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Parametric oscillations of dynamical systems under
the influence of nonlinear frictions

Nguyen van Dao

Among the parameters having a considerable influence on pa-
rametric oscillations it is worth mentioning the nonlinear frictions [1, 2]. In most
dynamical systems different kinds of frictions often appear simultaneously
and it is very difficult to evaluate which has the primary meaning. Therefore,
the investigation of the influence of the individual forms of the frictions and
the determination of the limits of the parameters, in which that influence is
considerable, can be the foundation for the assertion by the observation which
of the frictions appears in the system considered [3]

For the free and forced oscillations this problem was resolved by Pisa-
renko, G. S., Osinski, Z. and others [3,4]). The influence of frictions on the pa-
rametric oscillations in some systems has been dealt with in the previous pub-
lication by Schmidt G. and Heinrich [1,2]. The parametric oscillation of a linear
system under the action of dry friction was discussed by Tondl, A. [5]. The in-
vestigation of the parametric oscillation in the system with quadratic friction
was made by Hagedorn, P. [6].

This paper is concerned with the study of the influence of some kinds of
the nonlinear frictions (Coulomb and turbulent and their combination) on the
parametric oscillations of the nonlinear system (1.1). It turned out that the de-
velopment and the stability of the parametric oscillations essentially depend
on the nonlinear frictions and by suitable choice of the parameters of oscillat-
ing system one can control the parametric oscillations.

General equation of motion and its solution

Let us consider the nonlinear oscillating system governed by the
following differential equation [10]
(1.1) X (02 + ec. €08 pt)x +eax® +eR(x, x)=0,

where w, ¢, « are constants, ¢ is a small parameter, and the function

R(x, x) characterizes the nonlinear frictions. It is supposed that the system
(1.1) when ¢=0 is not self-excited and that there is a resonant relation

of type
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(1.2) (z)z—f:j;—{—s I

By means of the formulae of substitution

x=asinb,
(1.3)
X= —72'— acos ),

the equation (1.1) is reduced to the standard form |7, 9|

(1.4) vgd: —e[ Ix+-ax?+c. cos yt . x+R(x, X)) cos b,

4r
LA

5 ay=¢| Ix+ax?+c.cos yt . x-+R(x, x)]sin 0,

(R 9——2 L.

Since the amplitude @ and phase y are slowly varying functions of ¢ the
technique of slowly varying parameters |7, 9] can be used to obtain the appro
ximate solutions to equations (1.4). In the first approximation one obtains

| L T c .
“a- —wel —asin 2y + S(a, ;’)J’
(1.5) 2 g
L qusse Jra - ioza” —¢? cos 2 -4-H(a ,,~)l,,
Q@9 dTy g B2 y

2x

Sa, ) - 2]::[ cosf. R(a sin 0, 5 a cos B)dH,
0

2n
Ha, y)= 217 [sin 9. R(a sin ), —’2— a cos H)du.
0

It should be pointed out that the variables @ and ¢ are now representing the
average values over one cycle of oscillation.
The steady state response of the system can be obtained by setting

a and y to zero in equations (1.5), namely
2 .sin2y,=S
(1.6) L €SI 2y, = S(ag, 7),

a . A 3
c 4 - €08 2= 9 (lo+'8' ua‘g-{~ H(aq, 7),

where a,, ¢, denote the steady-state values of a, v respectively. Eliminating
o from (1.6) the equation describing the steady-state amplitudes is obtained
(17) Wla,, y) =0,

where



(1.8) Wiay, 7)=S2+ (H+ o agt5 aa} )2 e,

To investigate the stability of stationary oscillations the variational equa-
tions based on the steady-state solution will be studied. Let

a=ay,+oa, yw=wyy+dy,

where oa, oy are small quantities representing the deviation from the steady-
state solution. Substituting these expressions into (1.5) and retaining terms of
lowest order in da, dy only and also making use of relationships (1.6) there
it is obtained '

(1.9) % ’Z;'a* = —GK*Z* sin 2yg+ 5" (o, y))6a+ c% .cos 2(710(51/)],
faar=e l(% +5 4+ H(ay “/)“ & cos 2y, )5a +5 @osin Qz,uoaw].
where
S’i:,f)%z,‘é f_'.),, H' = ()Hd(::‘ 7,

The characteristic equation of the system (1.9) is of the form

[
|

(1.10) ZZagi2 4 & p(a,S'+ S)i+-2¢2 | &

( ;1+ ,2, aai+ H’)(7 a,+ % aa3+H} —}—SS’J

(&

& 5
—g c%ay - 0.

The characteristic roots 4 will have negative real parts only when

0
(1.11) 92;(%5) >0,

d7( 4 B 2 i 2
ool g0+ aaiH) + 82— fg-ai| = 52 Wia 7)>0.

It can be shown that the equation of vertical tangency with resonant curve
is given by

ow(ag. y)
“oa, O

Hence, the line of vertical tangency serves as a boundary separating the stable
and unstable branches of the resonant curve.

2. The influence of Coulomb friction on nonlinear osciliation

Let us consider the case
2.1 R(x, X)=h,sign x,

where /%, is a positive constant and
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1 if x>0,
signx —1—1 if x<0,
0 if x-—0.

We note here that the case a=0 was investigated by Tondl, A [5].
The equations (1.5) now become

¢ Yoo (e 2
(2.2) Ta= 6(4 asin2y |2 /zo),
; ay=¢ (%—a%—%aa&m——i acos sz),
for a>0 and
SN g

(2.3) a: 1 casin 2,

vt (4 3 5 € ¢

5 aw——e(fz a+ g a@’——-acos 21/:),
for a=0.

The equation (1.7) is of the form

2 0,2
c2ag

4 9 Hl) a 2 2 3
) /ZO A ("1‘37a0) i 16 . ——(),

R 3¢ 2t 0 [ ¢ 4/13 )

(2.4) 7}“7:1—”*'4“;‘27 aa(?)j"_;wg 1()—4:"3‘1‘2‘ , n= 2’(’) .
This relationship is plotted in Fig. 1 for ea/w2=1/3, ec/w?=0.16 and with dif-
ferent values of the friction coefficient %,: £,—0 (curve 0), ehy/w=m.10-2/2
(curve 1), eho/w®=n.102 (curve 2), shy/w?=\2.7.10~%(curve 3). An analysis
on the stability of the steady-state curves was carried out to identify the
stable branches, on which the stability conditions £,>0, 0W/da,>0 are fulfill-
ed. These branches here and throughout are shown as fat plots. The resonant
curves are convex toward the frequency axis.

The zero solution a=:0 governed by equations (2.3) is unstable in the fol-
lowing interval of axis #?2:

¢ &C

sC o
(25) I T 202 <p*<l +§&

The inspection of Fig. 1 reveals that:

1) In the presence of the Coulomb friction the stationary regime of oscilla-
tions is established not in all. the diapason of frequencies, corresponding to the
zone of parametric resonance

2) The jump phenomenon takes place when decreasing the frequency y.

3) For a certain value of frequency y increasing the friction coefficient leads
to the decrease of the amplitude of stable stationary oscillation. With the
growth of the friction coefficient the resonant curves move up.
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Fig. 1

We consider now the refinement of the first approximation. Replace firstly
(1.4) by

da 4 2 ¢ . 2 a ;
i ~{—; ho+“}(‘ a sin 2y -+ s hqo cOS 2H+T(J +¥;~a2) sin 26

dy — 2
— % a3sin 40+ asin (40—2 )—f—r? h :f(—r—«D{c—[cos(Qk—l—l)U—k cos 2kb]’
g ¢ 4 VI ek gkt
W=t et Sand— ¢ acos 2yt hsin20 - 5 (A+8a%) cos 2
ds ~ ayr T AR i Rl 2\ 6 §
(2.6) + 5 @ cos (20—2y)+ ¢ a’ cos 44— a cos (41— 2y)

4—-—hod\ (2k+1 [sin 2(k+ 1)) —sin QkH]}

Since a, v do not vary very rapidly we will integrate the right hand sides of
(2.6) as if @ and y were constant. We thus obtain

h, . ’
a= a(,-~:: {-;l” sin 20 — %9»(/1 -+ % af)) cos 20+~»§2 a3 cos 40

(—1)% [ sin 2(k-+1)p sin 2k6
'16 @, cOS (40— 2yp) + = Z P [‘ﬁ"k+1' » - ]}
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(2.7)  y=yet+

agy?

{ ~ij(9 cos 20—-2(A+aad) sin 20+ aq sin (20— 2uy,)

-+ l’_ a3 sin 4 — a0 sin (46 — Qw)_,,,,,

(—l)k [cos 2k+1)0  cos 2kf ] )
“ o]kt 3

The new refined first approximation will be given by

—asin! X tdw)
x_asm(gtirg)

After some simple calculations this leads to

.y 4 ;
X=a,sin (—%~t—|~-w0)+7;[ - 37 a3 sin (g 7t+dzpo) 16 % sin ( 3 yI + yo)
(2.8) '

(v (1) (9L Vo4
+ a o iR 1y CO8 (2R b 51 “’"’) '

In the relations (2.7) (2.8) a, and v, are the solutions of the “smoothed out”
equations (2.3), (2.4).

3. The turbulent friction
If the friction is taken to be turbulent [8]

(3.1) R(x, X)=(ho+hyx?) x2sign x, h,>0,
then the expressions (1.5) yield

S(@, =50+ 5 ha?)

H(a, y)=0,
and the equation (1.7) becomes
) L 1 2 4 3 2 2
(3.2) Wia,, y)::é:? ag(h.z -+ 5,,,/1443) +( 5 +5 aag) agfjﬁ a=0,
which gives approximately

3¢ ; c2 64 y

(3.3) 77 = 1+ 4 5 aaéi‘ﬁl/ga;l_“g;z—aé(hz—F /Z4a2) }Zt?ﬂ; 5

It was found that with the given values of ¢, a, and %, if #,>0, then
increasing the coefficient %, leads to the decrease of the maximum of the amplitudes
of stationary oscillations. Analogously, the maximum of the amplitudes of sta-
tionary oscillations decreases when increasing 4, (see Fig.2), where ¢a/w?=1/3,
ec/w?=0.16 and ehy=97.1072 ehy=157.10"2 (curve 1), ehy=37.10" 2 &b =
15 7. 10—%(curve 2), ehy=3x. 10~ 2 ehy=5n.10~2 (curve 3).

If £,<0, then the resonant curve consists of only one branch (Fig. 3) for
the case h2<136"6&l/— ;7) h, and two branches for A, _lgé"il/——h (Fig. 4).
The parameters of Figs. 3 and 4 are: ec/w?*=0.16, ca/w?®=1/3, eh;=--2/3 and
¢hy=0.1 (curve 1), ¢h,=0.18 (curve 2), ehy=0.2 (curve 3), eh;=0.22 (curve 4),
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ehy=0.3 (curve 5). On these figures only the fat branches correspond to the sta-
bility of stationary oscillations, where the relations (1.11) are satisfied and the
unstable branches are shown dotted te indicate that they are physically unob-
tainable,

4. Coulomb friction with turbulent one

In this section we shall consider the vibrating system with fric-
tion being the combination of Coulomb and turbulent frictions of the form [8]

(4.1) R(x, X)=(ho+ h,X?) sign X,
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where h,, k, are positive constants.
Substituting (4.1) into (1.5) and integrating it yields

(4'2) S((ZJ 7) = _zh0+ 3;[ }’“02,

and the following approximate expression for the resonant curves is found

= 2h, |, 4hy _ \? .,
( 0] 7] = 2,-)

160!

am?a, 3

3¢
2. g2 D
(4.3) N4y saagt 2¢

The conditions for real »* are given by

3a( ¢ / ¢ ek \ 3,7( ¢ / ¢ Bhohy |,
(4.4) 8/’/;{(4(0‘5 ’“l Bal Bt ) =00="gh 4t I] 16wt 3a2w? )
where
401/ 32,
(4.5) g— V—VS—hOhQ,

and the equality sign in (4.4) gives the minimum and maximum amplitudes of
the stationary oscillations and it corresponds to the horizontal tangents with the
resonant curves.

If ¢> i w]/—zl/zoh% the resonant curve is closed and intersects the ske-

leton-curve ﬁ:l—kfﬂ%aa% at two points with the ordinates

T T 75
o1 = Qpmin = 8hy \ 402 —I 160t 3n2w?

(4.6) »
- 3 ( ¢ /_c?”"’*@h'n’iif)_
Pog == Qomax = 8hy\ 42 +—l/ 16wt 3a202
I
4 32, 5

(4.7) r= V 5 hohy?
the resonant curve is tightened to the point

3nc 27 sa2c?
48 Ay = 5555 2:1 —— .
(+8) O Bwthy +4096/z§mﬂ

If c< j w %2 hoho, in the system considered there is not the nontrivial

-stationary oscillation.

Fig. 5 shows the resonant curves with parameters sa/w*=1/3 ec/w?®=0.16,
2ehy/mw? —10—2 for different values of 4, The point 1 satisfies the condition
(4.7) and has coordinates (4.8), with e,=3x.10—2 The curves 2, 3, 4 and 5
correspond to ¢h,/37=-10-2.23/24, 10—2.5/6, 10-2.3/4 and 10—2.2/3 respect-
ively. In Figs. 1 and 5 curves “0” correspond to the zero values of 7z, and /.

It is shown that: '

1) The resonant curves are closed and they are tightened with the growth of
frictions.
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2) The stationary regime of oscillations takes place not in the whole diapason
of frequencies corresponding to the zone of parametric resonance. With a gi-
ven modulation frequency y increasing the coefficients of frictions leads to
the decrease of the amplitude of stationary oscillation.

3) There exists a jump phenomenon when increasing as well as when de-
creasing the modulation frequency y.

We prove without difficulty that the refinement of the first approxi-
mation is

4e ) 1 hy
a—=a, *Tj{ 9 ( = h(,+3 ;ﬂaz) sin 20— ( I+va2) cos 20+ 32(1 cos 40

1 v hoy? ao 1(— l)k sin 246 | sin2(k+1)8 1
= %0 €08 (41— 2u,) ‘Té[%} k1P —4 | 2k+1 [ o T TaRE) JJ’
. .;.4,5‘ - 1 2 h2 9.9 a, 9 .
(4.9) w=yotag? )=, r(.—;h0+ 3.7 ao)cos 20 — 47(,,1 +aaj) sin 20
’ - : a, sin (26— 2y,) +—§2 aj sin 46 — 16 g sin (40— 2y1)

%-+12—4 [9%+1|  2k+1) ok

_ ;wj’[Qho— ! hz?"f’a;w 7](—1)"1[ cos 2(k+1)0 ° cos 2k0}},

and therefore,
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s (y 4¢ a g . 3 ¢ . (3
X=a, sm(Tt-}—wo)Jr--yz—{—@ a3 sin ( 9 yt+31/70) +16 % sm( 9 yt+w0)

.10)
o2 d
+_2_ v[?h o h2?’2a3 ] (—l)k cos (2k+1)(3‘ t—l—'l/ro)}.
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