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ABSTRACT: Elastic time-harmonic and transient wave scattering by multiple
anisotropic nanoiclusions is the object of this study. The nanoinclusions are
situated in an infinite anisotropic medium under plane strain conditions. The
model is in the frame of surface elasticity theory proposed by Gurtin-Murdoch
in 1975 [1]. The computational tool is a combination of the boundary integral
equations method (BIEM) based on the frequency dependent elastodynamic
fundamental solution for anisotropic continua, Gurtin-Murdoch theory, and
Fourier integral transforms. Stress concentration factors and scattered wave
displacements for nanoinclusions swept by pressure or shear waves are com-
puted. The benchmark cases used for verification of the developed numerical
scheme, illustrate the accuracy of the present methodology. Finally, in the com-
panion paper (Part II), the detailed parametric study is presented and discussed.

KEY WORDS: wave scattering, in-plane wave motion, anisotropic nanoinclu-
sions, infinite anisotropic plane, BIEM, dynamic response in frequency and
time domain.

1 INTRODUCTION

The main objective of this paper is to develop a mechanical elastodynamic model at
nanoscale and to verify the worked out efficient computational methodology based
on the direct boundary integral equation method (BIEM). Elastic wave scattering by
a system of anisotropic nanoinclusions in infinite generally anisotropic plane sub-
jected to time-harmonic and transient incident P/SV wave is considered. The ap-
plication background of multiple nanoinclusions problem can be found in nanome-
chanics concerning nanocomposite material structures. To the best of our knowledge,
the wave scattering by multiple anisotropic nanoinclusions in an infinite anisotropic
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plane under transient wave has not been dealt with yet. A detail review on the me-
chanical models in nanomechanics can be seen in Manolis et al. [2,3]. The following
basic conceptual models are available in the literature: (a) discrete models at atom-
istic/molecular and mesoscopic level. The ‘ab initio’ models are described by the
quantum mechanics of electrons and nuclei governed by the Schrödinger equation at
length scale h ≈ 10−9 m. The atomistic models (h ≈ 10−7 m) are based on New-
tonian mechanics, with main components the atoms plus the interaction laws derived
from quantum mechanics. The mesoscopic models (h ≈ 10−4 m) work with the
main players clusters of atoms or molecules and lattice defects; (b) Pure continuum
mechanics models (h ≈ 10−2 m), where the field variables (density, temperature,
strain, displacement, stress) are all continuous functions. The mechanical state is
based on constitutive laws capturing the effects of the microstructure and based on
empirical phenomenological rules. The advanced continuum mechanics models aim
to extend of the range of classical solid mechanics by bridging its basic theoreti-
cal principles with the most fundamental effects observed at the nano level. Such
models are: non-local elasticity theory; higher-order strain gradient and higher-order
nonlocal strain gradient elasticity theory; surface elasticity models with the Gurtin-
Murdoch [1] model being the most common one; (c) multiscale material models,
which aim to achieve the balance between the microstructural information complex-
ity and the abstractions in continuum theory.

Speaking about inclusions at macrolevel, dynamic analytical solutions are con-
fined to simple geometries and material models even for elastic isotropic media,
see Pao and Mow [4]. The study of wave scattering by macroinclusions of ar-
bitrary shape in isotropic/anisotropic materials requires the use of numerical tech-
niques. The volumetric approaches such as finite difference and finite element meth-
ods are completely volume dependent, leading to systems of great number of DOFs.
Among the advanced numerical techniques, the mesh-reducing boundary element
method (BEM) has been proven as accurate computational tool (see, e.g., the book
by Dominguez [5]). It is well-known the BEM is an attractive tool for wave prop-
agation in infinite media due to the following advantages: (a) the integral equation
formulation is equivalent to the original governing equation. This fact, coupled with
the use of the fundamental solutions of the governing equation, ensures a high level of
accuracy; (b) the fundamental solutions obey the Sommerfeld’s radiation condition.
This means that infinitely extended domains are automatically covered without the
usage of special types of viscous boundaries; (c) since only surfaces need to be mod-
elled, there is a reduction of the problem dimensionality; (d) the method is flexible
in treating of arbitrary geometry.

Although the well-known advantages of the BEM in solving inclusions problems
at the macroscale, their application in nanomechanics is still limited. The problem is
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that at the nanoscale (10−7 > h > 10−9) the continuum approaches begin to break
down, while discrete methods reach inherent time and size limitations. In analyz-
ing the mechanical behavior of nanomaterials, a key feature is the intrinsic surface
stresses that arise due to their large surface areas. At the atomic scale, the micro-
scopic structure of the surface of a body or of an interface between bodies is quite
different from that associated with the interior. This can be described macroscopi-
cally by an excess free energy of a surface/ interface and by the corresponding sur-
face/interface stress. The mathematical framework for incorporating surface stresses
into continuum mechanics framework was established by Gurtin and Murdoch [1].
Elastodynamic time-harmonic solutions for isotropic nanoinclusions in infinite elas-
tic isotropic media in the frame of surface elasticity model are available in [6–11].

The lack of solutions regarding the in-plane wave motion in generally anisotropic
infinite plane containing anisotropic nanoinclusions motivates the authors to focus
on this problem. The proposed model is in the frame of the surface elasticity theory,
achieved by the boundary integral equations along the contact interfaces between the
matrix and nanoinclusions. The proposed BIEM is based on the frequency-dependent
fundamental solution of 2D elastodynamics for general anisotropic continuum.

The paper has the following structure: the problem statement and its reformu-
lation via integral equations along the interface boundaries between the matrix and
nanoinclusions are presented in Section 2. The accuracy and verification of the nu-
merical scheme is studied in Section 3 and finally, conclusions are discussed in the
last Section 4. A detailed parametric simulation is presented in an accompanied paper
– Part II of this study.

2 PROBLEM STATEMENT VIA BOUNDARY INTEGRAL EQUATIONS

Plane strain state in the plane Γ(x3 = 0) is under consideration. The infinite elastic
anisotropic plane Γ containingN elastic anisotropic nanoinclusions ΩI,k with bound-
aries ΓI = ∪Nk=1ΓI,k (ΓI ∈ Γ) is subjected to incident time-harmonic or transient
longitudinal P or shear SV wave, see Fig. 1. The following notations cij,I , ρI and
cij,M , ρM for stiffness characteristics and density of inclusions and matrix, respec-
tively, are used. The 2D general anisotropy is characterized by six elastic constants
c11, c12, c16, c22, c26, c66, which in the case of orthotropic material are reduced to the
four ones c11, c12, c22, c66.

The aim is to model in-plane elastic wave motion in a generally anisotropic in-
finite plane containing multiple anisotropic nanoinclusions with arbitrary number,
mutual configuration and geometrical shape. The goal is to calculate numerically the
dynamic non-uniform stress-strain distribution, displacements and local stress con-
centration zones in the nanoheterogeneous plane.

The case of transient wave will be solved by application of direct fast Fourier
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transform (FFT) with respect to the time variable and solution of the defined below
boundary-value problem (BVP) in frequency domain. The solution in time domain is
obtained after application of inverse FFT to the solutions in frequency domain. The
BVP in frequency domain is formulated via governing equation (1) and boundary
condition (2) along the interface boundaries ΓI .

(1) σij,j (x, ω) + ρω2ui (x, ω) = 0, x (x1, x2) ∈ Γ .

Here: x (x1, x2) is the radius-vector of the observer point; σij is the stress in the
matrix denoted by σMij or the stress σI,kij of the k-th inclusion; the respective strains εij
are denoted as εMij or εI,kij ; ui being uMi or uI,ki are the corresponding displacements,
ω is the angular frequency, density ρ is ρI or ρM . Comma subscripts denote partial
differentiation with respect to the spatial coordinates and the summation convention
over repeated indices is assumed.
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Fig. 1: Problem formulation   
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Fig. 1: Problem formulation.

A model compatible with the theory of elastodynamics is the one proposed by
Gurtin-Murdoch [1], who established the mathematical framework for incorporat-
ing surface stresses into continuum mechanics formulations. This theory was mo-
tivated in part by empirical observations pointing to the presence of a compressive
surface stress in certain types of crystals. In the Gurtin-Murdoch model, the inter-
faces between nano-heterogeneities and the bulk matrix are regarded as infinitely
thin surfaces that possess their own deformation and surface tension characteristics.
A linearized surface stress–strain constitutive relation was proposed to characterize
this surface/interface effect. More specifically, the equilibrium and constitutive equa-
tions of the bulk solid are the same as those in classical elasticity, but the presence
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of a surface/interface stress gives rise to non-classical boundary conditions. The sur-
face stress tensor is associated with both the bulk stress tensor and the external load
by means of a force balance equation established at the solid’s surface. Under the
assumption of small deformations, a linear constitutive relationship between surface
stress and surface strain is established via a fourth-order tensor comprising the sur-
face elastic moduli and the resulting system is mathematically complete. We note
that the linearized Gurtin–Murdoch theory has attracted much interest and has been
used to explain size-dependent properties of nanostructures and nanocomposites. Im-
portant results have been obtained recently in the field of computational mechanics,
listed in the review paper by Manolis et al. [2].

It is assumed that the thin interface layer between any nanoinclusion and ma-
trix is with zero thickness, elastic and isotropic, while the bulk solid is elastic and
anisotropic. The surface stresses due to the presence of surface effects depend on the
corresponding strain along the interface. The detailed expressions could be seen in
Parvanova et al. [9]. The Gurtin-Murdoch model is applied to the contact interface
as far as its implementation in the model is involved with respect to the interface
displacements which are one and the same for the surfaces bonding together.

Non-classical boundary conditions (2), derived by Gurtin-Murdoch [1], which
take into account the free energy excess along interfaces ΓI are satisfied along the
total boundary of the nanoinclusions ΓI :{

tI,k1 + tM,k
1

tI,k2 + tM,k
2

}
k

= −τ0

κ

{
n1

n2

}
+ TS

{
uk1
uk2

}
,(2)
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∂

∂l
T2 +

∂2

∂l2
T3 ,(3)

T1 =
1

κ2
N

[
−αS τ0κ,l

−αSκ,l −τ0

]
NT ;(4)

T2 = N

[
0 −β
β 0

]
NT ; T3 = N

[
τ0 0

0 α

]
NT ,

N =

[
n1 −n2

n2 n1

]
,(5)

where αS = λS + 2µS is the surface elasticity modulus, which usually falls into
the limits of ±10N/m, see Tian and Rajapakse [12]; β = (αS/κ + τ0/κ), κ is
the curvature radius for the k-th interface boundary ΓI,k; ni = nI,ki = −nM,k

i ;
λS , µS are the elastic constants of the zeroth thin interface ΓI,k; deformations along
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all the interfaces follow linear elastic isotropic constitutive equation σSll = τ0 +
(λS + 2µS)εSll , here σSll , ε

S
ll are stress and strain in tangential to the surface direction;

∂/∂l and ∂2/∂l2 are the first and second tangential derivatives, respectively; τ0 is
the residual surface tension under unstrained conditions, which induces an additional
static deformation only. The residual surface tension τ0 is often ignored in dynamic
analyses. In the specific case of αS = 0 and τ0 = 0, the above boundary condition (2)
transforms into the classical boundary condition describing the tractions continuity
along the interfaces.

By the usage of the dynamic Betti’s reciprocity theorem and the fundamental
solution of the elastodynamic equation for 2D anisotropic material, see Dominguez
[5], the above defined problem can be described via boundary integral equations (6)
along the interface boundaries ΓI :

(6) Ciju
sc
j (x, ω) =

∫
ΓI

U∗
ij(x, ξ, ω)tscj (ξ, ω)dΓ(ξ)−

∫
ΓI

T ∗
ij(x, ξ, ω)uscj (ξ, ω)dΓ(ξ) .

Here x = (x1, x2) ∈ ΓI ; Cij is the jump term depending on the local geometry
at the source point x = (x1, x2); the couple x, ξ presents the position vectors of
the source and receiver ξ = (ξ1, ξ2) respectively; U∗

ij(x, ξ, ω) is the displacement
fundamental solution of the governing elliptic partial differential equation for in-
plane wave motion in generally anisotropic solid, and its corresponding traction is
T ∗
ij (x, ξ, ω) = CijqlU

∗
qk,l(x, ξ, ω)nk, see [13, 14].

The boundary integral equation (6) is written for the scattered wave displacement
usc
i = ui − uinc

i and traction tsc
i = ti − tinc

i , where ui and ti present the total dis-
placement and traction, uinc

i and tinc
i are displacement and traction of the incident

wave.
In frequency domain, the BVP is defined by the BIE (6) and the discussed above

boundary condition (2). Displacement and traction components along existing bound-
ary ΓI are the final result at solution of this BVP in frequency domain.

The solution of the system of BIE (6) follows a standard procedure in which all
the boundaries are discretized by quadratic boundary elements. The BIE are written
in a discrete form for each collocation or nodal point of the model and as a result
the matrix equation system with respect to the total field quantities Gt − Gtinc −
Hu + Huinc = 0 is obtained, where the respective free term due the incident waves
is −Gtinc + Huinc. Each influence matrix component results from numerical in-
tegration of integrals containing the products of fundamental solutions times shape
functions used for the field variables. All singularities in the kernels related with
the boundary integral equations (6) are overcome following the detailed descrip-
tions in Garcia-Sanchez [15]. When the static fundamental solutions, as a part of
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the dynamic ones, are calculated over an element containing the collocation point the
displacement-based kernels exhibit a weak singularity of O(ln r), while the traction-
based kernels exhibit a strong singularity of O(1/r). The integrals with weak sin-
gularity are computed using appropriate quadrature rules, while the strongly singular
ones are evaluated by the rigid body motion concept. All regular parts of the integrals
are calculated by using numerical integration and standard Gaussian quadrature.

Incident wave motion corresponding to horizontally propagating P- or SV-waves
through the orthotropic plane in the absence of heterogeneities results in the following
displacement field at a point x = (x1, x2) (see [5, 15]):

uinc1 (x, ω) = u0 (−ikP) e−ikPx1 — incident P-wave case;

uinc2 (x, ω) = u0 (−ikSV) e−ikSVx1 — incident SV-wave case.
(7)

In the above, u0 is the unit displacement amplitude of the wave, kP = ω/VP and
kSV = ω/VSV are the P- and SV-wave numbers, respectively, while the corresponding
phase velocities are VP =

√
c22/ρ and VSV =

√
c66/ρ. Finally, following Garcia-

Sanchez [15], the corresponding tractions at observation point x are: tinc
i (x, ω) =

σinc
ij nj , where nj is the outward unit normal vector to the surface, index i = 1, 2 and

stresses σinc
ij are:

(8)

σ
inc
11

σinc
22

σinc
12

 =

c11 c12 0

c12 c22 0

0 0 c66


 uinc

1,1

uinc
2,2

uinc
1,2 + uinc

2,1

 .

Once the displacements along the interface boundaries ΓI have been obtained,
displacements and stresses at any observer point x /∈ ΓI in the anisotropic infinite
plane can be recovered from the following integral representation:

ui (x, ω) =

∫
ΓI

U∗
ij (x, ξ, ω)tj (ξ, ω) dξ −

∫
ΓI

T ∗
ij (x, ξ, ω)uj (ξ, ω) dξ,(9)

σij (x, ω) = cijmpum,p (x, ω) .(10)

The methodology described above together with the application of inverse FFT
give as a final result the frequency and time-dependent displacements, stresses and
tractions at any point x of the elastic anisotropic plane containing multiple anisotropic
nanoinclusions and subjected to incident elastic waves.

3 NUMERICAL SCHEME VERIFICATION

The numerical scheme for solution of the boundary-value problem defined in Sec-
tion 2 by the BIEM, using the fundamental solution for the continuum of general
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anisotropy is based on discretization and collocation technique. The good conver-
gence in numerical solution is achieved when the well-known accuracy condition is
satisfied: λSV = 10lBE, where λSV is the wave-length of the shear wave and lBE is
the length of the boundary element. After discretization, collocation and boundary
condition satisfaction a system of linear algebraic equations is obtained with respect
to the unknown displacements and tractions along the boundaryΓI . The described
numerical scheme is for solution in frequency domain. The solutions in time-domain
are obtained by the usage of direct and inverse FFT technique. A source code has
been developed using Matlab software [16] and in order to verify its accuracy, some
test examples are solved and the results are compared against available in the litera-
ture results.

To the authors’ best knowledge, there are no results in the literature for nonuni-
form dynamic stress-strain state in the case of in-plane wave motion in a generally
anisotropic infinite plane containing multiple anisotropic nanoinclusions. Due to this
reason the verification study is based on the available results for elastic isotropic ma-
terials at nanoscale and for elastic anisotropic case without taking into account the
surface elasticity properties.

Test example 1: A nanoscale circular inclusion in an infinite plate under incident
P-and SV- waves. Comparison with available in the literature solutions.

As a first benchmark example is considered an infinitely extending, elastic isotropic
matrix with prescribed bulk elastic Lame moduli λM , µM and density ρM , which
contains a circular elastic isotropic nanoinclusion of radius a, elastic properties λI ,
µI and density ρI . The interface surface elastic characteristics are µS , ρS and τ0 = 0.
The dynamic excitation comes from an incident longitudinal P- or shear SV-wave
with frequency ω propagating along the 0x1 axis, see Fig. 2.

This benchmark example was solved by Ru et al. [6] using the semi-analytical
wave function expansion method. A dimensionless parameter is now introduced that
captures interface effects at the nanoscale, which is defined as s = (2µS + λS)/2µMa.
This parameter becomes noticeable only at the nanoscale and controls the solution of
elastodynamic problems for heterogeneous media at that scale. All presented re-
sults in the current paper are obtained by the BIEM based on the fundamental solu-
tion for anisotropic material. The case of isotropic material is treated just by setting
c11 = c22 = λ+ 2µ and c12 = λ, c66 = µ.

The first set of comparison between our results obtained by the BIEM based on
the anisotropic fundamental solution (reduced to the case of isotropic elasticity) and
those in Ru et al. [6] for elastic isotropic material is summarized in Fig. 3. The
horizontally propagating P-wave is under consideration. More specifically, the dy-
namic stress concentration factor (DSCF) is depicted at points along the interface
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perimeter from the matrix side. It is defined as DSCFS = |σϕϕ/σ0|, where S is the
interface perimeter from the matrix side. The obtained solutions are for a fixed non-
dimensional frequency ΩM =kP,Ma for P-wave, where the corresponding wave num-
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√
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where u0 is the unit amplitude of the incident wave, CSV,M is the shear wave velocity
of the elastic matrix. All results in Fig. 3 are plotted for fixed values of the stiffness
ratio µI/µM = 0.2, which corresponds to the fixed frequency ratio ΩI/ΩM = 3.0.
Poisson’s ratio for both matrix and inclusion materials is ν = 0.26, while different
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Fig. 3: DSCF along the perimeter of a circular elastic isotropic nanoinclusion from
the elastic isotropic matrix side (ϕ is the polar angle) at fixed different values of
the surface elastic parameter s and at fixed normalized frequencies of the horizontal
incident P-wave: (a) ΩM =0.2; (b) ΩM = π. Comparison is with results in Ru et
al. [6].
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Fig. 4: DSCF along the perimeter of a circular elastic isotropic nanoinclusion from
elastic isotropic matrix side at variable shear modulus ratio µI/µM and at fixed nor-
malized frequency ΩM = 0.2 of the horizontal incident P-wave. Comparison is with
results in Ru et al. [6].

values of the surface parameter s = 0; 0.1; 0.5; 2.0 are considered. Figures 3a, b
are plots for ΩM = 0.2 and ΩM = π, respectively. Excellent agreement is observed
between these two sets of results obtained by two very different computational tech-
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boundary elements for the low frequency case of ΩM = 0.2 and 64 quadratic bound-
ary elements for the higher frequency ΩM = π.
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Fig. 5: DSCF along the perimeter of a circular elastic isotropic nanoinclusion from
elastic isotropic matrix side at variable values of the surface elastic parameter s and
at fixed normalized frequencies of incident SV-wave: (a) ΩM = 0.2; (b) ΩM = π.
Comparison is with results in Ru et al. [6].



196 Wave Scattering by Nanoinlcusions in Anisotropic Plane. Part I

Figure 4 compares the DSCF induced by P-wave with normalized frequency
ΩM = 0.2 for various ratios of shear modulus µI/µM , starting by softer inclusion
with µI/µM = 0.02 and reaching the stiffer inclusion case with µI/µM = 50. Again
the comparison is with respect to the results reported by Ru et al. [6]. In all the plots
portrayed in Fig. 4, the surface elasticity parameter s = 0.5, the frequency ratio of
softer to stiffer phase is set to Ωsofter/Ωstiffer = 3.0.

The DSCF induced by incident SV-wave propagating along the axis 0x1 is illus-
trated in Fig. 5. Here the frequency is normalized with respect to the phase velocity
of the shear SV-wave, i.e. ΩM = kSV,Ma, where the corresponding wave number
is kSV,M = ω/CSV,M and shear phase velocity is CSV,M =

√
µM/ρM . As before

different values of the surface parameter are set in the simulations and comparisons
with the results presented in Ru et al. [6] have been done.

Test example 2: A circular elastic anisotropic inclusion in an infinite elastic
anisotropic plate under incident P-wave and interface pressure. Comparisons with
FEM.

The second test example is a circular elastic anisotropic inclusion of radius a in
an infinite anisotropic plate. The idea of comparison with FEM is to fix the dis-
cretization mesh in the frequency and time intervals under consideration and proves
the accuracy of the developed BEM codes. Two types of loading are considered:
(a) far field static load that is equivalent to a longitudinal P-wave stress field, i.e.,
t1 = σ0; t2 = σ0ν/ (1− ν), and (b) an interface pressure of intensity p acting on the
contact inclusion-matrix interface, see Fig. 6. There is a lack of results concerning
anisotropic inclusion embedded in an anisotropic infinite plate. That is the reason
why we compare our solutions with the FEM solutions obtained by the authors and
ANSYS software [17]. In the finite element model the square plate of size 500a has
been modeled with a circular inclusion of radius a in its center.

The anisotropic infinite plate is made of LiNaKCsPO3 Glass Fiber. Material
stiffness tensor components are: c11 = 193.946 MPa; c12 = 17.952 MPa; c22 =
39.313 MPa; c66 = 13 MPa, density is ρ = 2.8 t/m3, the radius of the inclusion is
a = 10−9 m.

The inclusion material is assumed 10 times softer, or the respective stiffness tensor
is c11,I = 19.3946 MPa; c12,I = 1.7952 MPa; c22,I = 3.9313 MPa; c66,I = 1.3 MPa,
with inclusion’s density 1 t/m3. An equivalent isotropic matrix material with Lame
constants λ = c12 = 17.952 MPa and µ = c66 = 13 MPa corresponding to the
anisotropic one is considered with the respective 10 times softer inclusion. The BEM
comprises of 32 quadratic boundary elements for the inclusion-matrix interface. The
FE mesh comprises of 43286 8-noded plane strain FE (PLANE183). 200 FE are
located along the inclusion-matrix interface and 100 FE are used per each side of
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Fig. 6: Circular elastic anisotropic inclusion in an infinite elastic anisotropic plate – 

geometry and loading 
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Fig. 6: Circular elastic anisotropic inclusion in an infinite elastic anisotropic plate –
geometry and loading

the plate. The time harmonic analysis is performed for frequency range up to Ω =
ωa/

√
c66,M/ρM = 6 divided into 50 equal frequency steps. Constant hysteretic

material damping is assigned equal to 5%.
The first set of comparisons concerning elastic isotropic matrix and inclusion

and surface pressure loading case are presented in Fig. 7. More specifically, the
normalized horizontal displacements u1c66,M/ap and u2c66,M/ap for points of the
nanoinclusion-matrix interface with polar angle ϕ =0 and ϕ = π/2 respectively ver-
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normalized displacement components; b) DSCF. Comparison between BIEM and FEM. 
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horizontal displacements 1 66, /Mu c ap  and 2 66, /Mu c ap  for points of the nanoinclusion-

matrix interface with polar angle φ=0 and φ=π/2 respectively versus normalized 

frequency 66,/ /M Ma c  =  are portrayed in Fig. 7a. The DSCF defined as / p  

for the same observer points is compared in Fig. 7b. The same set of results for the 

anisotropic matrix and inclusion in case of surface pressure loading is portrayed in Fig. 

8. 

 

Fig. 8: Circular elastic anisotropic inclusion in an infinite anisotropic plate: a) normalized 

displacement components; b) DSCF. Comparison between BIEM and FEM. 
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Fig. 8: Circular elastic anisotropic inclusion in an infinite anisotropic plate: a) nor-
malized displacement components; b) DSCF. Comparison between BIEM and FEM.

sus normalized frequency Ω = ωa/
√
c66,M/ρM are portrayed in Fig. 7a. The DSCF

defined as |σϕϕ/p| for the same observer points is compared in Fig. 7b. The same set
of results for the anisotropic matrix and inclusion in case of surface pressure loading
is portrayed in Fig. 8.

The case of far field static load equivalent to a longitudinal P-wave is compared in
Table 1. The static solution of the BIEM is obtained by elastodynamic fundamental
solution for anisotropic material and low dimensionless frequency value of ΩM =
0.001. The matrix material is always isotropic as far as the equivalent static load
is applicable for isotropic one. The inclusion is isotropic and anisotropic in both
the FEM and BEM models. The percentage differences between BEM and FEM
solutions are calculated with respect to the average values.

The verification study results show that the type of discretization is sufficient to
achieve a satisfactory accuracy in our parametric study. The results shown in all
figures above illustrate clearly that the developed numerical scheme and the created
software work with a high accuracy and we can continue further with the simulation
study, which is presented in Part II of the current work.

Table 1: Comparison between BEM and FEM in case of static solution

FEM BEM Percentage difference

σϕϕ/σ0 σϕϕ/σ0 σϕϕ/σ0 σϕϕ/σ0
ϕ = 0 ϕ = π/2 ϕ = 0 ϕ = π/2 ϕ = 0 ϕ = π/2

Iso incl 0.246429 2.18572 0.245856 2.18706 0.23 0.06
Aniso incl 0.703441 1.31312 0.70333 1.31677 0.02 0.28
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4 CONCLUSIONS

This Part I presents mechanical model and computational methodology for solution
of 2D elastodynamic problem considering an infinite anisotropic plane with multiple
anisotropic nanoinclusions of arbitrary geometry, number and mutual disposition.
The mechanical model is based on a combination of surface elasticity theory with the
BEM, taking into account the material anisotropy. The proposed mechanical model
is used as a base in an accompanied paper (Part II) for a parametric study revealing
different phenomena in the scattered wave fields due to the influence of anisotropy
and surface elasticity.
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