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Dynamics of an Elastic One-link
Manipulation Robot, Rotating About a Vertical Axis

S.'Batc'hvarov, D. Tchotova

This paper considers the dynamics of an one-link anthropomorphic ma-
nipulation robot consisting of two concentrated masses m, and m, connected by an
elastic beam (Fig. 1). The beam mass is neglected, its length is / and £ is the Young’s
modulus, and /.is the quadratic momentum of the link. The system is capable of rotat-
ing in the vertical Oxy-plane around the Oz-axis which passes through the O-mass
center of m, and it also can rotate around the Ox-vertical axis. The setting into motion
of the link in the Oxy-plane and about the Ox-axis takes in the O-joint with indepen-
dent motors. The mass of these motors is included in m, The C-mass center of the
solid with mass m is situated along the elastic beam and lies at a d-distance from the
A-point. The mechanical system has four degrees of freedom. So, let us consider as
generalized co-ordinates the following: the ¢-angle of the beam rotation about the Oz-
axis, the n-deflection of the beam in the A-point, the wy-deformation angle and the
O-rotation angle about the Ox-vertical axis. The y-angle is equal to the angle between
the tangent to the link elastic line in the A-point and the undeformed state of the
elastic line (Fig. 1).

Geometrically, the x and y co-ordinates of the C-mass center are:

) x=(r+1l) cosp—nsing+d. cos (¢+Ww),
y=(r+1) sing+ncoso+d. sin (¢+v),

where 7 is the radius of the rotor actuating the link.
The kinetic energy of the so constructed model is:

1 : 1 .
o J3 02— m[(L2+n E) o
1

(2 T=—2_J1 (P2+LQ‘ Jo WB+Jya0 v+
+EE+2L 0)+d(9+29) o ny+ - (L2+E2) 02+ LEG sin 20
— - (12— 2 cos 20,

where L=r+[0+d, E=n+dv,

Jy is the common inertia torque of the solid with mass m and of the rotor actuat-
ing the link in the Oxy-plane referred to the Oz-axis;

Jp is the inertia torque of the solid with mass m referred to an axis parallel to

Oz and passing through C;
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Jy is the common inertia torque of the solid
- with mass m and of the rotors actuating the mani-
pulator referred to axes parallel to Ox, which pass
through the respective mass centers.
The deformation energy of the mechanical
system is:

3) =557 251 (1M’+2 M, P+ _ ),

as a result of which we get the following coefficients
of influence:

B 2 l
(4 Gm=-gpr. Gw=gprs Gw= g

The generalized Q; forces (j=1, 2, 3, 4), which do
not include the elastic forces, are defmed on the basis
of the virtual work experession and look as follows:

(5) Qo=MWD—MD—mg(Lsin@+§ cos ¢), Qq=—mg.sino,
Qy=—mgd (sin@+vy cos @), Qo=M—MH, v
where M) are actuator torques and M) — resistance torques (i=1, 4), and they are
functions of the respective generalized co-ordinates:
(6) z(z)~"‘101""alzq,+a21 qQ M = Boi— P ‘iz+ﬁ2f l]?;

(i=1,4) and ¢,=0, ga="n, gz=V, ¢4=0.

The differential motion equations are derived from Lagrange-II's equations by
applying the method of the coefficients of influence as well. The following system of
differential equations is obtained which describes the motion of the robot:

(7) (Ji+mL2) o+ mLn+(Jy +mLd) w=F,(g) 95 q)),
IQE[ 6ES . .
ML+ mn+mady+ - — V=/s (9 9»4))
6E7

(Ja+mLd) ¢+ mdn+(Jo+ md?) y — ,2n+ l T=Fs (@5 45 9D

1 o e e - .
(/3+ L mL~) 0=1, (2 4p 7), (F=1,2.3, 4.

Here by f:(g, 95 g) (& j=1,2,3.4) are presented the righthand sides of the equa-
tions, and they are functxons of all generalized co-ordinates and of their first and se-
cond derivatives referred to time:

(8) fi(@n @ a)=—m{on&+o (M E+nE)+d [nv v+ (v +yy)]
+g(L sin@+Ecos (p)—[—,;— (L2—E&%)sin 20+ L £cos Q(p] 92+M§l‘)_M(’1),

. . . 1 . . . . .
f2(q5 g5 gi)=m [((P"’**z-"“‘) E+d oy y—gsin (p+—;~(Lsm2<p
+E&cos 2 ) 62,

. . .o .. . 1 . .
Tslap 95 gp)==md [—(cpn+ eMV+ 9+ 5 E03—g(sino+ycos ¢
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~2—(L sin 2 ¢+ &cos 2¢) 92]
fn a5 qﬂ:"m{a— 20+58 0+[L(56+E50)+(L2—E) 9 6] sin 20
+[% (E2—L2) 0+ (E+2L 9) £0 ] cos 2 (p}-{—,Mg‘)._ Mo,

where Ey=1n++2dv.
The above system of differential equations is non-linear and is presented in the
following standard form:
4

) 2 (ay gr+cy g)=cfulgn 45 q) G j=1.2.3, 4),
=1
where JSi+ml? ml J+-mld 0
[aij ] = mi m md 0 gnd
Jo+mld md Jy+md? 0
0 0 0 Jytomit
0 0 0o o0~
.o 2B _8EL 4
3 2 i
[eyl= . ', and e=-% <1 is a dimensionless value and is
.o .84 AEL o L
1 Iz I g
0o o o 0|

accepted as a small positive parameter. When =0 the system (9) is linear and ha
the following characteristic equation:

(10) gy RY (b RI4-Dy k24 by)=0,
where a,, is the respective member of the inertia matrix, and
(1n) bo=—mdy (=l by=—"22 L (J+-mL2)

12E1

The roots of the characteristic equation (10) are the natural frequencies of the
system:

__2El( 3 1 3d2 3d 3L (r d)
(12) k?-2_T{75/—n+}mm[( ottt +1 }.11-{‘ —Jox \iK]}
B ,=0,

where

_ 9 (J; —Ja)? S
K=[(10 3020 5 G P T

= 12 4 m?

~3 (Jl—Jz) Jg 6 64z 6L U‘ d) 9
L (R PR
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The particular solutions of the non-excited system which results from (9) when
£=0, are as follows:

1)  ge=a, AP cosy+OMAD, (fs=1,234)
where a, is the amplitude, £{" are the natural form (AO=hrPO=1; P =h1{P=0), y=Fki+a,
and ®; (y) are the corrective functions. In a stationary condition:
(14) MG =M, =M£?vt’

from where depending on aj; and B;; (j=0, 1, 2; i=1, 4) the stationary angular speeds
are derived:

(01;—B1g) V(@1 —Bug —4 (0 —Bag) (%i—Boi)
(15) ©o; = 2 (o —Ba;)

In (12) it can be seen that the system lacks internal resonance and further it is sup-
posed that the external resonance is absent too, i. e. kﬁ:T wo; (p and ¢ are natural, co-

prime numbers). Under this condition the solution of the system (9) is seeked accord-
ing to the Kriloff-Bogolyuboff's asymptotic method [1] as follows:

(16) g5=as b cos Y+ @; (v) A9 +eu) (as v) +e2 1P (a6 1)+ - . s
(]=]) 27 3’ 4)9

where u() (@, 7), 4P (@5, 7), ... (j=1, 2, 3, 4) are periodic functions, while the a, am-
plitude and o phase, as well as ®@,(y) have to meet the differential equations:

17 | s —& Ay (a,)+22 Ay (a))+ -

Gr=kote By (a)+8 By @)+ ...,

F=oute DO+ DY )+ .., (=14,

Here A, (@), Ay (as),..., Bi(as), By (ay), ..., DY (v), DY) (v), .. .are seeked functions.

The fy; (5 q,, q) funct1ons are transformed into functions of a, and vy, by initially
adding and subtracting the respective stationary torque M from (14) to the right-
hand sides of the first and fourth equation. So f; (a,, 7) look as follows:

2

(18) for (@ 1) =FP a2+ > {(F cos vy+F@), sinvy) a

v=1

+F{9, sin vog, £+ FY ¢ sin (2y+ vy, £)+ FY)

1) ¢ sin (2y—voq, £)

+F$‘_gm €08 (Y +veo )+ FY |, cos (y—vay, £},

where the coefficients F)(i=1, 2,3, 4; n=0, 1, 2,..., 14) are shown in Table 1.
The expression (16) for g; is differentiated twice, (17) are accounted for while

the obtained results are put in (9). The coefficients in front of the first degree of ¢

are equalized at both sides of the equalities and the following system is obtained:

{ % (1) azu(i) aza(l)
(19) jél ki gyz b R d'y@t Tn 0t2 +C; ZL() f 0f ((13, )
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—Z a,fks p +2ask z a,,his))B,cosy-f-Qk (2 a; B )A sinvy,
F=1,4 =1 F==1
(i=1, 2, 3, 4).
In order to determine the seeked unknowns, the functions #(! (a, v) are decomposed
in a form similar to f, (a, v): :

(20) uP (a,, Y)=UP a?+UP cos y+ ... +UY) cos (y—2ay, 8).

The respective derivatives are found, substituted in (19) after which the coeffi-
cients in front of the same harmonic components at both sides of the obtained equa-
lities are equalized. As a result 15 linear algebric system equations are obtained from
which the seeked unknowns are determined :

D(ﬂ) 4
21 Fa2—) ay, k o ==, Up a2 (i=1,2 3 4).
n=1,4 =1
From here
z
(22) Din=ten—Pou o2 [ @ [ky+¢ B, (a)] df, (n=1, 4),
0

. Bb—pyHtmL{(4—p)l+-(5—p)d
(23) UBP):—(%l Bar) - 4E[ p( o) “J—m_,l[(_‘Lm;;) (5=p) ]kzh(fﬂ,(p:Q, 3),

where 7»2:17, As=1, and UY, U are arbitrary constants.
The unknowns A, (a,) and B, (a) are derived from the systems:

4 4
(24) 2 (—ay B+cy) UN=F® a,+2k, a, ( 2> ay k;.s)) B,,

J=1 =1

(25) 2 (—ay B2+ cy) U = Fa,+2 k, (Z'a Iz()) A, (i=1,2 3 4).

=1

The basic determinants of (24) and (25) are equal to zero and in order to determine
UN (n=1, 3; j=1, 2, 3, 4) the condition of forced vibration limitation should be main-

tained, i. e. the coefficients UY) must be finite. It is supposed that
4

4
(26) U= v, b and UP= w, ki,

r=1 r=1
where v, and w, are unknown coefficients subject to determination. After substitution

of (26) in (24) and (25) respectively and after certain transformations the following sy-
stems are obtained:

@7) 22 ay (B—K) v, KD =F a,+2k, a (2’ ay h )Bl and

r=1 /=1
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4 4 4
@) 2 ay(—k)w, k=Fp as+2ks(2 ay B )Al, (i=1,2,3, 4).
J=1

r=1 j=1

From the vabove, bearing in mind that the natural forms are orthogonal ones, the coef-
ficients v, and w, are calculated:
o 4 ) 4

3 v s
ag Z FO p" 9y, kg ag By ag 2 F§ B op, ko A

29 o : i=} , W= i=1 ,
<) ‘ (=) ‘ i ()

4 4
where j,= ' Y a,; b0 B, (r=1, 2, 3, 4). In order to have finite amplitudes of the
i=1 j=I
forced vibrations when £k =£k,(i.e. r=s=R) the following conditions should be
valid :

\ | |
(30) ap > F B® + 2415 by ap By=0,
f=]

4
(31) ap 2 FY h®+24, ke A =0,

i=1

which results in:

4
2 Fp e

=t o
(32) , Bl—— ——'—QLLR—/CR_—COHSt,

4
Y 3
2 F HP e

- i=1
(33) fy=—E .

When the conditions (30) and (31) are fulfilled, the amplitudes U{? and UY’ look in

the following way:
4

‘ 4 2 FO n) 42y, kp By
- s
(39) U= v, =" hp- s g,
r=1 r=1 B ( r— R)
7R R
4
: s D P b ke Ay
U = w, h= = ,
’2:11 T r2=11 / My (kg_k%)
r==R rER

(=142, 3, 4.
The remaining amplitudes UY) (n=2, 4, 5, 6,..., 14) are determined from linear alge-
bric systems:

(35) D (AR ay+e)) UP=FPO @ (p=2, 4 i, 5=1,2,3,4);

j=1
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as a result of which

.
D 4y 4Ky FO g
_i=1

D[4k2]

(35) ’ Uy

.
]

4
(36) 2 (—nrala;te,) UN, =FO , (n=1,2; i=1,2,34),

j=1

as a result of which

4
2" A 2 F(9)
if [(noy) ntd

’ 7 _i:l v
(36) (e Tt
4
(37) O [~ @kt 1oy, ay+c ) U =FD  (n=1,2; i=1, 2,3, 4),

Jj=1
as a result of which

4
D Ay kst nopp] FO,

@37’ U ==

D |(2ks+nwg ] B

(38) =FO, (n=1, 2; i=1,. .., 4) and oy == &,

&1 ﬂ+8

4
> [ (2k,—noy ) ay+c,] U

as a result of which

4
D) Ay 2k nog ) F)

' () .. i=1 3
(38) U= Dk
4
(39) 2 [kt oo ay+e,] UD, (=F9) o, (n=1,2; i=1,...,4),
j=1

as a result of which

4
2 Aij (ks+noy)?] F g-);.u,

- =1
(39) Vo= Dikrman®
4 B .
(40) 21 [—(ky—nop P ay+c ) UD ,=F@ b, (n=1,2; i=1,..., 4), 0g=—,
/:
as a result of which
4
D Aifllleg— o 1 F, 1,
7 ' =1 .
(40) U= D [(ks—nog P]



Table 1

)

1 2
1 ‘
0 ?(azr‘Bm) r? K2 0
Lozy
1 0 d(‘”01+
1 0
2 —‘2‘(0321*321) k? h(ls)g
3 (@11~ Bur)— 201 — By )y JRs{") ‘ 0
4 LGy g _mL ), L Oy (5)2
g A5 (Y +dn$) Yk 3 L0011 + 500 OV HE + doogy 1Sk
mL 1 mL 2
5 ~ g(.é_ h(S)H(S) 2 L) ~ & ( S) 1)

2 2
mL 1 ; ke o2y mLo2g; 2 ks
6 g7 bl =g ad(4LMIHE + HP? — S LAP)] SRl AL i+ H R
z _

7 mlL mL o sy
9o +izeamHY + g7 821
ML g o (1 53)2 _l_LH(s) (s) 1 }_e_g__lﬁh(s)z :le'a2m2 2 H(S)h(s)i_’iLH(s)h(S)
8 +2d.4§0)04 4 + ) 9 }11 +4 (0%)4 4 4d 45 ()4 2 o2, 3 4 g4 4 74
10
B 1) pio)
-é—*’o-;LH Y’ Ry
11 mL mil
13 —57 gast§”) — 57 8asht
12 mi? ks mL k
14 o7 as0(H) + o LH?) Ta 20 HE £ 2L, nY)
whete H{" =48 +anl; A4 = L+ mD; B =104 1l 5 20n) 4 1

Here with D [pk,+qw,)?] are marked the values of the characteristic determinant
in which £? is substituted by the respective expressions (pk;+qwe,)% p and ¢ are na-

tural numbers. With A, [(pk,+gwy)?] are marked the respective minors.

The formulas derived above help to compose in first approximation the solution
of the differential equations system of motion (7). (32) and (33) are substituted in the
first two differential equations (17):

4
o E' F AR
a
=84, = —eN® R =2
(41) = gA,=—eN® g, where N g Fy

‘g}‘zkk+831 =const =CR‘
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1
Y ’2'((124—324)k§ ”?)2
1
2
mL{wgy hS)+5 @5y H{Y) 0
0 — 2 2
5 (a2e—Bag) K hff)
0 [(01s—Bya) — 2( o — Boa Ydgq] ks
Lo S (1) 1o, 1 (s} (s mL 2
-_m [0)()1 9 ( 17— 2 h3 +2mO‘H1 h4 ]ks Q—de H§S) kS
1 1
mLg [gaf h(ls)(?h‘ls)—l—hgs)}—l} 0
2
mL o k mL R 1
.2__co04{L——a3[L(h§s)2~ ém%hff’ 2) +H§s)h§”]} — —d—molmm[b+a§(—2—H{S)2—H§S)2 ]
04
ml 1
iTgaﬁhs”(gh{sth”) 0
2 L 1 @,
mL ks k mL 2{‘2014 (V) 1 1)) e f1912 1 0L g5
17‘13&%4(2;34&?)2 FHO R + Oﬁﬁgﬂhgﬂ) ST AN o, | () + HE )+ HY 5 S(H
1 o,
)]+ e
mL
—-7gas(h§’)+h(3‘)) 0
T () & QL?s_,,(s)) ML (200 % ks HE? 1,k L)
a0y E 2L Ry ~ 57 (2001 =+ ks)p4 5 ‘0044)

From here the laws of variation of the amplitude and phase in function of time are
derived:
(42) Ap=a, e=ND 1 y—(kp+eB)) t+a=Crt+a,

where a, and o depend on the initial motion conditions.
The DV coefficients are determined from the expressions (22) bearing in mind
(41) and (42). After the integration is obtained:
(ag,= By ) kp WY Cp
4a J.jaN(R)

(43) D= it ‘e-—?e}v(l\’)t) a, (j=1, 4).

After a one-time integration of (43) the expressions for the corrective functions @y
(j=1, 4) are found:

R) 27 ' Ry 2
(asj—Boj) ki ' Cp @3] (aj—Bo) ke " C ao(e~2s1v(R’t—1).

44 D= | Wy;
( ) v] 0J + 4a” N(R) 8[1” e N(R)2
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So, all seeked values are determined and the laws of the mechanical system motion
can be written in the first approximation:

0,.3]'-—-32]- . kR th)? CR ag)
4[1” N(R)

(45) qy?): ag e—SN(R) t hS.R) coS (CR £+ (1)+ [(moj‘f‘

B, Ry 2
“2;—ﬁ2/ k}e hj CR ag 2 N<R)z‘ 4 (R) .
D R S AU S P s } 2 26Nt ()]
87 NP (e DIEP+eaje Uy
- )
5 (f
2 D) Aylarhl Ay .
4 M=t cos F_ﬂ:}—)*n 2(C t-}-a)]}ﬂ—a E_EN(R)t
Fl TTTTITe T - 1 = R 0 .
= D [4k%] J
: e / 4‘ ) \ ‘ 4 .
= || D) F A9 +20, kg By \cos (Cp t+a)+ | O F A
,:}Q Ur(kr_k}?) i=1 i=1
Iz

4
o | D) Ailveo)] FE,
—2U, kg N(R)) sin (Cp H~a)]+2 L= D (von)?] sin va,,; ¢
v=1

4 4
D A [hpetvon) FO D) Aijl@kp—vonP) Filg
P n \% =1
T D@ pven S0 2 [(CR’*T “’01) ‘*“] R =T

4
2 Aij [k ptvop)?] F{f.:.xo
-sin 2 KCR“ %— 0)0]) t+ a ] + = D [(kR+VCO91)3] cos [(CR+ VmOl) t'l" (l]

1
) Aijlkeg—von] FY)
s

.+_

Di(k g—v&1)] cos [(Cp—voo)t+a] })

With the obtained solution can be determined the internal dynamical efforts in all
of the links.
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