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ABSTRACT: We analyse the spatial behaviour of diffusive microstretch ther-
moelasticity with microconcentrations and microtemperatures in the linear,
anisotropic and non-centro-symmetric case. We define a function with a weight
depending on time that characterizes the principal characteristics of the model,
then study its properties and derive a differential inequality. Then we obtain an
exponential spatial decay that is independent of time and is valid for unbounded
bodies.

KEY WORDS: diffusion, microconcentrations, microstretch thermoelasticity,

microtemperatures.
NOTATIONS
u;  displacement vector field ¢  function of microdilatation
(; vector of microrotation t;; stress tensor
p  mass density of reference fi  body force
h;  vector of microstretch g internal body force
l external microstretch body load  m;; tensor of couple stress
g;  body couple density
C  concentration n;  flux vector of mass diffusion
S microentropy To absolute temperature in the reference configuration
q; vector of heat flux s supply of heat per unit mass
0;; Kronecker’s delta q;; first heat flux moment tensor
@; microheat flux average G, first heat supply moment vector
T; microtemperatures 0; micromass diffusion flux average
T  absolute temperature P chemical potential of the particle
C';  microconcentrations 7;; tensor of first mass diffusion flux moment
€;j, alternating symbol g; first moment of energy vector
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1 INTRODUCTION

The field of mechanics of generalized continua is of great interest nowadays, many
books having been published recently, see for instance [1-3]. It is important for the
characterization of media with microstructure and one of its pioneers is Eringen (see,
for instance, [4]). Other results about bodies with microstructure were deduced in [5—
10]. A topic of interest in this domain is microstretch elasticity, which was proposed
by Eringen in [4]. Various properties of microstretch elasticity and its extensions were
studied recently, see [4, 11-15]. This mathematical model may be applied in various
areas of science, engineering and even biomechanics. For instance, microstretch
elasticity can be used to model human iliopsoas, a myofascial kinetic continuum,
or functionally related muscles [16, 17]. But it is also useful for the description of
asphalt, of composite materials which are reinforced with chopped elastic fibers and
other granular materials [4].

Very important from a practical point of view is the description of the process of
diffusion of hydrogen in metals. According to [3], it is useful in the creation of safe
technologies and storage systems. For instance, there are systems for transport of
gas and, in particular, for the storage of hydrogen, in which hydrogen is contained
in nanostructures, metals or composites [3]. In fact, ”hydrogen is always present
in metals and semiconductors”, with a concentration ranging from 0.2 ppm (for
aluminum alloys and high strength steels) up to 80 ppm (for titanium alloys)” [3, p.
38]. The same article [3] explains that the mechanical stresses in crystal matrix affect
not only the temperature and concentration gradient, but also the diffusion of atoms
in solids. Another article [18] emphasizes that the strength of metals is affected in a
significant way by hydrogen, which is important in structural design. For example,
the internal hydrogen which is accumulated and redistributed in the material may
create and propagate voids.

Therefore, the system of partial differential equations introduced by Aouadi et al.
in [19] and numerically analysed by Bazarra et al. in [20] for thermoelasticity with
microconcentrations and microtemperatures provides a good model for studying such
diffusion processes. This theory has appplications in “many engineering applications
such as satellite problems, aircraft landing on water, the manufacturing of integrated
circuits or the oil extraction”, see [20, p. 31]. The concept of microconcentrations
is a relatively recent one and was analysed in different contexts. For example, Bit-
sadze derived a solution in exact form for the Dirichlet boundary value problem for
an isotropic circle in [21] and employed elementary functions in order to build the
fundamental and singular matrices of solutions in [22]. Moreover, Giorgashvili et
al. employed the potential method to study existence of classical solutions in [23].
In [24], Kansal derived the fundamental solutions for a micromorphic medium.
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Now, we continue the analysis of the concept of microconcentrations and mi-
crotemperatures in the context of diffusive microstretch thermoelasticity based on
the mathematical model from [11], where we studied wave propagation. This model
characterizes materials for which the micro-particles may rotate, dilate or contract
(this is the microstretch effect) and are equipped with microtemperatures and mi-
croconcentrations. The intended practical applications of this model are mentioned
above.

In this study, the goal is to describe the spatial behaviour in the linear, anisotropic
and non-centro-symmetric case, We define a function with a weight depending on
time which describes the main characteristics of the model, then study its properties
and deduce a differential inequality. Then we obtain an exponential spatial decay that
is independent of time and is valid for unbounded bodies. The spatial behaviour of the
thermoelastodynamic processes for microstretch solids was already studied in [15] in
a simplified case. Many other problems in mechanics of generalized continua were
approached from the point of view of the spatial behaviour, see for instance [25-27].

The article has four sections. In the second section we give some preliminaries,
then we investigate the spatial behaviour and in the final section we draw the conclu-
sions.

2 PRELIMINARIES

We consider the three-dimensional euclidean space and a fixed system of rectangular
axes Oz;, ¢ = 1,2,3. In this space, we assume that at a fixed moment in time we
have a bounded or unbounded regular region €2, whose boundary surface is denoted
by 0€2. As a usual convention, we employ the Einstein summation over repeated
indices. The derivatives are represented by a superposed dot if they are with respect
to the time variable and by a comma followed by a subscript if they are with respect
to a spatial variable. The functions appearing in the mathematical model are defined
over 2 x (0, 00).

The behaviour of the body is described by the equations of diffusive microstretch
thermoelasticity with microtemperatures and microconcentrations, see [19]

(1) tjij + pfi = pii,

2) b+ 9+ pl = Jg,

3) mjij + €irslrs + pgi = Lij$j,
4) C =i,

(5) pToS = qi; + ps,

(6) Péi = Qjij + ¢ — Qi + pGi,

(7 pwi = Njij + N — 05
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The strain tensors are
(8) €ij = WUj; + €jikPh, Kij = ©jis G = @g.

The following relation between the concentration and the chemical potential [19]
holds true

9) oC = P — dijeij — fijhij — fiGi — G1o + @0 + miT; + miC;.
For the equations above we need the following initial conditions:
ui(z,0) = ud (), 1(z,0) =ul(z), P(z,0)=P%%x),
p(,0) = ¢°(2), (2,00 ='(z), Ci(z,0)=C)(x),
pi(2,0) = (@), @i(2,0) = pi(z), 0(x,0)=06"(x),
Ti(z,0) = T (x), z € Q,

(10)

where u, ul, ¥, pl, oY, b, 6°, T2, PO and C? are given. Let S,, 7 = 1,..., 14 be
subsets of 9 such that S; U Sy = S3U Sy = S5 U Sg = S; U Sg = Sg U Sm =
SllUSlQ = 513U514 =00Nand S NSy = S3N8Sy = S5NSg = S7MN Sy
= S9N Sip = S11 N S12 = S13 N S14 = &. In the case of the mixed problem we
need the following boundary conditions:
u; = u;on Sy x I, 0; = @;on S3 x I, 0=60onS; x1I,
@ =@on S5 x I, P=PonS; x1I, T;=T;on Sy x I,
(11) Ci:C_'ionSngI, tjmj:fionS’QxI, hknk:ﬁon&;x[,
mjin; = m; on Sy x I, qgng =g onSiy x I, qijn; = qon Sg x I,
nin; =1 on Sy X 1, Nking = 7; on S1a X I,
where @;, @i, ¢, 0, T}, P, C;, t;, m;, h, @, @, 7, 7; are given functions and I = (0, co).
The constitutive equations of diffusive microstretch thermoelasticity with mi-
crotemperatures and microconcentrations in the homogeneous, anisotropic and non-
centro-symmetric case are
tij = A;'kjrsers + Bzikjrs’%rs + D;(P + ?kQﬁ + té;v
:sijers + Cz]rs’%rs + EZ]SO + G,ngk + mzy?
h - FrszeTS + Grsz’iTS + AUCJ + Bz* h;*?
(12) g= —Dz‘jew E; Rij — B¢ — & + 4",
pS = ajjeij + bjjkij + di G+ Fo + S,
pei = Lygiers + Mg krs — ;iCj + Rip+ 5;*,
= Lysiers + Mygikirs — N/*C] + R p 4wy,

where the thermal and diffusive effects are described by

mij:B
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g, i "
LZ]ka—aiH—f- P+ijCk,

= M Ty, — bj;60 + f” P + M[5,.Cy,

" f
hi* = —NjTj — di6 + ZP Ni7Cj,

(13) g/* — _R;kjwz + F*0 gl R/*CZ,
Q

S = Uiy + a*0 + 2P + 0" Cy,
Y

el = —BT; — b0 — R;;,C; — P,
Y

)

/

* * * m;

0
with the following symmetries for the coefficients:
(14) A;k]rs = A:SZ]’ Cers = C:szy A* A;z? zg ]z’ Cz*j = C]*z
We have
¢ = kij0 5 + KT, n; = hi; Pj + Hi;Cj,
(15) ¢i; = =Py, Nij = —FijriCh i,

Qi = (kij — kij)0; + (Kij — Kij)Ty,
6i = (hij — hij) P + (Hyj — Hi;)Cj,
where the coefficients satisfy the following symmetry relations:

Pijki = Priij,  Fijr = Fruj, Kij = Kji,
(16) hij =hji, Kij=Kji, Hy=Hj, kij=k,
Hij = Hji, kij=kji, hij=hji
and 0 =T — Ty.
In the following we will introduce some useful notations. Below, W is expressed
in terms of the strain tensors

(17) W( ) A;kjrsem(s)eij( )+szrselj( )KTS(S) + 1C(szjrsK'T‘S(S)H’U(S)
+ Djjeij(s)p(s) + Ejkij(s)e(s )+F]kem( )Ck( )

+G3}k"%j(5)Ck(S)+B?<P(8)Ci(s)+§£*<ﬂ( s)? + A* 2Gi(8)i(s)



A. Chirila, M. Marin 121

and is used in the formulation of I. The thermal and diffusive effects are accounted
for by the expressions below

(18)  T(s) = gpia(s)ials) + 33()° + 3 Tai(9)35(5) + W(s) + Ty (s),

where
1

59(3)2 +

11 1,
Eip(3)2 + §Bz’jﬂ(3)Tj(3)

+ 5500 +HT0) + Z0(5)P(s)

(19) Tp(s) =a"

+ R5Ci(s)Ti(s) + 0 0(s)Ci(s) + %P(s)n(s) n "; P(5)Ci(s)

and

(20) K(s) = ;,Okijai(S)eJ(S) + (11}JKU + l;:”> 0i(s)T;(s)
+ Py Tk ()T (s) + KijTi(s)Ty(s) + HijCi(s)C(s)
i(
J

+ (Eij + Hz‘j) Pi(s)Cj(s) + hijPi(s)Pj(s) — FjiriCrrj(s)Ci(s).

J

We will need the following assumptions in the sequel, see [13]:
(H1) p and J are strictly positive;
(H2) I;j is positive definite;
(H3) W is a positive semidefinite quadratic form;
(H4) TI', is positive definite for any admissible process p;

(H5) W is a positive definite quadratic form, so there exist the positive constants fi,,
and pps such that

I J,
QD pim (6@'6@'; +o*+ Eof‘fij"fij + QOQQ)
I Ji
<2W < pm <€ijeij +¢? + Eoﬁij’iij + QOCiCi) ~

Furthermore, we assume that K (s) is a positive definite quadratic form, that is
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22) K(s) < ;Ok:MQ,Z-(s)Q,-(s) + PuTi (s)Toi(s) + KarTi(s)T(s)
+ f{MCZ(S)Cz(S) + hMP,z(S)P,z(S) + FMCi,j(S)Ci,j(S)

and

@3) K(5) 2 7hndi(90:(5) + PuTis (9Ti(s) + KT (s)T)
+ Hy,Ci(8)Ci(8) + hin Pi(5)Pi(s) + FrnCy 5(5)Cij(s).

3 UNIQUENESS

In this section, we prove uniqueness of the solution for the problem of anisotropic
microstretch thermoelasticity with microtemperatures and microconcentrations in the
non-centro-symmetric case. To this end, we examine the admissible process

(24) b= {Ui,QOi,SO,Q,T@',P, Clatlmmljv hi79757 5i7Qi7Qi7Qijvwi>ni7nij}‘
We follow the strategy from [13].

Theorem 3.1. We consider that the assumptions (HI1), (H2), (H3) and (H4) hold
true. Then the problem of microstretch thermoelasticity with microtemperatures and
microconcentrations has at most one solution.

Proof The relation below follows from the constitutive equations (12) and from (17),
(19)

(25) tz‘jéij + mij/%ij + hZQ — g+ pSQ — pe; Ty — pw;C; + PC =W + fp.

Moreover, relations (8), (5), (6), (7) in the first step and then, in the second step,
relations (1) multiplied by %;, (3) multiplied by ¢;, (2) multiplied by ¢ and (15) lead
to

(26) tijéij + mijfii; + hiG — g + pSO — péiTi — piC; + PC =

1
0q; — Tiqji — Cimgi + hij Py P+

= (tjﬂli + m]ﬂ,ﬁl + hjgb + ?
0

1
+H;CiP — FjinCixCi) ; + p (fzuz + gipi + 1o + ?08 - TiGi>
’ 0

— pilsi; — Ly i — Jpp — K.

We obtain the following equality from (25) and (26)
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(27) %% (2W + 2T, + pi® + L;jpip5 + J?) =
= (tjﬂli + mjipi + hjo + Tloe%‘ — Tiqji — Cinji + hij PP + H;;C; P—
—FjiniCiCi) j +p (fz‘iéi + gipi + o + Tlo9$ — TZG¢> -K
For the process p, we define the following function on 1

1 . . .
(28) E,= 3 / (2W + 2T, + pi® + L;;pip5 + J§?) dV.
Q
Hence, we obtain
: . : o1
29 E,= / p (fiui + gipi +1lo + Tﬁs - TiGi> av
Q 0
. . o1
+ / it + myipi + hjo + —0q; — Tigji — Cinji + hij PP+
o9 To
—f—HZ'jCiP — Fjl-leLkCi) njdA — / Kav.
Q
In the following, we take two solutions of the problem, namely

30) = (), () (@ gle) 7@ pla) (@) 4o () ple)

7 AR % B 1]
g(a)7S( )7 rfa)7qza)7Q 7q/L(;)f)7 (a)777@ 77774])}

Then we consider the process

(31) m={uj, ;" 0" 17, P, Cz*atfgang»hf,g 8% 4,
Q7 qijs w055t
by
up = u) —ul®, o = oV — o, or = oM — @, gr = 9O — ), T =
TO_7® pr— p)_p@ cr — ¢V C(2>,t; _ t§1) tﬁf), m?, = m(]l)—m(?)
2)

hi = hW—p® g = g0 _g@ g+ = g1 _g@) o = gz(l)_gz@), g = qgl)—qi ,
X 1 2 1 2) 1 2)

Q=0 - QP g5 =g} — a7 wr =V — @ g =gV =0y =

771(]1) — 772(]2) We assume that S; = S3 = S5 = S7; = Sg = S11 = S13 = 9.

Then the process 7 is associated to zero data. Therefore, by relation (29) we are led

to

(32) E,<0 on I.
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Using the initial conditions (10), we are led to F; < 0 on I. By considering the
assumptions (H1), (H2), (H3), (H4) and (28), we obtain £, > 0. Hence E; = 0 and
=007 =0,¢*=0,0"=0,T =0, P*=0,C} = 0on I. From the initial
conditions (10) we obtain u; = 0, ¢; = 0, ¢* = 0 on I. Hence our problem has at
most one solution. W

4 SPATIAL BEHAVIOUR

As in [15], we denote by Dr the support of the initial and boundary data and the
body actions in the problem P. We use the convention that D7 is a bounded regular
region. Then we define the set Dy, R > 0, by

(33) Dr={xeQ|DrnX(x,R) # 0},

where X (z, R) is the open ball with radius R and center at . As in [15], we assume
that By, is the part of {2 contained in 2\ Dg and that B(R;, R) is the set Bg, \ Bg,
R; > Ry. Furthermore, we introduce the notation Sg for the subsurface of 0Bg
contained inside {2 and whose outward unit normal vector is forwarded to the exterior
of Dr. Note that By, is a part of €} where the initial and boundary data and the body
actions are zero.

Moreover, let us consider A > 0 to be a given real parameter. Then we define

G4 Au(r) = /0 /8 N (s (5)in(s) + is)m(s)4(8) + () (o)
1

X Pi(s) + oai(s)ni(s)0(s) + mils)ni(s)P(s) = gji(s)n; (s)Ti(s)] dads,

Ty

a function that will be used in the evaluation of the spatial behaviour by considering
the interior integral over the subset Sr. The main properties of this function will
follow from the lemma below.

Lemma 4.1. We assume that the behaviour of a microstretch elastic body with ther-
mal and mass diffusion at the micro- and macrolevel is described by the governing
equations (1)-(7) and by the constitutive equations (12) with the geometrical rela-
tions (8). Under suitable regularity assumptions and with the notations above, the
following identity holds true

(35) /Q e MD(t)dv + /0 t /Q [e—ASAF(s)H—ASK(s)} dvds =
= [r@avs [ [ lpsisyiats) + 1061506
1

+p(i(s) + ps()0(s) - paxsm(s)] dods + &, (0).
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Proof We multiply equation (1) by ;, then use the constitutive equations (12); and
multiply the resulting equation by e~** in order to obtain

(36) 883 e_/\‘g;pui(s)ui(s)} + )\e_/\‘s%pui(s)ui(s) = e M pfi(s)i(s)
e ()i ()] 5 €| = Ay ()i () = Bjrakins(s)itg(s)
— D70(8)15,i(8) — FipCr(8)ti(s) — LijpTr(s)t4(s)
dij . 1% .
+ aj;0(s)u;q(s) — ?jP(s)uj,i(s) — Li51.Cr(s)t4(s) |-

Equation (2) is multiplied by ¢. Then we replace the constitutive equations (12)3
and (12),, then multiply by e~** in order to obtain

an 2 {ws;w(sﬁ] F AN LIB(5)? = e M pl()(s)
e ()3 (5)] s €| = Fiens()¢4(5) = Graitins (8)5.4(5)
A5G (8)0.(5) = Bl p(s)p.(s) + NiyTy(s).(s)
+d;0(s)p.i(s) — JZP(S)%(S) + NiZCj(s)p.i(s) — Dijeij(s)g(s)
— Ejjrij(s)p(s) — BIGi()$(s) — € p(s)(s) — RiTi(s)p(s)
+ F0(s)p(s) - %P<s>¢<s> ~ RFCi(s)¢(s)).

We use the same technique with equation (3) multiplied by ¢; and the constitutive
equations (12); and (12)5. Hence, we obtain

O 1. . . Wl e
ey e 212-]-%-<s>soj<s>} AN Lo )64(5) = o))

e [mﬂ< J@i(s)]; + €7 = Blijers(5)@5i(s) = Cljnatins()¢54(5)
(8)%,1( ) = GipGe()¢54(5) — M5 Ti(s) 25(5)
HU005034(5) — L P(5)634(5) ~ MEHCL(5)3(5)

+ 5leA]krse7’S<3>90z( s) + 5ZJkBykrs"9r5( 8)¢i(s) + EijkD;kSO(S)%(S)
+ ik F i Ci(8)@i(8) + iji L T1(s)pi(s) — €ijrajpt(s)pi(s)

djk ; . .
+ €ijkﬁp(5)%(3) + ik L Ci(s)pi(s) |-
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After multiplying equation (5) by 6, we replace the constitutive equation (12)5
and multiply by e~** to obtain

9 —As o1 —As o1 —As * .
(39) 95 [e Asq, 0(8)2] + Xe Ma 50(8)2 = [—aijEij(S)H(S)

2
— by (8)0(s) — di Ci()0(s) — F* p(s)6(s) — b T3()6(s)
w - /% —As 1
= ZP)0(s) = 0 Ci(5)6(s)| + e e la(5)0(6)]
= 05 (98:(5) = KTy (5)04(5) + 7 ps(6(5) .

The equation for the concentration (4) is multiplied by the chemical potential P.
Then the equations (9) and (15), are replaced and the factor e~** is employed.
a1l

02

P(s)? =e [%ézj(s)P(s)

(40) 9 [eASHP(s)Q} + Ae .

0s 02
fls s iZs s £7—1'3 S—E‘S s
+;wa( )P(s) + QCZ( )P(s) + Qw( )P(s) 99( )P(s)

~ PUR()P(s) — TG P(E)] + e ()P,
e [~higPy(s)Pa(s) — HizCy(s)Pa(s)]

The proof proceeds in the same way with equation (6) multiplied by 7; and the
use of relations (12)g, (15)1, (15)3, (15)5 and the factor e,

a — 31 * — 81 *
“n o [e A 2BijTi(s)Tj(s)] + e A §BijTi(S)Tj(s) -

= 6_)\8 |:L* 'érs(s)ﬂ(s) + M:sik’rs(s)ﬂ(s) B N]*ZCJ(S)TZ(S)

8%

+ RIG()Ti(s) = b1()Ti(5) = RiyCy()Ti(s) = = LP(s)Tils)
| Ryl (9)Tils) — Ky Ty(9)Ti(s) = pGils)Ti(s)|
+e N [—qji(s)T5(s)] ; — e Pt T i (5)Tji(5)-

Equation (7) is multiplied by C;. Then, the relations (12)7, (15)2, (15)4, (15)6
and the factor e~** lead to the following result:

O ol el
(42) 5 [e A 2cijcg(s)cj(s)} +Xe 5Oij(,y-(s)oj(s) -
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= | = RT3 (5)Ci(s) + Lisiéra(5)Cils)
+ M3iira(8)Ci(s) = Njidy()Ci(s) + Ri'(s)Cials) = b 0(5)Ci(s)

— —LP(s)Ci(5) + FjiiCri;j(s)Ci(s) — hijPj(s)Ci(s) — HijCj(s)Ci(s)|.

By adding up the relations above, we obtain the required result. B

In the following lemma we will prove an estimate in order to derive in the next
theorem a differential inequality for a time-weighted function that we will employ
for the characterization of the spatial behaviour.

Lemma 4.2. Under the assumptions of Lemma 4.1 and for each € > 0 constant, the
following inequality holds true

(43)  tijtij —|— 7 h h; —|— To mwmm <2up(14+e)W

+4<1+i){[( )7 (V)P A+ (M5)?] T

2\ 2 i\ 2 N2
e [(4- (8 (]
+ [(L5)* + (Nf)? + ( Uk)]ck}

Proof Let us define

I
(44) le,/@, n=y/=
Po Po

and the vector

(45) U = {u;, Jip, 1}

in order to consider the state of strain E (U) in the form

(46) EU):={ei; (U),p, 16 (U), Lir;; (U)}.
We define
dij
47 Sij(E) = tij(E) Lkak + G 9 - P L’jka

= A:jrseTS + B;'kjrs’%TS + Di]’()@ + ijk<k7
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M;j(E) = mi;(E) — M5, Ty + b6 — f”P M;%.Ch,

*
= Brszye’f’s + Cz]rs/i’f’s ]SD + Gljkck7

fi

Li(B) = hi(B) + NjT; +di0 — P+ N;jC,

=F* e+ G /‘irs+A”Cg+B;‘ka

T‘S’L T8
G(E)=g(E)+ R;T, — F*0 + —P + RI*C;
0
-D;; €ij — E} Kij — B¢ — £ .
Moreover, for every E, we define

(48) M(E) :{Sij(E)vG(E)ai

The magnitude of M is given by

Jo " Iy

—~
B
—
ol

49) [M(E )l—{su( )5i;(E) + G(E)? + 2°Ti (B)T4(E) + 22 My (B)M;,

Note that
50)  E® (U) = {e (U(a)>,<p J1(,< )Im” (U< >)}

With this notation, we define the following bilinear form:

1) L (E(l),E(Q)) . [A* eDe® 1 g#oMs(2)

ijrsCij
+c;;rs Eﬁ )+ Ay
+ ij( (1) gk +€¢j gk ) + Dj; (e§j)so( ) 4 Z(]) (1))
+B§}rs( 5]) 2) Jre() (1)) Uk( ! Qk i C(1)>
+ L ('%(j)@( )+ h <1>> + B} <C§ )o@ Cz@)w(l))}
and by the symmetry conditions (14), we are led to
(52) r (E<1)7E(2)) —r (E<2>,E<1>) .
Hence

(53) L(E,E)=W (E)
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and by the assumption (H5) and the Cauchy-Schwarz inequality we are led to

1 1
v e(m0m9) < o (50)] ()
By using (47), we are led to
(55) M (B)[? =2 (E, M (E))
with
~ Po PO
(56) M (E) = {Sij (E) ,G (E) s Jljol“i (E) ,IlTOMZ‘j (E)}
Hence
(57) M (B) |* < 2unmW (E)
and
(58) si5(B)sy(E) + G(E)? + LLT(B)L(E)
0
+ %())Mij(E)Mij(E) < 2 W(E).
By using (47), we evaluate
(59) tijti; + PO hihi + @mijmij
Jo I
Po PO
S (1 + 5) (Sijsij + J—OFZFZ + TOM”MU>
1 d ,*

fi

+ (= NyTy - 4o+ P N’*c) +<M*ka b;‘j9+f”P+M'*ka>

<(l1+¢) <3ijsij +2r,1; + @Mi]‘Mij>
Jo Iy

1 * *
+ 4(1 + g) {[( i)+ (N3P + (M) T

8

+[(L5)? + (NG + (M) ]Ck} m

(R + @+ 60+ () O

%
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We consider )\ to be a given positive parameter. Let us define the following func-
tion:

60) Ay(R,t) = L/L $)n;(8)iia(s) + ha()na ()3 (s)

+mmmw@@+£mme@
+ni(s)ni(s)P(s) — qji(s)nj(s)Ti(s)|dads, R >0,t € [0,T],

which will be useful in analysing the spatial behaviour. In the theorem below we
study its properties.

Theorem 4.1 (Properties of the function A (R, t)). Under the assumptions of Lemma
4.1, under the assumptions (H1), (H2) and (H4) and by considering that the external
prescribed data of the problem P have the bounded support Dr on the time interval
[0, T, we derive the following properties for A1(R,t) for each t € [0,T]:

(i) for 0 < Ry < Ry, we have

©61) Ar(By,t) — Ay(Rast) = / e~ MT(1)dv
B(R1,R2)

//RhRQ _AS)\F() _ASK(S)} dvds;

(ii) A1 (R, t) is a continuous differentiable function with respect to R > 0 and

8A1 T t —As\ T —As 1o .
62 ZL(Rt) = e~ MD(t)dvo— [e AD(s) + e K(s)] dvds;
OR Sr 0 JSgr

(iii) under the assumption (H3), A1(R,t) is a nonincreasing function with respect
to R>0;

(iv) under the assumption (H5), A1(R,t) satisfies the following differential in-
equality

A OA,

- P >
with
(64) g— [t + ) 50),

£0
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where £ is the positive root of the equation

(65) 24 <1 _ dma poATOk?”) _Ame
aoprs ok, par aopm

Proof (i) We derive a formulation for A; from formula (35), then consider B r, and
Bp, instead of (2 in this expression with 0 < Ry < R; and take the difference.

(i) This property follows easily from (i).

(iii) This follows immediately from formula (62) since [ and K are positive by
the assumptions (H1), (H2), (H3) and (H4).

(iv) The goal is to choose k such that

k OAq
< - .

We apply the Cauchy-Schwarz inequality and the arithmetic-geometric mean in-
equality in order to obtain

(67)

A1 (R, 1) <// e tii(s)tji(s)dads + // dads
L W O b b i(5)
f)\s f/\s
hi( s)dads —|— / / ¢(s)dads
2J0/ /SR Sk
“mi(s)mji(s dads+// pi(s)dads
2fo / /SR ! iils 261 Sk (=)
/ / s)dads + — / / e 0(s)%dads
2@0 Sk 252 Sk
QEB/ / s)ni(s)dads + / / e P(s)%dads
Sk 2@83 Sk
i(s)gji(s)dads + — / / e MT(s dads.
2B0/ /SR qj QJ ( 2e4 Sr )

In the following, we will estimate all these terms separately. To this end, let us set

_T* T* * * *
mi = LljkLij + ; N Ml]k

ijk»
ma = aj;a;; + d; di + b;;b7;,

(68) ms:%%_i_ﬁfz fl] f’LJ
o 0 0 Q 0 o’
my = L L, + NN + M5 M5,
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in the inequality from Lemma 4.2. Finally, we estimate the following quantities
1 1
(69) ¢igi = (kij0 j + KijTj) ¢ < [(kmnkmn)§(9,j9,j)§
1 1 1
- (Ko Kon)* (T3 T))% | (010)*.

1

By setting ki = (Kynkmn)?, Kin = (KnKomn) 7, we obtain gig; < 2(k20,;0,; +
K2T,T;). We have
(700 mini = (hijPj + Hi;Cj) mi
1 1 1 1 1
< | (ronnfomn) (P P3)% +(Hon o) 3 (C5C5) | (ram),

70 min <2 <h3nP,jRj + ﬁﬁﬂj@') )

N

1 ~
where h,, = (hmnhmn)E)Hm :1(HmnHmn1) . L
We have q;;qi; < (PijriPijr1)2 (11 xT1x)2 (¢ijqi5) 2, hence qi5qi; < P15 ;15 5.

By the estimate (67) and with the bounds that we derived for each term separately,
we choose a suitable value for k such that

t
(72)  |A(R,1)] < % [/ e M (t)dv + / / (e™*AT'(s) + e M K(s)) dvds
SR 0 SR

and then derive the corresponding equations for p. B

Based on the properties presented in the previous theorem, we establish some
decay estimates that describe the spatial behaviour for unbounded bodies. Note that
the decay of the exponential is independent of time.

Theorem 4.2 (Spatial behaviour for unbounded bodies). Under the assumptions of
Theorem 4.1 and for each t € [0, T, we have
(i) if A1 (R, t) > 0, forall R > 0, we have

(73) Ai(R,t) < A(0,8)e # %, R >0;

(ii) if there exists a value Ry > 0 such that A1 (R1,t) < 0 and A1(R,t) < 0 for
all R > R, then we have

(74) AR, 1) > —Ay(Ry, t)er BB R > Ry

Proof Let ¢ be a fixed value in [0,7]. Since by Theorem 4.1 (iii), we know that
A1 (R, t) is a nonincreasing function with respect to R, we have two alternatives: (i)
A1 (R,t) > 0forall R > 0 or (ii) there exists Ry > 0 such that A;(Ry,t) < 0.
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By part (i), the dfferential inequality (63) leads to

0
(75) o [e%RAl(R,t)] <0, R>0
and the conclusion follows easily by integration.

By part (ii), the differential inequality (63) leads to

(76) 2 e ar ] <o R> Ry

and the result is obtained by integration. W

5 CONCLUSION

We analysed the spatial behaviour for the mathematical model of diffusive microstretch
thermoelasticity with microtemperatures and microconcentrations in the linear, anisotropic
and non-centro-symmetric case. We considered a suitable function with a weight de-
pending on time and including the main characteristics of the problem. We studied

its properties and proved in two cases that there is a spatial decay of exponential type,

with a rate that does not depend on time.
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