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1. Introduction

The study of the hydromagnetics of dispersion relations is of major
importance for the development of Rayleigh-Taylor instability. The character of
equilibrium of an inviscid, incompressible fluid of variable density in the ver-
tical direction was first investigated by Rayleigh [1]. The combined effect
of horizontal and vertical magnetic fields on the Rayleigh-Taylor instability
was studied by Ariel [2]. The present paper investigates theoretically the ef-
fect of rotation, including the effect of a general oblique magnetic field on
the development of Rayleigh-Taylor instability.

2, The equations of the problem

Consider a fluid layer of density p dependent on z-coordinate. The
fluid is pervaded by an oblique magnetic field H(lI/,, O, H,), where H,and H,
are constants. It is assumed that the field is incompressible and perfectly con-
ducting. Let the configuration rotate about the z-axis uniformly with an an-
gular velocity Q. The linearized perturbation equations appropriate to the pro-
blem are

) p%%=—vap+£: (7 . ). Ho (7 xH)xh] + g5+ 2p(ux ),
(2) %(5 p)=—(u.v)p,

3) = H.7)u,

(4) v .u=0

and

(5) 7 .h=0,

where h (| &, &y, k,), 8p and 8p are the perturbations in magnetic field, pres-
sure and density respectively, consequent to a small disturbance which produ-
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ces the velocity field u (lu, v, w). & is the coefficient of magnetic perme-

ability assumed to be constant. Analysing the disturbance into normal modes,
we seek solutions whose dependence on x,y and ¢ given by exp(ik.x+ikyy
+nt), where k,, k, are wave numbers along x and y directions respectively
and n is the rate at which the equilibrium departs from its inital position we
find that the linearized hydromagnetic equations take the form

6) il pwkt—D(pDw)] + 5 (H.D+ ik H,) (D*—k2)h,~gh (D plew
—nD(2p Q)=0;
o Pt —E (H,DE + ik H,8)=2 pQDuw;

(8) nh,=ik Hw+ H,Dw,

where ((llik v—ik,u) and E(| ik, —ikyh,) are the vertical- components of the
vectors curl u and curl h, respectively.

3. Boundary conditions

If the fluid is confined between two rigid boundaries, say 2=0
and z=d, then
(9) U=v=w=0

at z=0 and z=d.
The electromagnetic conditions at the boundaries require

(10) h,=0 or Dh,=0

according as the boundaries are perfectly conducting or of insulating material
The boundary condition on h, the normal component of vorticity vector, can
be deduced by making use of equations £E,=£FE,=h,=0. Thus,

(11) ¢=0 on a rigid surface.

4. A variational principle

Multiplying equation (6) by @™ the complex conjugate and integrating
across the vertical extent of the fluid (0<z<d), we get the following equa-
tion on making use of equations (7), (8)

d d _ d
n? f p(R*ww® + DwDw*)dz — gk? f (Dp)fww*+-4k; nn* / (Dh,Dk;
0 0 0

(12)

d

d
+ Rz + e 1 f E E* dz+nn* f pLC*dz=0,
0 0

the integrated parts vanish on account of boundary conditions. The equation
(12) shows that in general n? is purely real

Consider a change 6n in n consequent upon a first arbitrary variation dw,
oh,. 8¢ and o8¢ in w, £, L and & respectively that satisfy the boundary condi-
tions of the problem. We have to the first order
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a : d
—2ndn [ p(RPww* + DwDw*)dz — 71/31? (ndn* + n*dn) f (Dh.Dh+R2h k) dz
0 0
d d d
—7% 2nén [ EE* dz—(ndn*+n*dn) f pll*dz =n [ [ pwk2—D( pDw)]dw*dz
0 0 0
d

d d
+n? f [ pw*k2—D( pDw*)| 8w dz— gk? f Dpwdw* —gk? f Dpw*dw dz
0 0 0

d d
k % k *
— = nn* Of (D2 — 1), S dz— = nn* bf (D>— )5k,

d d
(13) +2’% n? f (ESE* + E¥3E) dz + nn* f P(LSL* +L*80) d.
0 0
Further 8w, 82, 8 and 8 are connected by the relations
(14) ndh,+dnh,= ,Déw+ik,H 5w;
(15) nFSRE 4 30tk = H DS w* — ik H Sw* ;
(16) n8§+8n§:5§t—p(HZD&“,-i-HxikaF,)-l—QpQDSw;
(17) WFOLH 4 S = % (H,D8&* — ik H,5E%) + 2pQDdw*,

Combining equations (13)—(17), we obtain
d d d
—2ndn f p(RRww*+ DwDw*) dz—2nén f EE*dz = f {n2[ pwk?—D( pDw)]
0 0 0

— gD pyw+ - n(ik H, -+ H.D) (D — k), —n(2 pL) } Sw* dz
(18)

d
% j {nz[ pw2—D( pDw*) | —gh¥(D pYw* + = n¥(—ik,H,+ H,D) (D*— k)
0

—n(2 pQL*) } dwdz.

Since the quantity inside the brackets generally does not vanish for small
variations dw, dw*, 8k, Ok, 3, 8C*, 8¢ and 8&* in w, w*, k., A, § C¥ & and
£* respectively, compatible with the boundary conditions. Thus, we have shown
that, for the case under consideration, namely for any p(z) and a general oblique
magnetic field, a variational procedure for obtaining an approximate solution is
possible.
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5. A continuously stratified fluid of finite depth

In this section we shall find an approximate solution for a conti-
nuously stratified fluid depth 4 in which the density distribution is given by
(19) p(z)=poexpP z,
where B and p, are appropriate constants.

The boundary surfaces are to be rigid and ideally conducting. Thus in
accordance with the boundary conditions we choose the following trial func-
tions for w(2):

(20) w(2)= W (1 —coslz),

where W is constant and /=(ns/d), s being an even integer. £, and { can
be directly evaluated with aid of (8) and (7). We have

@1) h2)=" [lH,+ ik H, (—cosl2)],

n
20 nl (n24-k2 VA2 V2) sin lz+2ik, 1V, V, cos Lz
(R RV BV P4 B2 T
Evaluating the integrals in (12) after substituting for w(z), %,(z) and A(2)
we obtain the following dispersion relation between » and k:

22+ k22 40212 3 g2
nsé + nt [Q(l"'V_ﬁ—kkﬁVg) + W+ kiV% + W

(22) and {(2)=

, B2 4022 —3g k?
+n? [(l2 Vf——/eﬁVg)2 -+ (12[/2"}‘ kﬁvg) {W + k_%, Vg'f' —""32;5_?5—'”

PP +-r2V? 3gPk?
(23) +(BVI—E VR {W_’”*"kiwo“m =0,
1

1
where V,=(kH2/4n p,)” and Vy=(kH2/4np,)® are the components of the

Alfven velocity V' at z=0.

Equation (23) is a cubic in #2, therefore it must give six roots. For the
stability of the configuration we require #? to be negative. If B is negative,
i. e, the potentially stable arrangement remains stable irrespective of the direc-
tion of the ambient magnetic field. Even if the configuration is thoroughly
unstable (B>0) for k<k,, k>k,, where &, and £k, are the roots of the
equation
(24) 3kt cos?0 + R¥(2V§ cos?0+- 12V 2—3g B) + 1*V2 =0,
undamped oscillatory motion takes place in the presence of a magnetic field.
0 is the inclination of the direction of magnetic field to the horizontal. The-~
refore, the potential unstable arrangement can be stabilized for some of the dis-
turbances by the magnetic field. It is further noted that 2 given by equation
(24) does not contain any term involving €. So we conclude that the criterion

of stability is independent of the rotation.
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