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SOLID MECHANICS
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ABSTRACT: The present paper deals with delamination analysis of a mul-
tilayered inhomogeneous beam structure that exhibits non-linear viscoelastic
behaviour under strains whose velocity varies step-like with time. There are
two delaminations in the beam. The left-hand delamination crack arm is sub-
jected to bending so as the velocity of angle of rotation of this crack arm varies
step-like with time. A non-linear viscoelastic model with a spring and two
dashpots treats the beam mechanical behaviour. Solutions of the strain energy
release rate are derived for both delaminations. A parametric investigation of
delamination in the beam is carried-out by using the solutions.

KEY WORDS: inhomogeneous beam, multilayered material, delamination,
material non-linearity, viscoelastic behaviour.

INTRODUCTION

The use of modern structural materials with superior properties in various engineer-
ing applications has been significantly increased in recent years. These materials
include, for instance, the group of inhomogeneous materials whose properties vary
continuously within the structural component. The properties of the continuously
inhomogeneous materials are smooth functions of coordinates. Functionally graded
materials belong to this group [1-3]. In fact, the functionally graded materials are
class of continuously inhomogeneous composites that are composed usually of two
material phases. Graded distribution of material properties is formed by gradually
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changing the ratio of material phases in the volume of a functionally graded struc-
tural member during manufacturing [4-6]. One of the distinct advantages of the
conception of functionally graded materials is that it permits controlled tailoring of
the spatial variation of material properties. Due to the excellent functional character-
istics, functionally graded materials have attracted worldwide attention. They have
been widely used in critical structural applications in aeronautics, nuclear reactors,
and other mechanical applications. Many investigations and theoretical research of
mechanics of various continuously inhomogeneous (functionally graded) structural
members have been carried-out in the recent decades [7-9].

Multilayered inhomogeneous structural materials are built-up of adhesively bonded
layers of dissimilar materials. The fact that the multilayered materials have high
strength-to-weight and stiffness-to-weight ratios is the most important argument for
using them in lightweight constructions and in other engineering applications where
the weight is a concern [10—12]. Separation of layers known as delamination is one
of the most important reasons for limited application of multilayered materials in
critical load-bearing structures.

The advance in the up-to-date theory of multilayered engineering structures is
closely related with analysis of varied problems in the area of delamination and rhe-
ology of structural materials. The assessment of delamination processes in materials
and load-bearing structures, which exhibit time-dependent mechanical behaviour un-
der different loading conditions and external influences, is very important in the con-
text of ensuring of technical safety and reliability of multilayered structures. Lapses
in delamination analyses may have catastrophic consequences for technical construc-
tions and facilities including entire collapse.

The present paper aims to develop a delamination analysis of a non-linear vis-
coelastic multilayered inhomogeneous beam structure with two delaminations sub-
jected to strains whose velocity varies step-like with time. This analysis is needed
since in various engineering applications multilayered inhomogeneous beams under
changeable loadings exhibit non-linear viscoelastic behaviour. It should be noted that
previous studies deal mainly with delamination analyses of linear viscoelastic inho-
mogeneous beams under constant or smoothly changing loadings [13, 14]. Thus, the
present paper develops further the analyses presented in [13, 14] by considering non-
linear viscoelastic behaviour and a more complex external loading. Solutions of the
strain energy release rate are found here for both delaminations with considering of
the step-like variation of the strain velocity with time.
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2 ANALYSIS OF THE STRAIN ENERGY RELEASE RATE WITH CONSIDERING
OF NON-LINEAR VISCOELASTIC BEHAVIOUR UNDER STEP-LIKE VARYING
STRAIN VELOCITY

The multilayered non-linear viscoelastic beam displayed in Fig. 1 is made of m layers
of different widths and material properties. The layers are continuously inhomoge-
neous along their widths. The beam is clamped in section, k. The width, height and
length of the beam are denoted by b, h and [, respectively. Two delamination cracks
are located in the beam (Fig. 1). The lengths of the left-hand and right-hand delam-
ination cracks are denoted by a; and ag, respectively, where a; < ao. The widths
of the left-hand, middle and right-hand delamination crack arms are by, b2 and b3,
respectively. The left hand crack arm is loaded in pure bending so as the velocity,
vy, of the angle of rotation, ¢, of the free end of this crack arm varies step-like with
time, ¢, as displayed in Fig. 2. The velocity of ¢ at t;_1 <t < ; is vy, (Fig. 2). The
middle and the right-hand delamination crack arms are free of stresses.
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Fig. 1: Multilayered non-linear viscoelastic beam with two delaminations.

The variation of ¢ with time is displayed in Fig. 3. Att¢;_; <t < t; the angle, ¢,
is expressed as (Fig. 3)

(D) ¢ = Ppi—1 + Vg (t —ti—1),
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Fig. 2: Step-like variation of the velocity of the angle of rotation of the left-hand
crack arm free end with time.

where
) 1=1,2,...8.

In formulae (1) and (2), ¢p;—1 is the angle of rotation at t = ¢;_1, s is the number of
steps of vg. Figure 3 indicates that ¢,0 = 0.
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Fig. 3: Variation of the angle of rotation with time.

The non-linear viscoelastic model used to describe the mechanical behaviour of
the j-th layer of the beam is displayed in Fig. 4. The model has a linear spring with
modulus of elasticity, £, a linear dashpot with coefficient of viscosity, 7;, and a non-
linear dashpot, (nld;), assembled as displayed in Fig. 4. The following power law
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Fig. 4: Non-linear viscoelastic model.

describes the behaviour of the non-linear dashpot:

1
(3) Onidj = Mnidj (€)™
where
4) j=1,2,...,m.

In formula (3), 0,45 is the stress in the dashpot, €; is the first derivative of the strain
with respect to time, 7),,;4; and n; are material properties.

The model in Fig. 4 is subjected to strain, £;, whose velocity, v.;, varies step-like
with time. Att,_1 <t < ¢; the velocity of the strain is v.j;. The variation of the
strain with time at ¢;_; < t < t; is found as

&) €j = Epji—1 t Veji (t - tifl) )
where
(6) 1=1,2,...,s.

In formula (5), €p;;—1 is the strain at ¢ = ¢;_1. It should be noted that €0 = 0 at
t=0.

The constitutive law of the model in Fig. 4 is derived by using the following
relationships:

(7 OEj = Oyj
(8) opj = Ejeg;,
©) Onj = Mj€nj »

(10) €pj tEnj =¢€j,
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where o; and o,); are, respectively, the stresses in the linear spring and linear dash-
pot, eg; and &;); are the strains in the linear spring and linear dashpot, respectively.
By combining of (5)—(10), one obtains

(11) Enj + Bienj = 0j + pjt,
where

E.
(12) B =2,

nj
(13) 5. — Hicpii-1 _ Ejvejitia

’ ) )
(14) pj = ﬂ'
j

Since (11) is inhomogeneous differential equation, its solution is written as
—B.t _
(15) enj = Cre” ! 1 &y,

where (1 is an integration constant, &,; is a particular solution which is determined
as

(16) &nj = Bj + Djt,

where B; and D; are constants. By substituting of &,; and &,; in (11), one derives

1 0i
(17) B:<u—ﬂ,
J 6j J 6j
Pj
(18) D;==—7".
J ﬂ]
The initial condition used to determine the integration constant in (15) is written
as
(19) 877]‘ (ti—l) = 5pji—1 .
Combining of (15) and (19), one obtains
1
(20) Cl = e—ﬁjﬁ (5pji71 — Bj — Djtifl) .

The substitution of (16) and (20) in (15) results in

@29 Enj (t) = eﬁj(tiflft) (5pji—1 — Bj — Djti_l) + Bj + Djt.
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By using (9) and (21), the stress in the linear dashpot is determined as
(22) Onj = Nj [eﬁj(tifl_t)ﬁj (—Epji_l + Bj + Djti_l) + Dj .

Combining of (3) and (5), the stress in the non-linear dashpot is derived as

1

(23) Tnldj = MnldjVe; -
The stress in the non-linear viscoelastic model is found as (Fig. 4)
24) 0j = Onj + Onidj -

The substitution of (22) and (23) in (24) yields

1

25) oy =[BT (—epji1 + By + Djtia) + DJ} + Tnldj VL -

By combining of (12), (13), (24), (17), (18) and (25), one derives

1
(26) 0,] — njeﬁj(tiflft) (B]tl—]_ _ 1) Ej - 5pji—1 + ’)’]ndlj (5] - 5pji—1> ™ )
t—1ti—1 t—1ti—1
Relationship (26) holds att;_1 <t <t;, wherei =1, 2, ..., s.
The layers exhibit continuous material inhomogeneity along the width. Thus, the
material properties, F;, 7; and 7,4;, vary continuously in the direction of width.
Their variation is described as

y—yj

)\.
27 Ej = Eoje "1
P

(28) n; = noje LY

i YTY
(29) Nnidj = Nonidj€ = Y91 7%
where
(30) Yi <Y < Yjt1,
31) i=1,2,....,m.

In formulae (27) — (30), Eo;, no; and ngpq4; are, respectively, the values of Ej,
n; and 7,;4; at the left-hand lateral surface of the j-the layer, \;, p; and w; are
parameters which control the variation of £}, n; and 7),,14;, respectively, y; and ;1
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are the coordinates of the left-hand and right-hand lateral surfaces of the layer, ¥ is
the horizontal centric axis the beam cross-section.

The strain energy release rate is derived by analysing the balance of the energy.
First, the left-hand delamination is considered. The balance of the energy is written
as

ou

(32) M(S(;S = 75&1 + G1h5a1 5
8@1

where U is the strain energy in the beam, (1 is the strain energy release rate for the
left-hand crack arm. Using (32), one obtains

1( 96 dU

Since only the left-hand delamination crack arm is loaded (Fig. 1), the middle
delamination crack arm in portion, 0 < z < aq, and the right-hand delamination
crack arm, 0 < z < ag, are free of stresses (here, x is the longitudinal centroidal
axis). Therefore, the strain energy in the beam is found as

(34) U=U,+Uqg+Up,

where U, Ug and U are the strain energies in portions, 0 < z < a1 and a; <
x < ag, of the left-hand crack arm, and in the un-cracked beam portion, as < = <[,
respectively.

The strain energy, Uy, is expressed as

j=my, L yin
(35) UL =a Z / worjdyr | dz1,
J=1 _’Qi Y14

where my, is the number of layers in portion, 0 < x < aj, of the left-hand crack
arm, y1; and y141 are the coordinates of the left-hand and right-hand lateral surfaces
of the j-th layer, ugy,; is the strain energy density, y; and z; are the horizontal and
vertical centric axes of the cross-section of this crack arm.

The strain energy density is written as:

€5

(36) UoL; = /O’jdEj .
0



V. Rizov, H. Altenbach 107
By substituting of (26) in (36), one obtains

1
(37)  wor; = §0i€]2' — Oiepji—1€;

1+4+n, 14n.;
Tnldj 1 — Ty
™ (g —epjic1) T — (—epiic1) TP,
(L 4+mng)(t—ti1)™
where
Bj(ti—1—t) 1
(38) 0; =mnje” " (Bjti—1 — 1) .
t—ti—1

The distribution of strains is analyzed by applying the Bernoulli’s hypothesis for
plane sections since the length to height ratio of the beam structure under considera-
tion is high. Thus, the distribution of ¢; along the height of the left-hand crack arm
is written as

(39) €j = KL21,
where

h h
4 — =< < —.
(40) 5 SASg

In formula (39), k7, is the curvature of the crack arm.

The curvature is determined by the following approach. First, the equation of
equilibrium of the bending moments in cross-section, H1, of the left-hand crack arm
is written as

h h
2 Yij+1 2 Y25+1

Jj=mr Jj=mq
41 Z/ /ajzldyl dz = Z /O'QjZQdyg dzo,
, ot

j=1 _% Y1j — % Y25
where o; is found by (26). The strain, €, that is involved in (26) is obtained by
(39). In equation (41), mg is the number of layers in portion, a; < x < ag, of the
left-hand crack arm, y2; and y2;1 are the coordinates of the left-hand and right-hand
lateral surfaces of the layer, o(); is the stress that is found by replacing of £; with £¢;
in formula (26). Here, £¢; is obtained be replacing of x, with k¢ in (39) where ¢
is the curvature of the left-hand crack arm in portion, a1 < z < as.

Another equation is composed by considering the equilibrium of the bending mo-
ments in cross-section, Ho, of the left-hand crack arm and the un-cracked portion of
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the beam
j=mqg % Y25+1 j=m g Y3j+1

42) Z / /Jszgdyg dzz—Z/ /O'Fj23dy3 dzsz ,
J=1 —bo\ w2 j—17% Y3;

where y3; and y3;41 are the coordinates of the left-hand and right-hand lateral sur-
faces of the layer. Formula (26) is applied to determine the stress, o, by replacing
of €; with e ;. The strain, €, is obtained by replacing of x;, with k in (39). Here,
Kk is the curvature of the un-cracked beam portion.

A further one equation is written by expressing of angle of rotation of the free
end of the left-hand crack arm as a function of the curvatures. For this purpose, the
integrals of Maxwell-Mohr are applied [15]. The result is

43) QZ)ZFLL(Il-FKJQ (ag—al)—{—mp (l—ag).

After substituting of stresses in (41) and (42), these equations and equation (43)
are solved with respect to curvatures, K, k¢ and kg, by using the MatLab computer
program at various vales of time.

The strain energies, Ug and Ur, are found as

h
j=mq 2 [ Y2i+1

(44) Ug = (a2 — a1) Z / upQ;dyz2 | dz2,

j=1 h .
_é Y25

j=m % Y3541
(45) Ur=(-as) ) / / uorjdys | dzs.
j:l_% Y3;

The strain energy density, ugq;, is determined by replacing of €; with £¢; in
formula (37). Analogically, €; is replaced with € ; in (37) to obtain ugf;.

The bending moment, M, in the left-hand crack arm that is involved in (33) is
found as

j=mp, 5 [
(46) M = Z / szldyl dzl.
J=1 *% Y15

By substituting of (34), (35), (43), (44), (45) and (46), one derives
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h
j=mr, 2 Y1j+1

1
@7 G = 7 [(KL — KQ) Z / / ojzidyr | dz

J=1 "h ;
-3 Yij

h h
j=mrp 2 Y1j+1 j=mqg 2 Y25+1
— E / /UoLjdyl dz1 + E / /UOdeyQ d@].
j=1 7, _ =1 7, .
-3 Y1, -5 Y2j

Formula (47) represents the solution of the strain energy release rate for the left-
hand delamination in the beam in Fig. 1. The integration in (47) is carried-out by
the MatLab computer program. Formula (47) is applied to calculate the strain energy
release rate at various values of time.

In order to obtain solution of the strain energy release rate for the right-hand
delamination in the beam, the energy balance is written as

(48) Moép = 87U5a2 + Gohdas .
8a2
From (48), one derives
1 1910 oU
4 =\ M=—-——.
( 9) G2 h ( 8a2 6a2)

By combining of (34), (35), (43), (44), (45) and (49), one obtains the following
solution of the strain energy release rate for the right-hand delamination in the beam:

1 j=mp, % Yij+1
(50) GQ = ﬁ [(HQ — HF) Z / ajzldyl d2’1
=1 "y Y1j

2

h .
J:mQ 2 Y2541

j=m 3

— Z/ /qujdyQ dZQ—‘rZ/
J=1 _h J':l_@

2

n Y25
B) J

Y3541
uor;dys d23] :

Y3j

The MatLab is used to perform the integration in (50). The strain energy release
rate is found by (50) at various values of time.

Solutions of the strain energy release rate for the two cracks in the beam structure
subjected to strains of step-like varying velocity with time are derived also by con-
sidering the complementary strain energy. For this purpose, the strain energy release
rate for left-hand crack is written as:

_adur
- hda1 ’

(51) G1
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where the complementary strain energy in the beam, U*, is found as
(52) Ur=U;+Us+Up.

In formula (52), Uy, U¢) and U are the complementary strain energies cumulated
in portions, 0 < x < a; and a; < x < ag, of the left-hand crack arm, and in the un-
cracked beam portion. The complementary strain energy is obtained by integrating
the complementary strain energy density. Thus, formula (52) is re-written as

j=mp 2 s Ylifl
(53) U*=a Z /( / uSLjdy1>dz1
j=1"

% Y15
j=mq 2 s Y2+l
+ (a2 — a1) Z ( / qu]dm) dzo
j=1 _% Y235
h
j=m 2 s Y3+l
+ (I —a2) / ( / USFjdy:%) dzs3,

Y3j

<
Il
—
[N

where ug; 7 U ;and Uyp ; are the complementary strain energy densities.
The complementary strain energy density in the j-th layer of portion, 0 < z < ay,
of the left-hand crack arm is found as

(54) USLj = 0jEj —UQLj -

By substituting of (26) and (37), one derives

1
€5 — Epji1> mj

.1
i—

14+n, 14n.;
NnldjTj — -
N e T [(51‘ —éepji-1) " — (—€pji-1) ™ ] .
(1+mny) (¢ —ti1)"
The complementary strain energy densities, ug); and ug ., are obtained by replacing

of g; with £g; and e p; in formula (55), respectively.
By substituting of (53) in (51), one obtains

j=m % Y1j+1 j=m. % Y25+1

1 L Q

(56) Glzh[ 3 /( / wpydy ) dz — Y /( / qujdyQ)d@].
J=1 - Y15 J=1 by

[Ny
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The MatLab computer program performs the integration in (56). The strain energy
release rate is calculated by using (56) at various values of time.
The strain energy release rate for the right-hand crack is expressed as

_aur
B hdag '

(57) Go

By combining of (53) and (57), one derives

) j=mg % Y2541 j=m % Y3j+1
(58) Go = h[ Z /( / UandyQ)dZQ — Z /( / uE‘)Fjdy3>d23].

Formula (58) is used to calculate the strain energy release rate at various values
of time. The integration is carried-out by the MatLab computer program.

The strain energy release rates obtained by using solutions (56) and (58) are exact
matches of these found by using (47) and (50). This fact is a verification of the
analysis developed in the present paper.

3 PARAMETRIC INVESTIGATION

The parametric investigation performed in this section of the paper aims to evalu-
ate the influence of various parameters on the strain energy release rate for the two
delamination cracks in the multilayered non-linear viscoelastic beam subjected to
strains whose velocity varies step-like with time. It is assumed that b = 0.015 m,
h =0020m, ! = 0400 m, mj, = 3, mg = 5 m = 7, s = 3, nj = 1.5,
Vg1 = 0.2 x 107757 vy = 0.5 x 1077 s7 L and vgg = 0.7 x 1077 s7L.

First, the variation of the strain energy release rate with time is investigated. With
solutions given in Section 2 of the present paper, it is straightforward to calculate
the strain energy release rate at various values of time. The left-hand delamination
crack is considered. The strain energy release rate is expressed in non-dimensional
form by applying the formula Gy = G/ (Eo1h). In Fig. 5, the non-dimensional
strain energy release rate versus non-dimensional time curve is plotted. The time
is presented in non-dimensional form by using the formula ¢ty = tFp;/no1. From
Fig. 5, it is obvious that the strain energy release rate increases with time. Figure 5
indicates also that at ¢ = ¢; and t = to, the slope of the strain energy release rate-time
curve increases (this is due to step-like increase of the velocity of strains at ¢ = ¢;
and t = t9).

The variation of the strain energy release rate with the parameter, A1, is investi-
gated for both delamination cracks in the beam (Fig. 1). The non-dimensional strain
energy release rate versus \; curve is plotted in Fig. 6. It is clear from Fig. 6 that
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Fig. 5: The non-dimensional strain energy release rate plotted versus non-
dimensional time.

increase of \; reduces the strain energy release rate. The curves in Fig. 6 show that
the strain energy release rate for the left-hand delamination crack is higher in com-
parison with that for the right-hand delamination crack. The behaviour is explained
by the fact that the stiffness of the left-hand crack arm in portion, a; < z < ag, is
higher than that in portion, 0 < z < a;.
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0.60F 2\
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E”/h 045 \
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| | | |
0.0 0.5 1.0 15 2.0

A

1

Fig. 6: The non-dimensional strain energy release rate plotted versus A; (curve 1 —
for the left-hand delamination, curve 2 — for the right-hand delamination).
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Fig. 7: The non-dimensional strain energy release rate plotted versus 1 (curve 1 —at
Ey2/Eg1 = 0.5, curve 2 —at Eya/Eg; = 1.5 and curve 3 —at Epo/Ep; = 2.5).

The influence of the variation of 7; along the width layer 1 on the strain energy
release rate is studied by carrying-out calculations of the strain energy release rate at
various values of p;1. In Fig. 7, the non-dimensional strain energy release rate versus
p1 curve is plotted at three Eg2/FEo; ratios for the left-hand delamination crack. It

0.75 i

0.60— 2

G 9 3
x10 L

E’” h 0-45
0.30
0.15F
| | | |
0.0 0.5 1.0 1.5 2.0

"%
Z

Fig. 8: The non-dimensional strain energy release rate plotted versus 792 /701 ratio
(curve 1 —atw; = 0.5, curve 2 — at w; = 2.0 and curve 3 —at w; = 3.0).
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can be observed in Fig. 7 that the strain energy release rate decreases with increasing
of u1. The increase of Eyy/Ep ratio reduces the strain energy release rate (Fig. 7).

Finally, the effects of 192 /701 ratio and the variation of 79,41 along the width of
layer 1 on the strain energy release rate are analysed. The results obtained are dis-
played in Fig. 8 where the non-dimensional strain energy release rate versus 702 /701
ratio curve is plotted at three values of w; for the left-hand delamination crack. The
parameter, w1, characterizes the variation of 79,4;1 along the width of layer 1. From
curves shown in Fig. 8, we found that increase of 192 /701 ratio reduces the strain en-
ergy release rate. The increase of parameter, wi, leads also to reduction of the strain
energy release rate (Fig.8).

4 CONCLUSIONS

The delamination of a non-linear viscoelastic multilayered beam structure subjected
to strains of step-like varying velocity with time is analysed. A viscoelastic model
with a linear spring, a linear dashpot and a non-linear dashpot is used for describing
the mechanical behaviour of the beam. The non-linear constitutive law of the model
under strains whose velocity varies step-like with time is obtained. For this purpose,
the differential equation of the model is worked-out and solved. Since the layers of
the beam exhibit material inhomogeneity along the width, the material properties of
the viscoelastic model are function of the coordinate in the width direction of the
beam. Two delamination cracks are located arbitrary along the width of the beam.
The left-hand crack arm is loaded in bending so as the velocity of the angle of rotation
this crack arm varies step-like with time. Solutions of the strain energy release rate
are derived for both delamination cracks by analysing the balance of the energy. The
solutions take into account the non-linear viscoelastic behaviour of the beam under
strains of step-like varying velocity. The strain energy release rate is found also be
considering the complementary strain energy for verification. A parametric investi-
gation of the strain energy release rate is performed for both delamination cracks. It
is found that the slope of strain energy release rate — time curves increases at the mo-
ment of time in which the velocity of the strain increases step-like. The study reveals
that the strain energy release rate for the left-hand delamination crack is higher in
comparison with that for the right-hand delamination crack. The analysis shows that
increasing of parameters, A1, p1 and wi, reduces the strain energy release rate de-
creases. The increases of Egs/E; and 792 /101 ratios lead to reduction of the strain
energy release rate. The analysis developed in the present paper reveals the charac-
teristics of delamination of non-linear viscoelastic multilayered beams under strains
of step-like varying velocity.
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