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FLUID MECHANICS
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ABSTRACT: The problem of the steady two-dimensional free-surface flow of
a fluid under a sluice gate is considered. The hodograph method is used to
solve this problem analytically for different values of the inclination angle of
the gate wall. The obtained results agree with the experimental and numerical
results given by Birkhoff & Zarantonello and Gasmi & Mekias respectively.
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1 INTRODUCTION

This work considers the problem of the steady free surface flow of a fluid under sluice
gate. We consider the fluid region as shown in Fig 1. The fluid is assumed to be
incompressible and inviscid. The flow is considered to be bidimensional, stationary,
and irrotational. The effects of the superficial tension and gravity are neglected.

This problem belongs to the class of flows for which there are intersections be-
tween the free surface and a solid, for more details related on this subject see for
example Birkhoff & Zarantonello [1], Batchelor [2] Bhimsen & Shivamoggi [3],
Milne-Thomson [4] and Rutherford [5].

Several numerical studies have been realized on the subject; this includes the
determination of the shape of the free-surface of the flow for a given solid form.
Ackerberg & Liu [6] considered the flow of a fluid issuing from a slot with in-
clined walls using the finite difference method. Vanden-Broeck [7, 8] and Assavanat
& Vanden-Broeck [9], used a series truncation technique and the boundary-integral
method, to solve the problem of flow under a gate, whilst Gasmi & Mekias [10] and
Gasmi [11,12] numerically studied the jet flow and flow issuing from a Funnel. Other
authors who studied similar problems include Cooker [13] Hureau & Weber [14],
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Klokov & Sergeev [15], Pengp & Parker [16], Semenov & Wu [17] and Semenov et
al [18,19].

Our aim in this paper is to apply the hodograph method to solve the proposed
problem analytically for several values of the inclination angle of the gate. This
method proves useful to solve this problem analytically. The obtained results are
compared with those calculated numerically using the series truncation method given
in Gasmi & Mekias [10], and with those given in Birkhoff & Zarantonello [1], which
shows that there is a good agreement between them.

The plan of this paper is as follows. In Section 2 we formulate the problem in
the dimensionless variables. In Section 3 we introduce the analytical method based
on the hodograph transformation to solve the considered problem. In Section 4 we
present some exact solutions and their graphical representation for several values
of the inclination angle, these results are also compared with previous ones given
by Birkhoff & Zarantonello [1] and Gasmi & Mekias [10]. Finally, this work is
concluded in Section 5.

2 FORMULATION OF PROBLEM

Let us consider the motion of a two-dimensional flow of a fluid under a gate with
inclined edge, we denote the inclination angle between the edge of the gate and the
horizontal by «, the opening of the gate is of width d see Fig. 1. The flow is consid-
ered to be incompressible, inviscid and steady. The effects of gravity and the surface
tension are neglected.

'y

Fig. 1: Sketch of the flow and of the coordinates. The width of the opening is d, the
depth of the flow at infinity is H and the inclination angle of the gate is a.
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We introduce the cartesian coordinates with the Bottom A’OC’ on the x axis and
the y axis is vertically through the point B. Far upstream the fluid in rest, and far
downstream, we assume that the velocity approaches a constant U and the depth of
the fluid tends to a constant H.

The dimensionless variables are defined by choosing U as the unit velocity and
d as the unit length. We introduce the potential function ¢ and the stream function
1. Without loss of generality we choose ¢ = 0 at (xz,y) = (0,1) and ¢ = 1 on

the streamline ABC. It follows from the choice of the dimensionless variables that
1 = 0 on the streamline A’OC". In order to use the conformal mapping techniques,
we consider the flow in the complex plane z = x + ¢y and the complex potential
function

(1) f(2) = o(z) +i(2).

By this the mathematical problem is to determine the variable 1) which verifies the
following conditions:

2) Ay =0,

in the interior of the flow filed.

Oy 0

zr 7\
® Gor+ (G =1,
on the free surface BC.

oY
“4) o 0,
on the horizontal wall A’OC".
oy

5 o 3y tan a,

on the inclined wall AB.
Next we introduce the complex velocity
df . —i0
6 = C— = — = v .
©) n(z)=Cp =u—iv=qe
Here C' = H/d is the contraction coefficient which is defined as the ratio of the
thickness H of the flow as * — oo to length of the opening of the gate d, ¢ =
Vu? + v?2 and 6 is the velocity direction relative to the real axis.
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The two components of the potential function (the potential velocity and the
stream function) satisfies the Cauchy-Riemann conditions, then

dp 1y 9 1dp

7 — T T 84 ~ — T A
™ 0q g0’  9q q0b
The transformation (6) maps the flow field of z plane to a sector of the disk such
as the free surface is mapped into a part of the circumference of the circle in the

hodograph plane (see Fig. 2).

’U
cos 0 C
i [ U
o/~
. SN
SIn@g--------mmmmmmeN T *
@
B

Fig. 2: Hodograph plane (u, v).

Then the mathematical problem is to determine the stream function 1) as a func-
tion of the two variables ¢ and € which verifies the following equation:

Y 1oy 1 0%
® o " qoq e "
in the flow field.

3 ANALYTICAL SOLUTION

In the hodograph plane the conditions (3), (4) and (5) are easily transformed into the
conditions

9@ ¢¥(1,0)=¢(¢g,—a)=1; —a<60<0,0<g<lonBCand AB
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and
(10) ¥(q,0)=0; 0<¢qg<1, onAOC.

Then to solve the above considered problem defined by Eq. (8) and the conditions (9)
and (10), we pose that

0
As & satisfies the following problem
0% 106 1 0% 0

o " qoq " Pow
£(Q70) = é(q,_a) = 07 0 S q S 1>
£1,0)=(1+6/a), —a<6<0.

(12)

By using the separation variable method, firstly we seek the solution of the problem
(12) in the form

(13) £(q,0) = h(q)g(0),

by substituting the product solution form (13) into (12), we converted a partial dif-
ferential equation into two ordinary differential equations. Each differential equation
involves only one of the independent variables ¢ or 6, we obtain

(14)

g"(8) +Ng(6) =0,
9(0) = g(—a) =0,

where )\ is constant.
The solution of (14) is given in the form:

(15) g(0) = Acos(A\0) + Bsin(A\9),

and after using the conditions of (12) we find that:

(16) A={\n,n € N* where \,= —%},

and by the associated eigenfunctions A, the equation (15) is given as:

(17) 9n(8) = By sin (—%”9), n=1,2...,
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then, the solution of the problem (12) is given by

(18) £(q,0) = By () sin (—%9), n=1,2....

The general solution of the problem can be obtained by the superposition of solution
of the homogeneous problem (12) of the form

(19) £0,0) = Y Ba(@)sin (~"20) .
n=1

By replacing (19) in (12) and after using Euler’s method, we get:

2 o  nm

. oonm
(20) £(q,0) = _a; a4 sm(;@)

The stream function 1 is given by:

(21) Z —q s sin( —0) — a@

for (7) and (21), we obtains the velocity potential

2 Q nm nm ].

(22) o(q,0) = anzl —q' cos(—0) + —In(q).

Thus, the potential function is:
2 Q nm 1
(23) fg,0) == —n= +—In(y),

Using the relation (6), we obtain:

2 a2
(24) dz:c<’7 W)dn+ Can
arn

4 FREE STREAMLINE FORMS FOR VARIOUS VALUE OF «
e Fora = /4,

substitute this value in equation (24) we get:

8C 2 4C
(25) dz:< 1 4>d17+2d17,
™ \1—7€ ™
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by integrating both sides of this equation, we get:

(26) z = %(arctanh (n) — arctan (n) — 717) + estl,
On the free streamline we have:

27) n=ec" with — % <0<0.

Then we have:

(28) cstl = —% [arctanh (f) —V2- g}

2C 2
wift = 29 (= arctanh () + v2- 1)),
us 2 2
By separating the real parts and the imaginary parts, we obtain:

2C 2
xr=— ( arctanh (cos @) — arctanh \2[ —2cosf + \fZ),

(29)
y=1-— %(arctanh[cos(@ + m/2)] — arctanh ? + 2sin(0) + \/5)

The amplitude of the flow at the infinity is calculated as:

H 20 NG
(30) C= a4 eh_r)noy(O) =1- 7( — arctanh <2> + \/5)

™

=(C=

7 — 2arctanh (?) + 2\/5} '

Figure 3 presents the comparison of the exact form of the free streamlines with the
numerical solution calculated by the series truncation method for o = 7 /4.

e Fora =m/2,

it becomes that the values of the angle 6 are given by —7/2 < 6 < 0, and from the
equation (24), we get:

4C 1 2C
31 dz=— dn + —dn,
7 \1—n? w2

by integrating both sides of this Equation, we get:

2C 1 1
z=— <ln <77+> — > + cst2.
T 1—n 7
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Fig. 3: Comparison of the analytical solution and the numerical solutions for o = 7

On the free streamline we have:
(32) n=c" with - g <0<0.

On the other hand, by using the conditions at point B (§ = —7/2 and z = i) we
find the free streamlines:

x = —C(arctanh(cos 0) — cosf).
T
(33) 2C, .
y=1——(sinf +1).
s

The amplitude of the flow at the infinity is calculated as:

H 2C T
34 C=—=1 fHl=1-—=0C0=——.
(34) d - 0 (©) s (m+2)

This solution is also obtained in [2] by the free streamline theory methods and the
comparison of this result with the numerical solution obtained by [10] is shown in
Fig. 4.

The free surface shapes for different values of the inclination angle « is presented
in Fig. 5
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Fig. 6: Comparision of the analytical values, experimental data and the numerical
results of the contraction coefficient C' for several value of the inclination angle «

The comparison of the calculated coefficient of contraction of the flow for differ-
ent values of the inclination angle o with the experimental results given in [1] and
the numerical solutions given in [10] is shown in Fig. 6.

Finally through all the presented results we observe that the obtained results using
the hodograph method agree with those calculated numerically by series truncation
method [10].

5 CONCLUSION

In this paper, hodograph transformation method has been successfully applied to
solve two-dimensional steady flow problem of a flow under sluice gate, this method
was used for free nonlinear boundary problem. The obtained analytically results
agree with those calculated numerically by Gasmi and Mekias [10], using the series-
truncation technique. Also this method is very simple and straightforward, which
reduces the propped problem to a one-dimensional problem.
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