BBJATAPCKA AKAJZEMUS HA HAYKHUTE BULGARIAN ACADEMY OF SCIENCES
TEQPETHYHA W INNPHJOKHA MEXAHHIKA THEORETICAL AND APPLIED MECHANICS
Cobus, 1984, roa. XV, N 2 Sofia, 1981, Year XV, No 2

A Transversely Isotropic Piate Indented by a Flat
Annular Rigid Stamp Overlying an Elastic Foundation

M. Lal

1. Intreduction

One of the simplest three-part mixed boundary value problems
in elasticity is the contact problem for a flat annular rigid stamp. At present,
there seems to be no method available for obtaining the solution in a closed
form. Williams [1], Cooke [2], Noble [3] and Jain and Kanwal [4] showed that
such a problem can be reduced to the solution of a Fredholm integral equ-
ation, and tried to solve the equation by an iterative procedure. Gubenko and
Mossakovsku [5] have pointed out that the problem can be reduced to the
solution of a pair of simultaneous Fredholm integral equations. They also poin-
ted out that the iterative solution of these equations is very complicated.

The present paper proposes a simple technique for the solution of an
elastic contact problem for a transversely-isotropic plate indented by a flat
annular rigid stamp. The normal pressure on the contact region is continuous
at all points except the inner and cuter edges of the stamp. In a transversely-
isotropic material, the physical properties are symmetrical about the axis. The
exact method of analysis for such three  dimensional problems in transversely
isotropic materials usually rests on the solution of homogeneous displacement
equations of equilibrium in terms of two potential functions, which are harmo-
nic in two distinct spaces as shown by Elliot [6] and Shield [7]. By involving
harmonic functions the mathematical calculations become easy as compared to
the isotropic case where a biharmonic function is involved.

The above mixed boundary value problem is reduced to the solution of
a set of triple integral equations involving Bessel functions. The displacement
on the contact region can, however, be expressed by Fouries series. This assum-
ption helps us in the reduction of the triple integral equations to a set of infi-
nite linear algebraic equations.

The set of infinite algebraic equations is solved numerically in section 5
of this paper. The displacement and stresses are calculated for cadmijum crystal.

2. Basic equations and their solution

In the case of axial symmetry, the displacement vector U assumes
the form (u,, O, #.) in a cylindrical coordinate system (7, 6, 2). The equations
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of equilibrium and the required stress displacement relations for a homoge-
neous, isotropic, elastic medium are given by
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where A, p are Lame’s constants.
The solution of the system of partial differential equations (2.1) is given by
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where ¢,(r, z) and ¢u(r, z) are harmonic functions and o is Poisson’s

ratio.
We take the following representation for these harmonic functions:

26 ou(r, )= [E[A®)e 5+ B yltr e,
0

o

9, 2)= | ECER)e 4+ DE)e}(&r ),
0
where A, B, C and D are arbitrary functions of & only.

Substituting the expressions for ¢; and ¢, obtained from equation (2.6) into
equations (2.4) and (2.5) and using the values so obtained for 2uu(r, 2) and
2uu,(r, z) and substituted in equations (2.2) and (2.3) following expressions are
obtained for the displacement and stress components:
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+ {e(B+OzD> (1 - 20D},

3. Formulation of the problem

Consider an infinite transversely-isotropic elastic plate bounded by
the planes z=0 and z= —#% and in perfect contact with the semi-infinite iso-
tropic, homogeneous elastic foundation (2=0) having different elastic proper-
ties. The free surface z= —# is indented over an annular area by a rigid punch
of arbitrary profile. The stress and displacement fields in the elastic plate and
foundation satisfy the equations (2.1) to (2.3). The problem, therefore, is to
determine the solution which must satisfy the boundary conditions:

3.1 ul(r, —h)=¢g,; a<r<b,
3.2 oli(r, —h)=0; O0<r<a; r>b,
3.3 o'U(r, —h)=0, r=0,
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Also the elastic plate and the foundation being in perfect contact, the
following continuity conditions must be satisfied at the interface 2=0:
[u®)(r, O)F=[al(r, O)F=0
3.4 r=0,
[oW(r, O)ff=[o(r, 0)f=0
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the superscripts 1 and 2 refer respectively to the regions 1(—A=<z=<0) and
2(z=0).

If the elastic constants in regions 1 and 2 are denoted by py, oy and p,, 0y
respectively, the solution for region 1 is obtained from equations (2.7)—(2.10)
by replacing p, ¢ by u,, o, respectively and the solution for region 2 may be
obtained from the same equations by replacing A, C, i, o by £, F, p,, 0,
respectively and setting B=D=0, where 4, B, C, D, E and F are arbitrary,
functions of &, to be determined from the boundary and continuity condition
(3.1) to (3.4).

The continuity conditions (3.4) will be satisfied if we take

46'A=K,E=KEIF, 40'B=p'(3—40" )E—K&E7'F,

40'C=K,F, 46'D=28p' E+ W' (3—40,)F,
where

3.6 p=Hy/ly, #'=p—1, o' =l—0o),
k= (3—40,)(1 —26,)—(1 —20,)(3—40,),
ky==1-+p(3—40,), ky=p+3-—40,.

The boundary condition (3.3) and the use of equation (3.5) lead to the follo-
wing relation between £ and F:

3.7 E=—&71F[6(0,+0y)—4(1-+20,0,)+Chk,
+{2(0,—0))—EhW(3—40,) e XA — ky+ W/ (1 —28R)e 24,



Equations (3.5)+(3.7) express the unknown functxons A, ... E() interms
of a single unknown function F(§). Now if we define the new unknown func-
tion G(&) by the relation

3.8 G(8)= o' —Ry+w{l— B’hye=5r) "

we find that the boundary conditions (3.1), (3.2) are satisfied if G(§) is the
solution of the triple integral equations.

RakoEeSFE)X(2ER) ) l—o; )

3.9 fa:@(f;)f(,(f;;)dg:o, O<r<a, r>b,
0
3.10 J [1 - HEREMGE(Er)dE =g, a<r<b,
0

where the functions X(x) and H(x) are defined by the equations
3.11 X(x)=1+]|d+c(l 4+ x%)|e— +dce 2,

H(x)= —e*[d+c(1 +x)2+ 2dce][ X(x)] 1
with

3.12 d=Rky, c=—W' ks Fk=(3—40;)—W3— 40,).

4. Solution of the integral equations

The present problem is equivalent to the cases:

(a) the circular stamp of radius & is indented on the elastic plate, and
then the circular portion of the radius a(<b) is removed.

(b) the surface of the infinite plate is pressed with a circular hole of the
radius a, and then the infinite portion with the hole of b is released from
pressing.

In casa (a) the singularity of (o{l)),—_, at r=a takes together the form

(b2-—r2) ¥ before and after removing the circular portion, Similarly, in the
!

case (b) the singularity of (6()),__, at r=a takes together the form (r2—a2) *

before and after releasing the infinite portion with the hole. Therefore, the

singularities of (o1)),=, in this problem are considered to have the form
1 i

b2r?) Tat r=0 and (r2—a2) ? at r=a. Then, we assume (o'l)),- _, in the

region on the annular stamp as follows:

‘/‘1‘1 G‘l )2 :'_—‘]l e 4 a<"< ll)’
({02 —r2)(r2—a]

where f(r) is an unknown function which is assumed to be continuous in a<r<b
and non-zero at r=a and r=20.
We now change the variable to
a=c—d, b=c-+d,
4.2 ri=c2+d?—2cd cos (w),
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where ¢ and 24 stands for the mean radius of the punch and the punch width.

The wvariable r in a<<r<<b will be

replaced by the new one o in O<a<m,

where r=a corresponds to ¢=0, and =56 to a=mn. Then, the function f() in
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asr<b can be expressed as Fourier series with respect to « in 0<a<m.
Considering f(@)40 and f(b)=0, we may take the representation

4.3 f(r)= 22(1” cos(nw), a=r<b,

1)
where the a, are unknown coefficients. Using the relations
02 —r2=2¢cd(1+-cos(a)),
r?—a?=2cd(1 —cos (a)).

We can rewrite equation (4.1) as

4.4 (61),m _p= (so,r'ncd)Z'[aﬂ cos (no))/sin(w), a<r<b.

n=0
Using the fact that (o(1)),—_,=0 in 0<r=<a, r>0b, together with equation (4.4)
we find from Hankel’s inversion theorem that

o

oo o 1
4.5 G(&)=¢, Y, ] cos (na)J(E(c?+d? —2cd cos a)? )da,

n=( 0

which, on using the formula

o 1
4.6 J (&) (&d)=(1 /n)f cos (nw)J(§(c24d? —2cd cos a)i)da,
gives '
47 G(E) =, 3 a,(60)J,(£0).
ne=()

Substituting (4.7) into (#{),_, and using the condition (3.10), we get

4.8 jan f[l + HRERJLENZ ()dE=1, a<r<b,
where e ’
Z,(&) = J (&) (Ed).

Now using the relation

4.9 Jo(&r) = Jo(&e)/o(8d) + 2571,,,(.20)/,,,@) cos (ma), a<r<b.

m=1

Substituting (4.9) into (4.8) and equating the coefficients of cos(ma) on both
sides of (4.8), we get an infinite set of simultaneous equations for the unknown
coefficients a,,

(<5

4.10 j’a f [1+ HER) Z(8) Z (E)dE =8y, m=0,1,2...

1=} 0

where §,, is the Kronecker delta.
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In particular, the displacement and stress on the surface of the plate are

W07, — Rty Nally+ [ HEERNLEN Z,E)E),
0

n=0
o 0, O0<r=<a, r>b
o)r, —h)=—~22_ Nq ),
22\ i—o , Y cos (na)
V2 (meeny A<t
where
I(n+1/2) 1 . .
n—n—m-?(d/c)”F(l/Q, n+1/2; n+1l; sin?p)
I F(1/2, n+1/2; sin?y), O<r=<a
0=

(ﬂnl)n {E%%Z—)r %(cd/r‘-")”F(fz—{- 172, n+1/2; n+1; sin?p)

F(n4-1/2. n+1/2; n+1; sin%y), b<r

where I'(x) and F(a, B; y; x) are the gamma function and the Gauss hyper-
geometric series. Also B and y are:

(&)=[sin=(r+ad)/c} L sin"{(r—d)/c}}/2
when O0<r<a, and

() =[sin='(6/r)sin" (a/r)] when r=b.
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Fig. 6. The variation of the total load Puith Fig. 7. The variation of the total load P with
ajb(h=1.0) h(@a=0.5 and b==1.0)

The total compressive load P on the punch is
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5. Numerical results and discussion

To determine the unknown coefficient a, we must solve the
infinite set of simultaneous equation (4.10). Let A, , be the element of the
m-th row and n-th column in equation (4.10)

Apn= A = | [+ HOEDIZ,(O)Z (O
0
Since the magnitude of H(28&A) converges rapidly to zero with the increase of
¢, this integral is evaluated directly by numerical integration of the integra

5.1 Am,n = An.m = f Zm("i)Zn(E.)di = f j/z(E:C)Jrz(E:d‘)jm(ac)jn( &d)dg-r/l ;n,lz
0 0
where

5.2 A= 4, = [ TGO T(E) B0V (Ed)E
kR

and % is a large value. The first integral of equation (5.1) can be evaluated by

Simpson’s rule. By Hankel’s result, the second term in equation (5.1) is calcu-

ated by

5.3 A, , = raal(cos(ka)) -+ aSi(2ka) + {(— 1"+ (1))

{(sin (kb), cos (ka))/k — ¢ Ci(2kc) — d Ci(2kd)}--(— 1y"+{(sin?(kb))/k — b Si(2kb)}]

where Si(x) and Ci(x) are the integral sine and cosine function, respectively.

The set of simultaneous equation (4.10) is solved and the first ten roots
are considered which is found to give the desired accuracy in the problem.
Fig. 1-3 show the radial distributions of the displacement and the stresses for
the case of a=0.5, 6=1.0 and %= 1.0 Fig. 4 shows the distributions of (&®),=_,
the das hed lines) and (o).~ (the full ones) for various thickness of the plate
under the same dimension about the punch (a¢=0.5, 5=1.0). These results indicate
that in the cadmium crystel (#{V),-._, increase as the thickness of the plate becomes
large and that (o{),—._, decreases as it does small. Fig. 5 shows the radial distribu-
tions of (6{)),—._, for various values of a under the same dimensions 6= 1.0 and
k=10. Fig. 6 and 7 show, respectively, the relations between the total compressive
oad and the ratio a/b or the total load P, taking a very large value in a thin
plate, decreases as the thickness becomes large.
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