A)
01(N)
1‘1()\)

y1(A)

%

%

%

1(VI=XA—1)(VI=A—+1-21)
T AWA— 1A= A) ’
2 m<m-1>>
A—1+V1- X ’

— arctan
s

_arctan< /\_1( 1_)\6_1)>
T A—14++V1- A ’

—4(1 —V1- ) (arctan <)\ ! > — ﬂ)
VDY Vi=X) 2)°
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For large Weber number «, we get:

(VT =2 — VI N1+ vVI—N)

v

58 1 A~ =1 s O< A< A,
G8) e~ T S A (= Vi)
the height L is:
-
(59) L~ —In(1-A\.).
T
Using an approximate first-order solution, we arrive at:
VI—A—=1)(VI—=Ac—4+1—-2A
60 a0 ~ 1421 1 o)
p- WHA—TOA—\)
2 VA=1(/1-A -1
61) 0(N) = /Yarctan< ( ) ,
T A—1+V1-— A
-1 A—1 2 VA-1(/1—-A—1
62) z(\) =~ —1In >—Varctan ( )>,
T 1— X T A—1++V1-— )X
dv(1 — 1= X) A—1 T
63 A) =~ 1+1L t — - = .
O v = T L (“(m) 2)

6 NUMERICAL RESULTS

The flow configuration, as shown in Fig. 1, models flow over a descending step.
Using the previous method and after calculations, the shape of the free-surface shape
for fixed values of the Weber number o« = 1000, the angle v = 7/8 and the height
L = 0.05 is shown in Fig. 4.
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Figure 4. The free-surface shape for the values: « = 1000, v = /8 and L = 0.05.
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Figure 5. The effects of the Weber number on the shape of the free-surface for the values:
v=mn/6and L =1.1.

The free-surface shapes of the flow are plotted in Fig. 5, for different values of the
Weber number «, fixed values of v = 7/6 and L = 1.1.

Figure 5 illustrates the effect of different values of the Weber number « on the
free-surface profiles. It can be noted that as surface tension increases (i.e., as the
Weber number decreases), the curvature of the free-surface decreases, the curvature
of the free-surface decreases. This behavior is physically expected, since surface
tension tends to smooth the interface and reduce sharp variations

Figure 6 illustrates the influence of the inclination angle v on the free-surface
profile for « = 10000 and L = 0.2. It is observed that variations in v significantly

Figure 6.
and L = 0.2.

=16
8
=2

The effects of the angle v on the shape of the free-surface for the values: a = 10000
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Figure 7. The effects of the depth L on the shape of the free-surface for the values: o = 10000
and y = /6.

alter the curvature and shape of the free-surface, indicating the strong dependence of
the flow structure on the bottom inclination.

Figure 7 illustrates the effect of different depths L on the free-surface profile. It
demonstrates that increasing the depth modifies the amplitude and shape of the free
surface, highlighting the influence of the step height on the overall flow behavior.

Overall, the numerical results demonstrate that the free-surface profile is strongly
influenced by the Weber number, the inclination angle, and the depth parameter. The
obtained solutions confirm the physical consistency of the model and illustrate the
effectiveness of the proposed analytical approach in capturing the main features of
free-surface flows over non-smooth bottoms.

7 CONCLUSION

The study formulates the flow over a descending step as a system of nonlinear integral
equations and uses perturbation techniques to derive approximate solutions at high
Weber numbers. The results illustrate the free-surface profiles and show the impact of
parameters like inclination angle, height, and Weber number on the flow. The findings
highlight the effectiveness of the proposed scheme and provide valuable insights into
flow characteristics, demonstrating how these parameters influence the free-surface
profiles.
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