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A Method for Reducing the Number of Arguments
in Systems of Partial Differential Equations with
Variable Coefficients

D. Kolarov

Many problems in physics, continuum mechanics and other na-
tural sciences demand the solution of systems of partial differential equations
of different types. When solving specific problems of natural origin, the solu-
tion existence is usually not to be discussed, but follows from the problem
itself. Difficulties consist in obtaining a formal solution of the system of par-
tial differential equations which must involve a sufficient number of parame-
ters, integration constants or functions, aiming at the satisfaction of mixed
boundary conditions on complicated boundary surfaces. However, sufficiently
general and powerful analytical methods do mnot exist to provide always such
a formal solution. In practice, various special methods, valid for specified sets
of partial differential equations, are applied. Often numerical methods are used,
having well-known advantages and disadvantages.

The basic idea when designing analytical methods for solution of partial
differential equations, consists in the repeated reducing the number of argu-
ments. In such a way the system given is transformed into an equivalent
system of partial differential equations containing a smaller number of argu-
ments and parameters as well as undetermined integration functions or con-
stants. So, in many cases, a system of ordinary differential equations may be
obtained at last.

In this paper a rather general method for reducing the number of argu-
ments in systems of linear partial differential equations with variable coeffi-
cients is presented.

Let us consider, without losing generality and for clarity, the two argu-
ment case. Let a system of p partial homogeneous differential equations with
variable coefficients be given, containing g functions «#%x, ¥) of two argu-
ments x and y. Let K and L be the partial derivative highest order with res-
pect to (w.rt) x and y, correspondingly. Then the system, in a most genecral
form, reads:

q K L ak-i—l ﬁ( )
-y —y v . X,
(h 2 2 ..E Diyy (. }’)#:0’
B=1 k=0 (=0 0.x*0y

where D, =D%, and (a=1, 2,...,p)
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The coefficients D¢,, must satisfy some natural conditions such as diffe-
rentiability, etc., that will be made clear in the text. The number ¢ of the
unknown functions may be different from the number p of the equations, i. e,
the system (1) may be underdetermined, determined or overdetermined.

We try to find a solution of the system (1) in the form:

m—1

©) w(x, )= YH(3ex, y)  B=1,2...,9)

7=0
where the following notation is used:

do(x, 3)

ax’
and m is a chosen number so that a richer set of integration functions could
be obtained. The greater m, the richer set of integration functions. For m=
the simplest case is obtained, i.e. the Fourier case of variables separation.
Actually the functions sought in (2) are given as a sum of some basic fun-
ctions wU)(x, y) that are partial derivatives w.r.t. the chosen argument x of
an yet unknown function ®(x, ¥). The arguments x and y are not necessarily
cartesian coordinates.

In some specific problems, with regard to the boundary conditions and
other reasons it is advisable and useful, before using the method, a change
of arguments to be done. We are not going to study this problem so that
we consider the system (1) is given.

If arguments x and y change places in (2), then depending on the type
of (1), two different solutions may be obtained.

We demand the basic functions w)(x, y) to satisfy the following con-
ditions:

ox, y)= oV(x, y)=a(x, y),

m—1
) o™(x, )= c(x, V)o)x, V),
7=0
6 ( m—1
X, .
) A~ 3 dfx, yeiix, )
7=0

If c{x,y) and dj(x,y) in (3) and (4) are supposed to be known, it is
possible to integrate this system and obtain o(x, y).

Differentiating (3) w.r.t. x and performing some substitutions, the partial
derivatives w.r.t. x of an arbitrary order including orders higher than m, may
be expressed by o (x,y) (j=0, 1,..., m—1). The following formula is ob-
tained :

rm—1

() 0 A(x, y)= 20' . yyoilx, ¥),
i=
(i=0, 1,..., m—1), (k=0),
where

eHi(x, ) =[CHI(x, )i, CO=1,
S (E—1
6)  COx,3)=Clehy) CH(x, y)="C LI L cix, y) . C(x, ).



0 I 5w o 0
0 0 1 B 0
(N Clx, y)= | - e e e
0 0 0 o ow o 1 |
ek y) alxy) colxy) o (X ¥)

and I — the unit matrix.
Differentiating (4) k-times w.r.t. x and using the Leibniz formula, the
following expression is obtained:

m-—-1 m—1

.
g Ben 3y 2( )j_d_i‘i’ K (x, yoix, y),  (R=0)

k—2
j=0 j =08 =0" ax

and indicating

) - B ok a., (x, y)
©) dx =2 2 | p s (=),
k=0 j'=0
we obtain for (8) the form
m—1
(%) :
(10 Qe L Y di(x yevix, )
7=0

Differentiaﬁng (10) w.r.t. y and performing the corresponding substitutions
we obtain

m—1

1o (%)
(an dmd‘fx y) 2 d% (x, p)oN(x, y),  (1=0),

where
diF (x, 9)=[DV(x, y)t, DO=1,

. @1y
(12) D%(x, y)=D(x, y), DO(x, J;):?P,_.@g;_})...;.[)ﬂ“)(x, y).D(x, v)
and D(x, y) denotes the matrix with components @%(x, y).

Through equation (5) and equation (12) any partial derivative of o(x, y)
of an arbitrary order w.r.t. x and y may be expressed.

If we differentiate (3) w.r.t. y and (4) w.rt. x m times, and equalize, we
obtain

m—~1 m—1 m

- —y _‘ N am ld
(13) > 22 ( ) bl e (x, )oi)x, y)
1—0 J' =0 i= 0 ‘,m
m-—1 m-1 m—1 { y
=& X e a0 (5, )+ ) L o, p)
i=0 j'=0

In order to satisfy (13) a sufficient condition is the coefficients before
the basic functions oV} x, y) to be equalized to zero:
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m—1

(1) dpts,3)= 3 erto 9/ (5 )~ TN o

(j=0,1,...,m—1)

The equations (14) are integrability conditions for (3) and (4).
Using formulae (5) and (11) as well as the Leibniz formula we obtain:

0
(15) ooy =
m— { 6 ()
=—‘322( L rmn () gy
j=0 1'=0
aka 5’( v )78 )(y)z iM%, y)o(x, y)
=0 I'=0
m_jl m—1 1'&ﬁ P L d” ) L
: Z( ) >(y)2=; ;,20( ) —% B i (x, )
j=0 1I'=0 7 =]
m—1 m—1 m—1 r3

A L
=2 2 em Y 3 X ()T o eV )
Sl £l J=0 j=0 k’=0 dx
(ﬁ:]-’ 2, e ,q).
Now we may return to the system (1). Using (15) we obtain

m—1 1 m—1 k&

333 S 3 (Lo (L)
B=1 ;=0 £=0 I1=0 j=0 1'=0 J'=0 =0

dF R M (x, )
JxF

(16)

Cf,’-,’-' (x, y)(g(l'"} (x, y):(), (a=1, 2,... D)

By reducing the double sums w.r.t. / and !’ so that the expressions before
the derivatives of Y%(y) in (16) to be formed, we obtain

m—1 L m—1

an 32 D 2 G, (%, YO (0D (x, y)=0, (a=1, 2,...p),

B=1 j—0 I=0 i=0

where

o=

L m—

k
(18) =2 2 2 2 (1) (3 )Pt e (5. 9)

(@=1,; 2, «scnfih
B=12),...,9)
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A sufficient condition to satisfv (a7 is

m—1

(19) by 2 2 > Gel(x, 9)YIO()=0,

=1 j=

(a=1,2,...,p)
B=1,2,...,9),

i.e. again equalizing to zero the expressions before the basic functions o{x, y).
If the following representation is possible:

(20) Gy (x, ¥)=vy4x, ¥) By ),

(e=1,2,...,p),
B=12,....9)

then, after substituting (20) in (19), y%(x, y) are eliminated and (19) becomes
a system of ordinary differential equations for Yf(y), ie.

7 m—1 L

1) 2 > _},‘ BY(3)Y¥(3)=0,

(a=1,2,...,p),
(i=0.1,...,m—1).
Putting (20) in (18) we obtain
k L m—1

v -y v SO k’d{{("
(22) 2 2 2, 2 (k g ) ( o )Dﬁ(k;k,)(m_,,)(x,y)c;fu (x,y)f—-ﬁr-'—y)—

k=0 r'=0 I"=0 ;=0

—\P“(z\ y)Bﬁ,z(Jl
(a=1, 2,....p) (B=1 2,...,9),
(=0, 1,...,m—1), (=0 1,...,L)

The simple analysis reveals that it is very easy to exclude w4(x, y), d(x, ¥
and cf{x, y) from the system (22) so that, together with the treated in the
same way (14), to become a system of conditions containing only Df, (x,¥)
and Bg(y). If it is possible, from this last system we determine B/ (y) as a
function of Df,(x, y). Thus, we obtain the system (21) of ordinary differential
equations for the unknown function Y#v). It may be solved bya correspond-

ing method, including numerical.

The function o(x,y) is obtained from the conditions (3) and (4) where
cf(x, ) and dj(x, y) are determined as functions of Df,(x, y) and Bgj(y).

The obtained in this way Y‘“(y) and oY(x,y) we put in (2) and so we
get the solution of the given system(l).ltis obvious that this solution will con-
tain some free parameters as well as integration functions and constants result-
ing from the solutions of the systems (3), (4) and (21). Their determination
is done by satisfying the boundary conditions where (2) has been substituted.

It it is not possible to determine B¥/(y) as a function of Dj, (x,y), this

means the given system (1) has no analytical solution from the type (2) at
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the chosen value of m. Then a greater value of m may be tested to solve the
problem.

As a special case the method exposed is very convenient to integrate
systems of partial differential equations with constant coefficients [1], [2], [3].

Obviously there are no principal difficulties for the application of the
method exposed to systems of partial differential equations with variable coef-
ficients with more than two arguments. Following the scheme given above,
one can obtain all the necessary formulae. In principe these formulae are quite
analogous to those obtained above. But in the many argument case there are
much more indices in the general expressions and their writing out is not
perspicuous. But it is not difficult to use the method for solving a given system
of partial differential equations.

In practice two ways are possible. At the first one the number of argu-
ments may be reduced consequently; at the second the decomposition may be
carried out directly to a system of ordinary differential equations w.r.t. one
of the arguments.

The proposed here method concerns linear systems of partial differential
equations but the idea used may be applied obviously to the case of some
special sets of non-linear partial differential equations. The method is appli-
cable in the case if having done the necessary analogous assumptions, opera-
tions, etc., it is possible to come to some system, naturally non-linear, similar
to (21), not containing expressions with the basic functions oVXx, y).

For better understanding the method we shall consider its application in
the case of systems of usual equations of the mathematical physics. Let us
be given a second order system of partial differential equations:

q

N o ozP 0P P
(23) 2 @ 0 S+ Dty + Dl o + D 2 ‘Dﬁmﬁ;’*‘DﬁoouB) =0,

(@=1,2,...,p)

where the coefficients are functions of x and y.
According to the method, choosing m=2, we look for a solution in the
form:

(24) uP(x, y)= Y y)ole )+ Y y)o'(x, ¥),
B=1 2....,9),

where the function w(x,y) satisfies
(25) 0"'(x, ¥i=co(x, Y)olx, y)+e(x y)o'(x, ),

o (x

202 —di(x. Yo, M)+ 1) (5, 9)
Then

oo'(x, 0 1 od )

“méyr Y _ ( do +dsc 0)03 %—(‘do + 5‘%—1—611171)0)’

9e"x. 1) . (@@)_Td o+ 25t d‘ll

¢
3y oxt o+dlao+dlcocx)

od 0% 0«1 oc,
(2 e T doc1t 5+ 257 a1 +dicotdici+d, 0)‘(’)0),



P (@ G d G dico)o+ (2o dy+ S+ S v 2y oy,
03(0'():, V) . 02 dO odo , 6d1 ddo 4 02 dy 6d1 2000
oy (Oxdy +2dy 5, ot Thaa +3dy ¢y ot 5
Qd(,dlcO-!-co‘?3 L+d?, c,)m-&— [ +d2+ 3a’16d" +dic,+2ddc,

0(11 _dL 249 4 ¢ ddl 02 dl a 0(11) 6‘d1 2001
ey gy 3y ey G+ eldi+ 2d0 o+ S +d Gt dx]

(26) 005 )= (e 52 Jot (ot el + 5o

For the sake of convenience, here and further on, the arguments x and y are
omitted.
The integrability conditions for (25), after corresponding transformations,

are
0%y 0dy dd; dco dcy
Froa lax +2€0 +d1 e 5}—0,
(27) 02 dl 0d1 ado aCl dc‘l
0,\5 +c 1 +2 + dl = W = 0.

After performing the necessary operations according to the method given
above we get the corresponding to (22) conditions in the form:

ad, dd
Do+ (D + Do) (5524 ot + (oD D)o + Doy G2+ Doy = B,

od
D1+ (D +diDig) (do + 552+ 1y + (oDl + D ) + Dg, %
+Dgo=Bgows
2D5 o+ Dy = B v,
QDSOQd1+Dgll :Bﬁ?x“"f’
Dior= Bio¥s

Din (Cocﬁ-gf\f) +(Dfy +diDiy) [co(do “f'a e Cldl) +2 ( +Cod1)]+Dm0L'0
+(d°D;0?+D W) (0110 +Cody )+ D [(Ml (0d0+ od1)+d0 ddo

+a"0"'(0d0+00d —Co)]:B&l)o‘l’?

dcl

D (ot 3+ 52 )+ [eaDy,, + Didlo +52+ 1) + D, | (s + 52 Fedy )+ Dy

od L od
”"Dﬂomy (d" +o -+ od; )+Dﬂllax (d° T*“l‘*'”ldl) Biiovs,

od,
DBHCO-{- 2Dam ( 0dg +cod1) Bgl,wa.
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od.
Dgyie1+2D5, (do +it C1d1> + Dy, = Byl v,

(28) D= ngg‘»"(xl'
(a:l, 25 e ,l));
B=12,....9).
It is immediately seen that w3(x, y) and y%(x, v), as well as d(x, ¥), di(x, ¥)

co{x, ¥), €1(x, y) are determined directly from some relations in (28) and they
can be substituted in the rest of the relations in (28) and (27). For example
we may eliminate yg, v9, do, dy, ¢y, ¢, in the following way:

DY a
wﬂ—__ao;")_ W% = 802
07 pad 177 pal ?
BB02 Bﬁ]?

0

do= 1 (Bgm ng) d.— 1 (BB‘?; Dgu)

0 o 0 ) 1™ g I 1
2 B§02 Dgoz 2 Bgiz Dgoz

DggQ(fﬁé_!_.Q"do )
0L_g0,
BEO%_W ox

Dgyy +2dlDf;02

Eo==

Bal
a [©OBl1_o0dy e
Dio o257 2%) o
(29) = 2 . :
Dgy1+2d, Dy

where Dg, =0 at some value of B. Substituting (29) in (27) and (28) we obtain
a system of conditions only between Bgi(y) and Dg,(x, y). If possible we de-
termine Bg/(y) as functions of Dg, (x,y), then we substitute them in (25)
and (30):

(30) 2> D B YEO( 3+ BU $)Y RO 3)] =0,

=1 =0

(a=1, 2,...,p),
(i=0,1,...,m—1).

Thus, we obtain subsequently the solutions for YB(y), Y¥ y) and o(x, ¥)
as functions of the known coefficlents Dg, (%, v), some parameters and integra-

tion functions (coefficients). The system (23) solution is given by (24).

The necessary transformations may be done using computer analytical
transformation systems like REDUCE-2. The matrices used make the method’s
algorithm very convenient.
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