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ABSTRACT: We analyse the spatial behaviour of diffusive microstretch ther-
moelasticity with microconcentrations and microtemperatures in the linear,
anisotropic and non-centro-symmetric case. We define a function with a weight
depending on time that characterizes the principal characteristics of the model,
then study its properties and derive a differential inequality. Then we obtain an
exponential spatial decay that is independent of time and is valid for unbounded
bodies.
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NOTATIONS

ui displacement vector field ϕ function of microdilatation
ϕi vector of microrotation tij stress tensor
ρ mass density of reference fi body force
hj vector of microstretch g internal body force
l external microstretch body load mij tensor of couple stress
gi body couple density
C concentration ηi flux vector of mass diffusion
S microentropy T0 absolute temperature in the reference configuration
qi vector of heat flux s supply of heat per unit mass
δij Kronecker’s delta qij first heat flux moment tensor
Qi microheat flux average Gi first heat supply moment vector
Ti microtemperatures σ̃i micromass diffusion flux average
T absolute temperature P chemical potential of the particle
Ci microconcentrations ηij tensor of first mass diffusion flux moment
εijk alternating symbol εi first moment of energy vector
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1 INTRODUCTION

The field of mechanics of generalized continua is of great interest nowadays, many
books having been published recently, see for instance [1–3]. It is important for the
characterization of media with microstructure and one of its pioneers is Eringen (see,
for instance, [4]). Other results about bodies with microstructure were deduced in [5–
10]. A topic of interest in this domain is microstretch elasticity, which was proposed
by Eringen in [4]. Various properties of microstretch elasticity and its extensions were
studied recently, see [4, 11–15]. This mathematical model may be applied in various
areas of science, engineering and even biomechanics. For instance, microstretch
elasticity can be used to model human iliopsoas, a myofascial kinetic continuum,
or functionally related muscles [16, 17]. But it is also useful for the description of
asphalt, of composite materials which are reinforced with chopped elastic fibers and
other granular materials [4].

Very important from a practical point of view is the description of the process of
diffusion of hydrogen in metals. According to [3], it is useful in the creation of safe
technologies and storage systems. For instance, there are systems for transport of
gas and, in particular, for the storage of hydrogen, in which hydrogen is contained
in nanostructures, metals or composites [3]. In fact, ”hydrogen is always present
in metals and semiconductors”, with a concentration ranging from ”0.2 ppm (for
aluminum alloys and high strength steels) up to 80 ppm (for titanium alloys)” [3, p.
38]. The same article [3] explains that the mechanical stresses in crystal matrix affect
not only the temperature and concentration gradient, but also the diffusion of atoms
in solids. Another article [18] emphasizes that the strength of metals is affected in a
significant way by hydrogen, which is important in structural design. For example,
the internal hydrogen which is accumulated and redistributed in the material may
create and propagate voids.

Therefore, the system of partial differential equations introduced by Aouadi et al.
in [19] and numerically analysed by Bazarra et al. in [20] for thermoelasticity with
microconcentrations and microtemperatures provides a good model for studying such
diffusion processes. This theory has appplications in ”many engineering applications
such as satellite problems, aircraft landing on water, the manufacturing of integrated
circuits or the oil extraction”, see [20, p. 31]. The concept of microconcentrations
is a relatively recent one and was analysed in different contexts. For example, Bit-
sadze derived a solution in exact form for the Dirichlet boundary value problem for
an isotropic circle in [21] and employed elementary functions in order to build the
fundamental and singular matrices of solutions in [22]. Moreover, Giorgashvili et
al. employed the potential method to study existence of classical solutions in [23].
In [24], Kansal derived the fundamental solutions for a micromorphic medium.
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Now, we continue the analysis of the concept of microconcentrations and mi-
crotemperatures in the context of diffusive microstretch thermoelasticity based on
the mathematical model from [11], where we studied wave propagation. This model
characterizes materials for which the micro-particles may rotate, dilate or contract
(this is the microstretch effect) and are equipped with microtemperatures and mi-
croconcentrations. The intended practical applications of this model are mentioned
above.

In this study, the goal is to describe the spatial behaviour in the linear, anisotropic
and non-centro-symmetric case, We define a function with a weight depending on
time which describes the main characteristics of the model, then study its properties
and deduce a differential inequality. Then we obtain an exponential spatial decay that
is independent of time and is valid for unbounded bodies. The spatial behaviour of the
thermoelastodynamic processes for microstretch solids was already studied in [15] in
a simplified case. Many other problems in mechanics of generalized continua were
approached from the point of view of the spatial behaviour, see for instance [25–27].

The article has four sections. In the second section we give some preliminaries,
then we investigate the spatial behaviour and in the final section we draw the conclu-
sions.

2 PRELIMINARIES

We consider the three-dimensional euclidean space and a fixed system of rectangular
axes Oxi, i = 1, 2, 3. In this space, we assume that at a fixed moment in time we
have a bounded or unbounded regular region Ω, whose boundary surface is denoted
by ∂Ω. As a usual convention, we employ the Einstein summation over repeated
indices. The derivatives are represented by a superposed dot if they are with respect
to the time variable and by a comma followed by a subscript if they are with respect
to a spatial variable. The functions appearing in the mathematical model are defined
over Ω× (0,∞).

The behaviour of the body is described by the equations of diffusive microstretch
thermoelasticity with microtemperatures and microconcentrations, see [19]

tji,j + ρfi = ρüi,(1)

hk,k + g + ρl = Jϕ̈,(2)

mji,j + εirstrs + ρgi = Iijϕ̈j ,(3)

Ċ = ηi,i,(4)

ρT0Ṡ = qi,i + ρs,(5)

ρε̇i = qji,j + qi −Qi + ρGi,(6)

ρω̇i = ηji,j + ηi − σ̃i.(7)
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The strain tensors are

(8) eij = uj,i + εjikϕk, κij = ϕj,i, ζi = ϕ,i.

The following relation between the concentration and the chemical potential [19]
holds true

(9) %C = P − dijeij − fijκij − f̃iζi − g̃1ϕ+$θ +miTi +m′iCi.

For the equations above we need the following initial conditions:

ui(x, 0) = u0
i (x), u̇i(x, 0) = u1

i (x), P (x, 0) = P 0(x),

ϕ(x, 0) = ϕ0(x), ϕ̇(x, 0) = ϕ1(x), Ci(x, 0) = C0
i (x),

(10)
ϕi(x, 0) = ϕ0

i (x), ϕ̇i(x, 0) = ϕ1
i (x), θ(x, 0) = θ0(x),

Ti(x, 0) = T 0
i (x), x ∈ Ω̄,

where u0
i , u

1
i , ϕ

0
i , ϕ

1
i , ϕ

0, ϕ1, θ0, T 0
i , P 0 and C0

i are given. Let Sr, r = 1, ..., 14 be
subsets of ∂Ω such that S̄1 ∪ S2 = S̄3 ∪ S4 = S̄5 ∪ S6 = S̄7 ∪ S8 = S̄9 ∪ S10 =
S̄11 ∪ S12 = S̄13 ∪ S14 = ∂Ω and S1 ∩ S2 = S3 ∩ S4 = S5 ∩ S6 = S7 ∩ S8

= S9 ∩ S10 = S11 ∩ S12 = S13 ∩ S14 = ∅. In the case of the mixed problem we
need the following boundary conditions:

ui = ūi on S̄1 × I, ϕi = ϕ̄i on S̄3 × I, θ = θ̄ on S̄7 × I,
ϕ = ϕ̄ on S̄5 × I, P = P̄ on S̄11 × I, Ti = T̄i on S̄9 × I,
Ci = C̄i on S̄13 × I, tjinj = t̄i on S2 × I, hknk = h̄ on S6 × I,(11)

mjinj = m̄i on S4 × I, qkink = q̄i on S10 × I, qjnj = q̄ on S8 × I,
ηini = η̄ on S12 × I, ηkink = η̄i on S14 × I,

where ūi, ϕ̄i, ϕ̄, θ̄, T̄i, P̄ , C̄i, t̄i, m̄i, h̄, q̄, q̄i, η̄, η̄i are given functions and I = (0,∞).
The constitutive equations of diffusive microstretch thermoelasticity with mi-

crotemperatures and microconcentrations in the homogeneous, anisotropic and non-
centro-symmetric case are

tij = A∗ijrsers +B∗ijrsκrs +D∗ijϕ+ F ∗ijkζk + t′∗ij ,

mij = B∗rsijers + C∗ijrsκrs + E∗ijϕ+G∗ijkζk +m′∗ij ,

hi = F ∗rsiers +G∗rsiκrs +A∗ijζj +B∗i ϕ+ h′∗i ,

g = −D∗ijeij − E∗ijκij −B∗i ζi − ξ∗ϕ+ g′∗,

ρS = a∗ijeij + b∗ijκij + d∗i ζi + F ∗ϕ+ S′∗,

ρεi = L∗rsiers +M∗rsiκrs −N∗jiζj +R∗iϕ+ ε′∗i ,

ρωi = L′∗rsiers +M ′∗rsiκrs −N ′∗ji ζj +R′∗i ϕ+ ω′∗i ,

(12)

where the thermal and diffusive effects are described by
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t′∗ij = L∗ijkTk − a∗ijθ +
dij
%
P + L′∗ijkCk,

m′∗ij = M∗ijkTk − b∗ijθ +
fij
%
P +M ′∗ijkCk,

h′∗i = −N∗ijTj − d∗i θ +
f̃i
%
P −N ′∗ijCj ,

g′∗ = −R∗i Ti + F ∗θ − g̃1

%
P −R′∗i Ci,

S′∗ = b∗iTi + a∗θ +
$

%
P + b′∗i Ci,

ε′∗i = −B∗ijTj − b∗i θ −R∗ijCj −
mi

%
P,

ω′∗i = −C∗ijCj −R∗jiTj − b′∗i θ −
m′i
%
P

(13)

with the following symmetries for the coefficients:

(14) A∗ijrs = A∗rsij , C
∗
ijrs = C∗rsij , A

∗
ij = A∗ji, B

∗
ij = B∗ji, C

∗
ij = C∗ji.

We have
qi = kijθ,j +KijTj , ηi = hijP,j +HijCj ,

qij = −PijklTl,k, ηij = −FijklCl,k,
Qi = (kij − k̃ij)θ,j + (Kij − K̃ij)Tj ,

σ̃i = (hij − h̃ij)P,j + (Hij − H̃ij)Cj ,

(15)

where the coefficients satisfy the following symmetry relations:

Pijkl = Pklij , Fijkl = Fklij , Kij = Kji,

hij = hji, K̃ij = K̃ji, H̃ij = H̃ji, k̃ij = k̃ji,

Hij = Hji, kij = kji, h̃ij = h̃ji

(16)

and θ = T − T0.
In the following we will introduce some useful notations. Below, W is expressed

in terms of the strain tensors

(17) W (s) =
1

2
A∗ijrsers(s)eij(s) +B∗ijrseij(s)κrs(s) +

1

2
C∗ijrsκrs(s)κij(s)

+D∗ijeij(s)ϕ(s) + E∗ijκij(s)ϕ(s) + F ∗ijkeij(s)ζk(s)

+G∗ijkκij(s)ζk(s) +B∗i ϕ(s)ζi(s) +
1

2
ξ∗ϕ(s)2 +

1

2
A∗ijζj(s)ζi(s)
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and is used in the formulation of Γ̄. The thermal and diffusive effects are accounted
for by the expressions below

(18) Γ̄(s) =
1

2
ρu̇i(s)u̇i(s) +

1

2
Jϕ̇(s)2 +

1

2
Iijϕ̇i(s)ϕ̇j(s) +W (s) + Γp(s),

where

Γp(s) = a∗
1

2
θ(s)2 +

1

%

1

2
P (s)2 +

1

2
B∗ijTi(s)Tj(s)(19)

+
1

2
C∗ijCi(s)Cj(s) + b∗iTi(s)θ(s) +

$

%
θ(s)P (s)

+R∗ijCj(s)Ti(s) + b′∗i θ(s)Ci(s) +
mi

%
P (s)Ti(s) +

m′i
%
P (s)Ci(s)

and

K̄(s) =
1

T0
kijθ,i(s)θ,j(s) +

(
1

T0
Kij + k̃ij

)
θ,i(s)Tj(s)(20)

+ PijklTl,k(s)Tj,i(s) + K̃ijTi(s)Tj(s) + H̃ijCi(s)Cj(s)

+
(
h̃ij +Hij

)
P,i(s)Cj(s) + hijP,i(s)P,j(s)− FjiklCl,kj(s)Ci(s).

We will need the following assumptions in the sequel, see [13]:

(H1) ρ and J are strictly positive;

(H2) Iij is positive definite;

(H3) W is a positive semidefinite quadratic form;

(H4) Γp is positive definite for any admissible process p;

(H5) W is a positive definite quadratic form, so there exist the positive constants µm
and µM such that

(21) µm

(
eijeij + ϕ2 +

I0

%
κijκij +

J0

%
ζiζi

)
≤ 2W ≤ µM

(
eijeij + ϕ2 +

I0

%
κijκij +

J0

%
ζiζi

)
.

Furthermore, we assume that K̄(s) is a positive definite quadratic form, that is
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(22) K̄(s) ≤ 1

T0
kMθ,i(s)θ,i(s) + PMTi,j(s)Ti,j(s) + K̃MTi(s)Ti(s)

+ H̃MCi(s)Ci(s) + hMP,i(s)P,i(s) + FMCi,j(s)Ci,j(s)

and

(23) K̄(s) ≥ 1

T0
kmθ,i(s)θ,i(s) + PmTi,j(s)Ti,j(s) + K̃mTi(s)Ti(s)

+ H̃mCi(s)Ci(s) + hmP,i(s)P,i(s) + FmCi,j(s)Ci,j(s).

3 UNIQUENESS

In this section, we prove uniqueness of the solution for the problem of anisotropic
microstretch thermoelasticity with microtemperatures and microconcentrations in the
non-centro-symmetric case. To this end, we examine the admissible process

(24) p = {ui, ϕi, ϕ, θ, Ti, P, Ci, tij ,mij , hi, g, S, εi, qi, Qi, qij , ωi, ηi, ηij}.

We follow the strategy from [13].

Theorem 3.1. We consider that the assumptions (H1), (H2), (H3) and (H4) hold
true. Then the problem of microstretch thermoelasticity with microtemperatures and
microconcentrations has at most one solution.

Proof The relation below follows from the constitutive equations (12) and from (17),
(19)

(25) tij ėij +mij κ̇ij + hiζ̇i − gϕ̇+ ρṠθ − ρε̇iTi − ρω̇iCi + PĊ = Ẇ + Γ̇p.

Moreover, relations (8), (5), (6), (7) in the first step and then, in the second step,
relations (1) multiplied by u̇i, (3) multiplied by ϕ̇i, (2) multiplied by ϕ̇ and (15) lead
to

(26) tij ėij +mij κ̇ij + hiζ̇i − gϕ̇+ ρṠθ − ρε̇iTi − ρω̇iCi + PĊ =

=

(
tjiu̇i +mjiϕ̇i + hjϕ̇+

1

T0
θqj − Tiqji − Ciηji + hijP,iP+

+HijCiP − FjiklCl,kCi),j + ρ

(
fiu̇i + giϕ̇i + lϕ̇+

1

T0
θs− TiGi

)
− ρüiu̇i − Iijϕ̈jϕ̇i − Jϕ̈ϕ̇− K̄.

We obtain the following equality from (25) and (26)
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(27)
1

2

∂

∂t

(
2W + 2Γp + ρu̇2 + Iijϕ̇iϕ̇j + Jϕ̇2

)
=

=

(
tjiu̇i +mjiϕ̇i + hjϕ̇+

1

T0
θqj − Tiqji − Ciηji + hijP,iP +HijCiP−

−FjiklCl,kCi),j + ρ

(
fiu̇i + giϕ̇i + lϕ̇+

1

T0
θs− TiGi

)
− K̄.

For the process p, we define the following function on I

(28) Ep =
1

2

∫
Ω

(
2W + 2Γp + ρu̇2 + Iijϕ̇iϕ̇j + Jϕ̇2

)
dV.

Hence, we obtain

(29) Ėp =

∫
Ω
ρ

(
fiu̇i + giϕ̇i + lϕ̇+

1

T0
θs− TiGi

)
dV

+

∫
∂Ω

(
tjiu̇i +mjiϕ̇i + hjϕ̇+

1

T0
θqj − Tiqji − Ciηji + hijP,iP+

+HijCiP − FjiklCl,kCi)njdA−
∫

Ω
K̄dV.

In the following, we take two solutions of the problem, namely

pα = {u(α)
i , ϕ

(α)
i , ϕ(α), θ(α), T

(α)
i , P (α), C

(α)
i , t

(α)
ij ,m

(α)
ij , h

(α)
i ,(30)

g(α), S(α), ε
(α)
i , q

(α)
i , Q

(α)
i , q

(α)
ij , ω

(α)
i , η

(α)
i , η

(α)
ij }.

Then we consider the process

π = {u∗i , ϕ∗i , ϕ∗, θ∗, T ∗i , P ∗, C∗i , t∗ij ,m∗ij , h∗i , g∗, S∗, ε∗i , q∗i ,(31)

Q∗i , q
∗
ij , ω

∗
i , η
∗
i , η
∗
ij}

by
u∗i = u

(1)
i − u

(2)
i , ϕ∗i = ϕ

(1)
i − ϕ

(2)
i , ϕ∗ = ϕ(1) − ϕ(2), θ∗ = θ(1) − θ(2), T ∗i =

T
(1)
i −T

(2)
i , P ∗ = P (1)−P (2),C∗i = C

(1)
i −C

(2)
i , t∗ij = t

(1)
ij −t

(2)
ij ,m∗ij = m

(1)
ij −m

(2)
ij ,

h∗i = h
(1)
i −h

(2)
i , g∗ = g(1)−g(2), S∗ = S(1)−S(2), ε∗i = ε

(1)
i −ε

(2)
i , q∗i = q

(1)
i −q

(2)
i ,

Q∗i = Q
(1)
i − Q

(2)
i , q∗ij = q

(1)
ij − q

(2)
ij , ω∗i = ω

(1)
i − ω

(2)
i , η∗i = η

(1)
i − η

(2)
i , η∗ij =

η
(1)
ij − η

(2)
ij . We assume that S1 = S3 = S5 = S7 = S9 = S11 = S13 = ∂Ω.

Then the process π is associated to zero data. Therefore, by relation (29) we are led
to

(32) Ėπ ≤ 0 on I.
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Using the initial conditions (10), we are led to Eπ ≤ 0 on I . By considering the
assumptions (H1), (H2), (H3), (H4) and (28), we obtain Eπ ≥ 0. Hence Eπ = 0 and
u̇∗i = 0, ϕ̇∗i = 0, ϕ̇∗ = 0, θ∗ = 0, T ∗i = 0, P ∗ = 0, C∗i = 0 on I . From the initial
conditions (10) we obtain u∗i = 0, ϕ∗i = 0, ϕ∗ = 0 on I . Hence our problem has at
most one solution.

4 SPATIAL BEHAVIOUR

As in [15], we denote by D̂T the support of the initial and boundary data and the
body actions in the problem P . We use the convention that D̂T is a bounded regular
region. Then we define the set DR, R ≥ 0, by

(33) DR = {x ∈ Ω̄ | D̂T ∩ Σ(x, R) 6= ∅},

where Σ(x, R) is the open ball with radius R and center at x. As in [15], we assume
thatBR is the part of Ω contained in Ω\DR and thatB(R1, R2) is the setBR2 \BR1 ,
R1 > R2. Furthermore, we introduce the notation SR for the subsurface of ∂BR
contained inside Ω and whose outward unit normal vector is forwarded to the exterior
of DR. Note that BR is a part of Ω where the initial and boundary data and the body
actions are zero.

Moreover, let us consider λ > 0 to be a given real parameter. Then we define

(34) Λ̄1(t) =

∫ t

0

∫
∂Ω
e−λs [tji(s)nj(s)u̇i(s) + hi(s)ni(s)ϕ̇(s) +mji(s)nj(s)

× ϕ̇i(s) +
1

T0
qi(s)ni(s)θ(s) + ηi(s)ni(s)P (s)− qji(s)nj(s)Ti(s)] dads,

a function that will be used in the evaluation of the spatial behaviour by considering
the interior integral over the subset SR. The main properties of this function will
follow from the lemma below.

Lemma 4.1. We assume that the behaviour of a microstretch elastic body with ther-
mal and mass diffusion at the micro- and macrolevel is described by the governing
equations (1)-(7) and by the constitutive equations (12) with the geometrical rela-
tions (8). Under suitable regularity assumptions and with the notations above, the
following identity holds true

(35)
∫

Ω
e−λtΓ̄(t)dv +

∫ t

0

∫
Ω

[
e−λsλΓ̄(s) + e−λsK̄(s)

]
dvds =

=

∫
Ω

Γ̄(0)dv +

∫ t

0

∫
Ω
e−λs [ρfi(s)u̇i(s) + ρl(s)ϕ̇(s)

+ ρgi(s)ϕ̇i(s) +
1

T0
ρs(s)θ(s)− ρGi(s)Ti(s)

]
dvds+ Λ̄1(t).
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Proof We multiply equation (1) by u̇i, then use the constitutive equations (12)1 and
multiply the resulting equation by e−λs in order to obtain

(36)
∂

∂s

[
e−λs

1

2
ρu̇i(s)u̇i(s)

]
+ λe−λs

1

2
ρu̇i(s)u̇i(s) = e−λsρfi(s)u̇i(s)

+ e−λs [tji(s)u̇i(s)],j + e−λs
[
−A∗ijrsers(s)u̇j,i(s)−B∗ijrsκrs(s)u̇j,i(s)

−D∗ijϕ(s)u̇j,i(s)− F ∗ijkζk(s)u̇j,i(s)− L∗ijkTk(s)u̇j,i(s)

+ a∗ijθ(s)u̇j,i(s)−
dij
%
P (s)u̇j,i(s)− L′∗ijkCk(s)u̇j,i(s)

]
.

Equation (2) is multiplied by ϕ̇. Then we replace the constitutive equations (12)3

and (12)4, then multiply by e−λs in order to obtain

(37)
∂

∂s

[
e−λs

1

2
Jϕ̇(s)2

]
+ λe−λs

1

2
Jϕ̇(s)2 = e−λsρl(s)ϕ̇(s)

+ e−λs [hi(s)ϕ̇(s)],i + e−λs
[
− F ∗rsiers(s)ϕ̇,i(s)−G∗rsiκrs(s)ϕ̇,i(s)

−A∗ijζj(s)ϕ̇,i(s)−B∗i ϕ(s)ϕ̇,i(s) +N∗ijTj(s)ϕ̇,i(s)

+ d∗i θ(s)ϕ̇,i(s)−
f̃i
%
P (s)ϕ̇,i(s) +N ′∗ijCj(s)ϕ̇,i(s)−D∗ijeij(s)ϕ̇(s)

− E∗ijκij(s)ϕ̇(s)−B∗i ζi(s)ϕ̇(s)− ξ∗ϕ(s)ϕ̇(s)−R∗i Ti(s)ϕ̇(s)

+ F ∗θ(s)ϕ̇(s)− g̃1

%
P (s)ϕ̇(s)−R′∗i Ci(s)ϕ̇(s)

]
.

We use the same technique with equation (3) multiplied by ϕ̇i and the constitutive
equations (12)1 and (12)2. Hence, we obtain

(38)
∂

∂s

[
e−λs

1

2
Iijϕ̇i(s)ϕ̇j(s)

]
+ λe−λs

1

2
Iijϕ̇i(s)ϕ̇j(s) = e−λsρgi(s)ϕ̇i(s)

+ e−λs [mji(s)ϕ̇i(s)],j + e−λs
[
−B∗rsijers(s)ϕ̇j,i(s)− C∗ijrsκrs(s)ϕ̇j,i(s)

− E∗ijϕ(s)ϕ̇j,i(s)−G∗ijkζk(s)ϕ̇j,i(s)−M∗ijkTk(s)ϕ̇j,i(s)

+ b∗ijθ(s)ϕ̇j,i(s)−
fij
%
P (s)ϕ̇j,i(s)−M ′∗ijkCk(s)ϕ̇j,i(s)

+ εijkA
∗
jkrsers(s)ϕ̇i(s) + εijkB

∗
jkrsκrs(s)ϕ̇i(s) + εijkD

∗
jkϕ(s)ϕ̇i(s)

+ εijkF
∗
jklζl(s)ϕ̇i(s) + εijkL

∗
jklTl(s)ϕ̇i(s)− εijka∗jkθ(s)ϕ̇i(s)

+ εijk
djk
%
P (s)ϕ̇i(s) + εijkL

′∗
jklCl(s)ϕ̇i(s)

]
.
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After multiplying equation (5) by θ, we replace the constitutive equation (12)5

and multiply by e−λs to obtain

(39)
∂

∂s

[
e−λsa∗

1

2
θ(s)2

]
+ λe−λsa∗

1

2
θ(s)2 = e−λs

[
− a∗ij ėij(s)θ(s)

− b∗ij κ̇ij(s)θ(s)− d∗i ζ̇i(s)θ(s)− F ∗ϕ̇(s)θ(s)− b∗i Ṫi(s)θ(s)

− $

%
Ṗ (s)θ(s)− b′∗i Ċi(s)θ(s)

]
+ e−λs

{ 1

T0
[qi(s)θ(s)],i

− 1

T0
kijθ,j(s)θ,i(s)−

1

T0
KijTj(s)θ,i(s) +

1

T0
ρs(s)θ(s)

}
.

The equation for the concentration (4) is multiplied by the chemical potential P .
Then the equations (9) and (15)2 are replaced and the factor e−λs is employed.

(40)
∂

∂s

[
e−λs

1

%

1

2
P (s)2

]
+ λe−λs

1

%

1

2
P (s)2 = e−λs

[dij
%
ėij(s)P (s)

+
fij
%
κ̇ij(s)P (s) +

f̃i
%
ζ̇i(s)P (s) +

g̃1

%
ϕ̇(s)P (s)− $

%
θ̇(s)P (s)

− mi

%
Ṫi(s)P (s)− m′i

%
Ċi(s)P (s)

]
+ e−λs [ηi(s)P (s)],i

+ e−λs [−hijP,j(s)P,i(s)−HijCj(s)P,i(s)] .

The proof proceeds in the same way with equation (6) multiplied by Ti and the
use of relations (12)6, (15)1, (15)3, (15)5 and the factor e−λs.

(41)
∂

∂s

[
e−λs

1

2
B∗ijTi(s)Tj(s)

]
+ λe−λs

1

2
B∗ijTi(s)Tj(s) =

= e−λs
[
L∗rsiėrs(s)Ti(s) +M∗rsiκ̇rs(s)Ti(s)−N∗jiζ̇j(s)Ti(s)

+R∗i ϕ̇(s)Ti(s)− b∗i θ̇(s)Ti(s)−R∗ijĊj(s)Ti(s)−
mi

%
Ṗ (s)Ti(s)

]
+ e−λs

[
−k̃ijθ,j(s)Ti(s)− K̃ijTj(s)Ti(s)− ρGi(s)Ti(s)

]
+ e−λs [−qji(s)Ti(s)],j − e

−λsPijklTl,k(s)Tj,i(s).

Equation (7) is multiplied by Ci. Then, the relations (12)7, (15)2, (15)4, (15)6

and the factor e−λs lead to the following result:

(42)
∂

∂s

[
e−λs

1

2
C∗ijCi(s)Cj(s)

]
+ λe−λs

1

2
C∗ijCi(s)Cj(s) =
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= e−λs
[
−R∗jiṪj(s)Ci(s) + L′∗rsiėrs(s)Ci(s)

+M ′∗rsiκ̇rs(s)Ci(s)−N ′∗ji ζ̇j(s)Ci(s) +R′∗i ϕ̇(s)Ci(s)− b′∗i θ̇(s)Ci(s)

− m′i
%
Ṗ (s)Ci(s) + FjiklCl,kj(s)Ci(s)− h̃ijP,j(s)Ci(s)− H̃ijCj(s)Ci(s)

]
.

By adding up the relations above, we obtain the required result.
In the following lemma we will prove an estimate in order to derive in the next

theorem a differential inequality for a time-weighted function that we will employ
for the characterization of the spatial behaviour.

Lemma 4.2. Under the assumptions of Lemma 4.1 and for each ε > 0 constant, the
following inequality holds true

(43) tijtij +
ρ0

J0
hihi +

ρ0

I0
mijmij ≤ 2µM (1 + ε)W

+ 4

(
1 +

1

ε

){[
(L∗ijk)

2 + (N∗ik)
2 + (M∗ijk)

2
]
T 2
k

+
[
(a∗ij)

2 + (d∗i )
2 + (b∗ij)

2
]
θ2 +

(dij
%

)2

+

(
f̃i
%

)2

+

(
fij
%

)2
P 2

+
[
(L′∗ijk)

2 + (N ′∗ik)2 + (M ′∗ijk)
2
]
C2
k

}
.

Proof Let us define

(44) J1 =

√
J0

ρ0
, I1 =

√
I0

ρ0

and the vector

(45) U := {ui, J1ϕ, I1ϕi}

in order to consider the state of strain E (U) in the form

(46) E (U) := {eij (U) , ϕ, J1ζi (U) , I1κij (U)}.

We define

sij(E) = tij(E)− L∗ijkTk + a∗ijθ −
dij
%
P − L′∗ijkCk(47)

= A∗ijrsers +B∗ijrsκrs +D∗ijϕ+ F ∗ijkζk,
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Mij(E) = mij(E)−M∗ijkTk + b∗ijθ −
fij
%
P −M ′∗ijkCk

= B∗rsijers + C∗ijrsκrs + E∗ijϕ+G∗ijkζk,

Γi(E) = hi(E) +N∗ijTj + d∗i θ −
f̃i
%
P +N ′∗ijCj

= F ∗rsiers +G∗rsiκrs +A∗ijζj +B∗i ϕ,

G(E) = g(E) +R∗i Ti − F ∗θ +
g̃1

%
P +R′∗i Ci

= −D∗ijeij − E∗ijκij −B∗i ζi − ξ∗ϕ.

Moreover, for every E, we define

(48) M(E) = {sij(E), G(E),
1

J1
Γi(E),

1

I1
Mij(E)}.

The magnitude of M is given by

(49) |M(E)| =
{
sij(E)sij(E) +G(E)2 +

ρ0
J0

Γi(E)Γi(E) +
ρ0
I0
Mij(E)Mij(E)

} 1
2

.

Note that

(50) E(α) (U) := {eij
(
U (α)

)
, ϕ(α), J1ζi

(
U (α)

)
, I1κij

(
U (α)

)
}.

With this notation, we define the following bilinear form:

(51) L
(
E(1),E(2)

)
:=

1

2

[
A∗ijrse

(1)
ij e

(2)
rs + ξ∗ϕ(1)ϕ(2)

+ C∗ijrsκ
(1)
ij κ

(2)
rs +A∗ijζ

(1)
i ζ

(2)
j

+ F ∗ijk

(
e

(1)
ij ζ

(2)
k + e

(2)
ij ζ

(1)
k

)
+D∗ij

(
e

(1)
ij ϕ

(2) + e
(2)
ij ϕ

(1)
)

+B∗ijrs

(
e

(1)
ij κ

(2)
rs + e

(2)
ij κ

(1)
rs

)
+G∗ijk

(
κ

(1)
ij ζ

(2)
k + κ

(2)
ij ζ

(1)
k

)
+ E∗ij

(
κ

(1)
ij ϕ

(2) + κ
(2)
ij ϕ

(1)
)

+B∗i

(
ζ

(1)
i ϕ(2) + ζ

(2)
i ϕ(1)

) ]
and by the symmetry conditions (14), we are led to

(52) L
(
E(1),E(2)

)
= L

(
E(2),E(1)

)
.

Hence

(53) L (E,E) = W (E)
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and by the assumption (H5) and the Cauchy-Schwarz inequality we are led to

(54) L
(
E(1),E(2)

)
≤
[
W
(
E(1)

)] 1
2
[
W
(
E(2)

)] 1
2
.

By using (47), we are led to

(55) |M (E) |2 = 2L
(
E, M̃ (E)

)
,

with

(56) M̃ (E) = {sij (E) , G (E) , J1
ρ0

J0
Γi (E) , I1

ρ0

I0
Mij (E)}.

Hence

(57) |M (E) |2 ≤ 2µMW (E)

and

(58) sij(E)sij(E) +G(E)2 +
ρ0

J0
Γi(E)Γi(E)

+
ρ0

I0
Mij(E)Mij(E) ≤ 2µMW (E).

By using (47), we evaluate

(59) tijtij +
ρ0

J0
hihi +

ρ0

I0
mijmij

≤ (1 + ε)
(
sijsij +

ρ0

J0
ΓiΓi +

ρ0

I0
MijMij

)
+
(

1 +
1

ε

)[
(L∗ijkTk − a∗ijθ +

dij
%
P + L′∗ijkCk)

2

+
(
−N∗ijTj − d∗i θ +

f̃i
%
P −N ′∗ijCj

)2
+
(
M∗ijkTk − b∗ijθ +

fij
%
P +M ′∗ijkCk

)2
]

≤ (1 + ε)
(
sijsij +

ρ0

J0
ΓiΓi +

ρ0

I0
MijMij

)
+ 4
(

1 +
1

ε

){
[(L∗ijk)

2 + (N∗ik)
2 + (M∗ijk)

2]T 2
k

+ [(a∗ij)
2 + (d∗i )

2 + (b∗ij)
2]θ2 +

[(dij
%

)2
+
( f̃i
%

)2
+
(fij
%

)2]
P 2

+ [(L′∗ijk)
2 + (N ′∗ik)2 + (M ′∗ijk)

2]C2
k

}
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We consider λ to be a given positive parameter. Let us define the following func-
tion:

Λ1(R, t) = −
∫ t

0

∫
SR

e−λs
[
tji(s)nj(s)u̇i(s) + hi(s)ni(s)ϕ̇(s)(60)

+mji(s)nj(s)ϕ̇i(s) +
1

T0
qi(s)ni(s)θ(s)

+ ηi(s)ni(s)P (s)− qji(s)nj(s)Ti(s)
]
dads, R ≥ 0, t ∈ [0, T ],

which will be useful in analysing the spatial behaviour. In the theorem below we
study its properties.

Theorem 4.1 (Properties of the function Λ1(R, t)). Under the assumptions of Lemma
4.1, under the assumptions (H1), (H2) and (H4) and by considering that the external
prescribed data of the problem P have the bounded support D̂T on the time interval
[0, T ], we derive the following properties for Λ1(R, t) for each t ∈ [0, T ]:

(i) for 0 ≤ R2 < R1, we have

(61) Λ1(R1, t)− Λ1(R2, t) = −
∫
B(R1,R2)

e−λtΓ̄(t)dv

−
∫ t

0

∫
B(R1,R2)

[
e−λsλΓ̄(s) + e−λsK̄(s)

]
dvds;

(ii) Λ1(R, t) is a continuous differentiable function with respect to R ≥ 0 and

(62)
∂Λ1

∂R
(R, t) = −

∫
SR

e−λtΓ̄(t)dv−
∫ t

0

∫
SR

[
e−λsλΓ̄(s) + e−λsK̄(s)

]
dvds;

(iii) under the assumption (H3), Λ1(R, t) is a nonincreasing function with respect
to R ≥ 0;

(iv) under the assumption (H5), Λ1(R, t) satisfies the following differential in-
equality

(63)
λ

k
|Λ1(R, t)|+ ∂Λ1

∂R
(R, t) ≤ 0, R ≥ 0,

with

(64) k =

√
µM (1 + ε0)

ρ0
,
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where ε0 is the positive root of the equation

(65) ε2 + ε

(
1− 4m2

a0µM
− ρ0λT0k

2
m

a0kmµM

)
− 4m2

a0µM
= 0.

Proof (i) We derive a formulation for Λ̄1 from formula (35), then consider BR1 and
BR2 instead of Ω in this expression with 0 ≤ R2 ≤ R1 and take the difference.

(ii) This property follows easily from (i).
(iii) This follows immediately from formula (62) since Γ̄ and K̄ are positive by

the assumptions (H1), (H2), (H3) and (H4).
(iv) The goal is to choose k such that

(66) |Λ1(R, t)| ≤ −k
λ

∂Λ1

∂R
(R, t).

We apply the Cauchy-Schwarz inequality and the arithmetic-geometric mean in-
equality in order to obtain

|Λ1(R, t)| ≤ ε1

2ρ0

∫ t

0

∫
SR

e−λstji(s)tji(s)dads+
ρ0

2ε1

∫ t

0

∫
SR

e−λsu̇i(s)u̇i(s)dads

(67)

+
ε1

2J0

∫ t

0

∫
SR

e−λshi(s)hi(s)dads+
J0

2ε1

∫ t

0

∫
SR

e−λsϕ̇(s)ϕ̇(s)dads

+
ε1

2I0

∫ t

0

∫
SR

e−λsmji(s)mji(s)dads+
I0

2ε1

∫ t

0

∫
SR

e−λsϕ̇i(s)ϕ̇i(s)dads

+
ε2

2a0

∫ t

0

∫
SR

e−λsqi(s)qi(s)dads+
a0

2ε2

∫ t

0

∫
SR

e−λsθ(s)2dads

+
%ε3

2

∫ t

0

∫
SR

e−λsηi(s)ηi(s)dads+
1

2%ε3

∫ t

0

∫
SR

e−λsP (s)2dads

+
ε4

2B0

∫ t

0

∫
SR

e−λsqji(s)qji(s)dads+
B0

2ε4

∫ t

0

∫
SR

e−λsTi(s)Ti(s)dads.

In the following, we will estimate all these terms separately. To this end, let us set

(68)

m1 = L∗ijkL
∗
ijk +N∗ikN

∗
ik +M∗ijkM

∗
ijk,

m2 = a∗ija
∗
ij + d∗i d

∗
i + b∗ijb

∗
ij ,

m3 =
dij
%

dij
%

+
f̃i
%

f̃i
%

+
fij
%

fij
%
,

m4 = L′∗ijkL
′∗
ijk +N ′∗ikN

′∗
ik +M ′∗ijkM

′∗
ijk
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in the inequality from Lemma 4.2. Finally, we estimate the following quantities

qiqi = (kijθ,j +KijTj) qi ≤
[
(kmnkmn)

1
2 (θ,jθ,j)

1
2(69)

+ (KmnKmn)
1
2 (TjTj)

1
2

]
(qiqi)

1
2 .

By setting km = (kmnkmn)
1
2 , K̃m = (KmnKmn)

1
2 , we obtain qiqi ≤ 2(k2

mθ,jθ,j +
K̃2
mTjTj). We have

ηiηi = (hijP,j +HijCj) ηi(70)

≤
[
(hmnhmn)

1
2 (P,jP,j)

1
2 +(HmnHmn)

1
2 (CjCj)

1
2

]
(ηiηi)

1
2 ,

ηiηi ≤ 2
(
h2
mP,jP,j + H̃2

mCjCj

)
,(71)

where hm = (hmnhmn)
1
2 , H̃m = (HmnHmn)

1
2 .

We have qijqij ≤ (PijklPijkl)
1
2 (Tl,kTl,k)

1
2 (qijqij)

1
2 , hence qijqij ≤ PmTi,jTi,j .

By the estimate (67) and with the bounds that we derived for each term separately,
we choose a suitable value for k such that

(72) |Λ1(R, t)| ≤ k

λ

[∫
SR

e−λtΓ̄(t)dv +

∫ t

0

∫
SR

(
e−λsλΓ̄(s) + e−λsK̄(s)

)
dvds

]
and then derive the corresponding equations for ε0.

Based on the properties presented in the previous theorem, we establish some
decay estimates that describe the spatial behaviour for unbounded bodies. Note that
the decay of the exponential is independent of time.

Theorem 4.2 (Spatial behaviour for unbounded bodies). Under the assumptions of
Theorem 4.1 and for each t ∈ [0, T ], we have

(i) if Λ1(R, t) ≥ 0, for all R ≥ 0, we have

(73) Λ1(R, t) ≤ Λ1(0, t)e−
λ
k
R, R ≥ 0;

(ii) if there exists a value R1 ≥ 0 such that Λ1(R1, t) < 0 and Λ1(R, t) < 0 for
all R ≥ R1, then we have

(74) − Λ1(R, t) ≥ −Λ1(R1, t)e
λ
k

(R−R1), R ≥ R1.

Proof Let t be a fixed value in [0, T ]. Since by Theorem 4.1 (iii), we know that
Λ1(R, t) is a nonincreasing function with respect to R, we have two alternatives: (i)
Λ1(R, t) ≥ 0 for all R ≥ 0 or (ii) there exists R1 ≥ 0 such that Λ1(R1, t) < 0.
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By part (i), the dfferential inequality (63) leads to

(75)
∂

∂R

[
e
λ
k
RΛ1(R, t)

]
≤ 0, R ≥ 0

and the conclusion follows easily by integration.
By part (ii), the differential inequality (63) leads to

(76)
∂

∂R

[
e−

λ
k
RΛ1(R, t)

]
≤ 0, R ≥ R1

and the result is obtained by integration.

5 CONCLUSION

We analysed the spatial behaviour for the mathematical model of diffusive microstretch
thermoelasticity with microtemperatures and microconcentrations in the linear, anisotropic
and non-centro-symmetric case. We considered a suitable function with a weight de-
pending on time and including the main characteristics of the problem. We studied
its properties and proved in two cases that there is a spatial decay of exponential type,
with a rate that does not depend on time.
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[14] D. IEŞAN, L. NAPPA (2006) Method of complex potentials in linear microstretch elas-
ticity. International Journal of Engineering Science 44 (11-12) 797-806.

[15] M. CIARLETTA, A. SCALIA (2004) Some results in linear theory of thermomi-
crostretch elastic solids. Meccanica 39 191-206.

[16] T. IVANCEVIC, L. LUKMAN, Z. GOJKOVIC, R. GREENBERG, H. GREENBERG, B.
JOVANOVIC, A. LUKMAN (2017) Biomechanics of human iliopsoas and functionally
related muscles. In: “The Evolved Athlete: A Guide for Elite Sport Enhancement”.
Cognitive Systems Monographs vol. 32, Springer Cham, pp. 69-126.

[17] T. IVANCEVIC, L. LUKMAN, Z. GOJKOVIC, R. GREENBERG, H. GREENBERG, B.
JOVANOVIC, A. LUKMAN (2017) Multi-physical structure of human fascia: harmony
of biomechanics and neurodynamics. In: “The Evolved Athlete: A Guide for Elite Sport
Enhancement”. Cognitive Systems Monographs vol. 32, Springer Cham, pp. 33-67.

[18] A. BELYAEV, A.M. POLYANSKIY, V.A. POLYANSKIY, Y.A. YAKOVLEV (2019) An
approach to modeling structural materials with low hydrogen concentration. In: H. Al-
tenbach, A. Belyaev, V.A. Eremeyev, A. Krivtsov, A.V. Porubov (eds.) “Dynamical
Processes in Generalized Continua and Structures”. Advanced structured materials vol.
103 pp. 63-87.

[19] M. AOUADI, M. CIARLETTA, V. TIBULLO (2017) A thermoelastic diffusion theory
with microtemperatures and microconcentrations. Journal of Thermal Stresses 40 (4)
486-501.

[20] N. BAZARRA, M. CAMPO, J. R. FERNANDEZ (2019) A thermoelastic problem with
diffusion, microtemperatures, and microconcentrations. Acta Mechanica 230 (1) 31-48.

[21] L. BITSADZE (2020) Explicit solution of one boundary value problem of thermoe-
lasticity for a circle with diffusion, microtemperatures, and microconcentrations. Acta
Mechanica 231 3551-3563.

[22] L. BITSADZE (2019) About some solutions of the system of equations of the thermoe-
lastic materials with diffusion microtemperatures and microconcentrations. Seminar of
I. Vekua Institute of Applied Mathematics REPORTS 45 3-15.
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