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ABSTRACT. Theory of generalized thermo-elastic diffusion is applied to
study the reflection and the transmission of P and SV waves at an inter-
face of two dissimilar thermo-elastic solids with diffusion. The boundary
conditions at the interface are satisfied by the suitable potentials to obtain
a system of eight non-homogeneous equations in amplitude ratios of var-
ious reflected and transmitted waves. These amplitude ratios depend on
the angle of incidence of P and SV waves, thermo-diffusion parameters
and other material constants. The numerical values of these reflection
and transmission coefficients are shown graphically against the angle of
incidence for a particular model. The graphical results are compared with
those without diffusion.

KEY WORDS: generalized thermo-elasticity, reflection and transmission,
diffusion, amplitude ratios.

1. Introduction

Non-classical theories known as generalized thermo-elasticity were in-
troduced into the literature in an attempt to eliminate the shortcomings of
the classical dynamical thermo-elasticity [1]. Lord and Shulman [2], incorpo-
rated a flux rate term into Fourier’s law of heat conduction and formulated a
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generalized theory involving a hyperbolic heat transport equation, admitting
finite speed for thermal signals. Green and Lindsay [3], developed a tempera-
ture rate dependent thermoelasticity by including temperature rate among the
constitutive variables, that does not violate the classical Fourier’s law of heat
conduction, when the body under consideration has a centre of symmetry and
this theory also predicts a finite speed of heat propagation. Chandrasekharaiah
[4], referred to this wave like thermal disturbance as ‘second sound’. A survey
article of representative theories in the range of generalized thermoelasticity is
due to Hetnarski and Ignaczak [5]. Sinha and Sinha [6] and Sinha and Elsibai
[7, 8], were the first to study the reflection and transmission phenomenon in
generalized thermo-elasticity.

Diffusion is defined as the random walk of an ensemble of particles,
from regions of high concentration to regions of lower concentration. Thermo-
diffusion in an elastic solid is due to the field of temperature, mass diffusion
and that of strain. Nowacki [9-10] studied dynamical problem on diffusion
in solids using the coupled thermo-elastic model. Dudziak and Kowalski [11]
discussed the theory of thermo-diffusion for solid. Olesiak and Pyryev [12] stud-
ied a coupled quasi-stationary problem of thermo-diffusion for elastic cylinder.
They discussed the influences of cross effects arising of the coupling of the
fields of temperature, mass diffusion and strain. Due to these cross effects the
thermal excitation results in an additional mass concentration, which generates
the additional temperature field. Sherief et al. [13] developed a theory of gen-
eralized thermo-elastic diffusion following Lord and Shulman [2] theory, which
also allows the finite speeds of propagation of waves. Singh [14, 15] studied
the wave propagation in thermo-elastic solid with diffusion in context of both
Lord-Shulman and Green-Lindsay theories. Abo-Dahab and Singh [16] studied
the effects of magnetic field on wave propagation in a thermo-elastic solid with
diffusion. Various other problems on the theory of generalized thermo-elastic
diffusion were also studied during last few years [17-22].

The diffusion phenomenon is of great concern due to its many geophys-
ical and industrial applications. The concept of thermo-diffusion is helpful to
oil companies for more efficient extraction of oil from oil deposits. The prob-
lems on reflection and refraction of elastic waves at a plane separating two
media have wide applications in seismic-reflection surveys. In the present pa-
per, the problem of reflection and transmission at an interface between two
dissimilar thermoelastic half-spaces with diffusion is considered. The effects of
diffusion are shown graphically on various reflected and transmitted waves for
the incidence of both P and SV waves.
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2. Governing equations

The governing equations for an isotropic, homogenous elastic solid with
generalized thermo-diffusion at constant reference temperature Ty in the ab-
sence of body forces are [13]:

(i) Equation of motion

(1) pigi+ (A + p)uj — 610, — 520 = piay.
(ii) Heat conduction equation

(2) pCE(O + 100 + B1To(é + 10é) + aTp(C + 10C) = KO 4.
(iii) Mass diffusion equation

(3) Dpse i + Da® j; + C + 7C — DbC 4 = 0.
(iv) Constitutive equations

o = 2peij + dij(Aepr, — 1O — 520),
(4) p10S = pCEO + G Tverr + alpC,
P = —[sepr + bC' — a®,

where, 51 = (BA 4+ 2u)ay, B2 = (BA + 2u)ae, oy is the coefficient of linear
thermal expansion, . is the coefficient of linear diffusion expansion, A, y are
Lame’s coefficients, p is the density of the medium, T is absolute temperature,
Ty is temperature of the medium in its natural state, ® = T'— Ty is the change
in temperature such that |©/Ty| < 1, 0;; are components of the stress tensor,
ej; are components of the strain tensor and e = e;;, u; are components of
displacement vector, p is density of the medium, .S is entropy per unit mass,
P is chemical potential per unit mass, C' is mass concentration, Cg is specific
heat at constant strain, K is coefficient of thermal conductivity, D is thermo-
diffusion constant, 7y is thermal relaxation time, 7 is diffusion relaxation time, a
is a constant to measure the thermo-diffusion effects, b is a constant to measure
the diffusive effects, d;; is Kronecker delta. The superposed dots denote the
time derivatives with respect to time. The comma notation is used to denote
the partial derivatives in the above equations.

With the help of following Helmholtz representation of displacement
components u; and ug in terms of potentials ¢ and ¥

_ 09 Oy _ 09 Oy

(5) M= T 9 BTt o
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the equations (1)—(3) in z—z plane are written as

(6) 1V = pi,
(7) (A +21)V?¢ — 41O — BoC = p,

. 0, .
(8) K(© 11+ KO 33) = pCTin© + ﬂlTonaV ¢+ aTlorC,
(9) D@V% + DCL(@,H + @,33) — Db(CJl + 0733) + TnC =0,

0 0
where, 7, =1+ 19 and 7, = 1 + o The equation (6) is uncoupled and
the equations (7)—(9) are coupled in ¢, ©® and C. The solution of equation
(6) corresponds to the propagation of SV wave with phase speed \/pu/p. The
solutions of the equations (7)—(9) are now sought in the form of the time-
harmonic plane waves

(10) {¢,0,C} = {¢o, O, Co} explik(zsind + z cos  — vt)],

where ¢, ©9 and Cj are constants, k is the wave number, v is the phase speed
and 0 is the angle which the propagation vector makes with the normal to
the interface. The equations (7)—(9) lead to a system of three homogenous
equations in ¢g, ©¢ and Cj, which has a non-trivial solution if the following
cubic equation is satisfied,

(11) S+ L+ ME+N =0,

here, L = —(e+ee263 +dy +da+A+2u), M = (A+2u)(dy +do+ee26?) +dyday +
Db
doe — 2ee169 — 9, N = —dldg()\ + 2,U,) + eody, € = pCQ, dy = dy = P

Cgtl T’

2T D 2
BTy a I6; L L
e=4 e’ L =10+—, 7} =74+ —, w = kv, where w
w w

m

1

n
oCo' ' T BB T e
is the frequency of the incident plane wave. The cubic equation (11) has three
complex phase speeds ¢, ¢o and c3. Let cj_1 = vj_l —iwilqj (j =1,2,3), where
v; and g; are phase speeds and attenuation coefficients. The phase speeds vy,
vy and v (v; > v3 > v9) correspond to P wave, mass diffusion (MD) wave and
thermal (T) wave, respectively [14].
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3. Reflection and transmission

We consider an interface between two thermo-elastic solid half-spaces
with diffusion as shown in Fig. 1. The boundary conditions for incidence of P
and SV waves at an interface are satisfied by the particular solutions in two
half-spaces, if the incident P or SV wave gives rise to a reflected SV and three
reflected coupled longitudinal waves (i.e., P, MD and T waves) in medium M;
and four similar waves transmitted in the medium Ms. The quantities with
primes correspond to medium Ms. The required boundary conditions at an in-
terface between two half spaces for motion in x—z plane are, the continuity of
the normal force stress, tangential force stress, tangential displacement com-
ponent, normal displacement component, heat flux, temperature, mass flux,
chemical potential, i.e.:

(12) Ozz :O-,lzza Oz :O-;;xa Uy _u/g;a Uy —u;,
/ / / /
“»=q¢, ©=0, 9=, P=P,
z
. A1I
0, A
Thermoelastic solid half-space 5 2
. e A
with diffusion 3
M, 0,
61' B1'
(0]
X
0, B,
Thermoelastic solid half-space 0 0,
ith diffusi A
with diffusion M, 0, 3
A
0, 2
A1

A, or B,

Fig. 1. Geometry of the model
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where,
¢ 0% 2
R [ﬁ ; &Eaz} LAV - 410 — 5uC,
[P0 P
Tex =M 1%5002 T 0a2 02|
_ K e
4 = 1+ 7_0% 92
___ Db op
e = 1+ 7’% 0z

Similar expressions with primes correspond to medium Ms.

The appropriate plane wave solutions incident and reflected waves in
half-space M; (z < 0)

¢ = Agexpliky (zsin Oy + z cos Oy — v1t)]
+ Aj expleky(xsinf; — z cos O — vit)]

(13) .
+ Ag expliko(x sin O — z cos Oy — vat)]
+ Asexplehs(xsin O3 — z cos O3 — vst)],
O = g1 Apexp|tki(xsinby + z cos Oy — v1t)]
(14) + 1Ay exp[tki(xsin Oy — z cos 1 — v1t)]
+ ¢oAg exp[tka(x sin Oy — z cos by — vot)]
+ ¢3 Az exp[tks(x sin O3 — z cos O3 — vst)],
C = mApexpleky (zsin Oy + z cos 6y — vit)]
(15) + m Ay exp|ky (zsin 6y — z cos 01 — vit)]
+ maAg exp|ika(z sin Oy — z cos O — vat)]
+ n3As exp|tks(z sin 03 — z cos O3 — vst)],
(16) 1 = Byexpliky(zsin by + z cos Oy) — vat)]

+ Bj exp[tky(xsin Oy — z cos Oy — vyt)].
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The appropriate plane wave solutions for refracted waves in half-space Moy
(z>0)

¢ = Al exp['ky1(zsin ] + z cos 0] — v/t)]
(17) + Al exp[ukh (z sin 0% + z cos 04 — vht)]
+ Af exp[ukf (z sin 0% + z cos 05 — vht)],

O = g1 A} exp[k] (zsin ] + z cos 0] — v]t)]
(18) + ¢y AY exp(ekh (x sin 05 + z cos 0y — vht)]
+ ¢4 Af exp(ekh (x sin 05 + z cos 05 — vht)],

C" = n| A exp[ik} (z sin 0] + z cos 0] — v|t)]
(19) + nh AL explekh (2 sin 04 + z cos 05 — vht)]
+ ny A% explekh (z sin 05 + z cos 05 — vit)],

(20) Y = B} exp|k(x sin 0} + z cos 0} — vjt)],

here, the wave normal of the incident P or SV wave makes angle 6y with the
negative direction of z-axis and reflected P, MD, T, and SV waves makes angles
01, 05, 05 and 0 with z-axis, and:

(21) G =kGi(pv] —A—2u), ni=klHipv] —A—2p), (i=12,3)
where

o epv? (169 — da + pv?)
Y dyes + pv2[e(de — pv?) — ez — 2ee162)

o eo[pv?(eey + 1) — dy]
" dieg + pvie(dy — pv?) — g9 — 2ee1e9)

The expressions with primes similar to as given in equation (21) cor-

respond to the medium Ms. The ratios of amplitudes of the reflected and

A A A
refracted wave to the amplitude of the incident P-wave namely —1, —2, —3,
Ay’ Ay’ Ao

B, A, A, Al B

—1, —1 22 23 and =L gives the amplitude ratios for reflected P, reflected
Ay’ Ay’ Ay’ Ag Ag

MD, reflected T, reflected SV, refracted P, refracted MD, refracted T and re-
fracted SV, respectively.
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The potentials given by the equations (13)—(20) will satisfy the bound-
ary conditions (12) at the interface z = 0 if the wave numbers ki, ko, ks, kq,
ki, kb, k%, k) and the angles are connected by the following relations:

(22) kjl sin 91 = k?z sin 92 = k?g sin 93 = k?4 sin 94
= ki sin@] = k) sin 0, = ki sin 05 = k) sin 0},

(23) klvl = kg’l)g = k?g’l)g = k:4v4 = kllvll = ké’l)é = ké’l)é = flvfl

We can obtain the modified Snell’s law from relations (22) and (23) as

sinfy _ sinfp sinfs sinfy _ sin 01 _ sin o, _ sin o5 _ sin 0}

(24) = = 7 / / ]
V1 (%) (%3 V4 Uy Uy ’03 Uy

The use of potentials (13)—(20) in boundary conditions (12) with the
help of above Snell’s law, results into a system of eight non-homogenous equa-
tions in amplitude ratios of reflected and refracted waves as:

(25) Zaijzj =b  (i,j=1,2,...,8),

here,

2
4y = — [m{l — sin% 6, (%) } F A+ BiGr(pv? — A — 2u)

U1

2
+B2Hy(pvi — A — 2#)] <£> ;

2
gy = — [m {1 — sin% 6, (%) } F A+ BiGo(pvd — A — 2u)

v

+02 Hy(pvs — A — 2u>] (—)2,

U2

: U3 2
a3 = — [QH{l—SIDQ 0o (f) }+>\+51G3(PU§—)‘—2M)

2
+B2Hs(pv3 — A — 2#)] (£> )

v3
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9y 1/2
)] 2):
v V4

7N\ 2
ars = [2,/ {1 — sin? 6, (%) } + N+ B1G (P2 = N —2u)

a4 = 2usin .

2
+0H (p'vf = N — 2#')] (%) ;

7\ 2
a1 = [2,/ {1 — sin? 6, (%) } + N+ B1GL (P — N —2u4)

Uy

2
(%
+0yHy (p'vy — N — 2#')] (—,> ;

7N\ 2
a7 = [2,u’ {1 —sin” 6 <%> } + N+ B GL(pE — N —21)

2
v
BSH( i — X - 2//)] (5)
3

e 1/2
ag = 24/ sin . {1 — sin? 6, (;4> }

VN2 1/27
a1 = 2sin b {1 — sin® 6. <?> }

— 1
A
S =
~

9y 1/2]
ag9 = 2sin by {1 — sin® 6. (@) } (£> ,
v ()

v3\ 2 1/27
ag3 = 2sin (90 {1 — SiIl2 90. (—) }
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2
a4 = |:1 — 281112 (90. (’U_4) :| (ﬁ
v V4

)
)
)
)

Qog = — <& {1—251n 90(
1

asy = sin 90, asg = sin

ag4 =
ass — —Sineo,
- y
asg = 1-— Sin2 00 (—4
v
2 1
as = {1 — sin“ 6 (
v
aq9 = {1 — sin2 (90 (—
aq3 = {1 — Sin (90 (U

=2 ul sinfy { 1 — sin? 6y
1
sin 6, {1 — sin? 6y

sin 6 {1 — sin? 6y

905

ase — —sin (90,

v
v

).

[{1 _ sin% 6, (%)2}1/2] (U%

()
(¥) }
()
)

1)

ass = sin 90,

)

asy = — sin (90,



aq5 =

aq6 =

aq7 =

Vg 2 1/2
a5y = {1 — Sin2 00 (—) }

(Y
as3 = [{1 — Sin2 (90 (

as5 = X1
ase = X1
as7 = X1
asg = 0,
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{1—sn900<

{1—sm «90
{1—s1n (90
{1—s1n (90

§>2}1/2

v

L2y 1/2]
2y &)
v } vy )’

A—2p)

{Gz(ﬂvg -
Gi(pvi —

A—2p)

Gi(pv? —

Gs(pv3 — A — 2)
A= 2p)

2//)}, <g/)3

o (3)

1 —wm
X1 = agy = 1,
1-— szO

{@WW—X—

Gi(pv] — A —2p)
{G/ (plvg N = 2/,1,/
L Gipvi = A —2p)
{G/ (plvéQ N = 2:“'/
L Gilpvi = A —2p)

1)

71
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s — {Gz(pv% —A- 2u)} _ (ﬂ)Q ns — {Gg(pv§ —A- 2u)} _ (v_1>
Gi(pv? =A=2p) ) \v2)’ Gi(pv? =X =2p) ) \v3)’

G (pvE =N —21)) v1\?
a4 , 65 { G1(pv? — X\ —2p) o)

I (T R TOA N ETA
66 Gi(pv2 — X —2p) 7))

72

Qoo — N —2)) (w)?
= — . v . 0
ag7 { G1 (pv% — = 2/14) . ags ’

an = [{1 — sin% 6, (%)2}1/2]

3
{82 — bHy(pv} — X = 2p1) + aGh (pv} — X — 2u)} (%) |

ary = [{1 — sin% 6, (%>2}1/2]

3
{—0B2 — sz(Pvg —A—2u) + aGQ(pvg —A—2u)} (%) |

1/2
— _oan2 U3 2
arg = [{1 sin 60(1}) } ]
3
{=B2 = bH3(pv5 — A = 2u) + aGs(pvs — X — 2)} (U_3> :
arg =0,

v 2y 1/2
ars = —X2 {1—sin200 (;1) }

3
{85 —VH{(pv? — N —2p') + d' G (pv? = N —2u/)} (v_’) )
1
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o 9y 1/2
are = —X2 {1 — sin2 00 <—2> }
(Y

73

3
v
{=05 =V Hy(pv — X = 24/) + d' Gy (pv — N — 24} (F/) :
2

2 1/2
a7y = —X2 {1—sin200 (—3> }
v

3
v
(=5 =V =X = 20) + G~ N =2} ()

1 —wt’

D [(1—iwT
arg =0, X2 =7y ,

agy = {82 + bH1(pvi — A — 2) — aGy (pvi — A — 2p)} (
csn = (B2 + BT~ A= 20) — Gt = A~ 2}
agz = { B2 + bHz(pvi — A — 2p) — aG3(pv — A — 2)} (
ags = —{By + V' Hi(pvf — N —2u') — d' Gy (g — X — 24/)}
ags = —{By + V' Hy(pvg — N —24') — a'Gy(pv5 — N —24)}

csr = {0+ Y ot~ X = 24) — dGilpf N~ 2}

and, Z; and bj, (j = 1,2,...8) are as follows:

<



74
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A As A3 B,
= g, =2 g8 g 2
1 AO’ 2 on 3 on 4 on
Al Al Al B!
Z = _1’ Z — _2’ Z — _3’ Z — _1’
by = —ai1, by =a9, b3=—a3, bs=as,
bs = as1, bg = —ae1, by =an, bg= —ag.
(b) For incident SV wave (v = vy):
Ay Ay Az By
Zi=2 g, =2 g = g
1 BO’ 2 BO’ 3 BO’ 4 BO’
Al Al Al B!
Z fd _1’ Z — _2’ Z — _3’ Z — _1’
5= By 6= B, =B, 5= By
bi = a4, by=—ag, b3=az, by=—ay,
b5:05 b6:0) b7:05 b8:

4. Application to a particular model

A particular model is chosen to study the amplitude ratios numerically,
where the following material constants are considered at Ty = 27°C"
For medium Mj:

A =5.775 x 10" dyne/cm?, 1 = 2.646 x 10! dyne/cm?®, p = 2.7 gm/cm”,
C. = 0.216 cal/gm°C, K =0.00492 cal/cm s°C, 79 =0.05s,
7=0.04s, a; = 0.05 °C, a. = 0.06 cm?/gm,
a = 0.005 cm?/s? °C, b= 0.05 cm®/gm s, D =0.5 gm s/cm?.

For medium Ms:

N =5.334 x 101! dyne/cm? 1/ = 2.312 x 10'! dyne/cm? p’ = 2.6 gm/cm?,
C. = 0.203 cal/gm°C, K’ =0.00483 cal/cm s°C, 7, =0.05s,

7' =0.035 s, o} = 0.04 °C, al, = 0.05 cm?/gm,
a’ = 0.004 cm?/s? °C, v =0.04 cm®/gm s?, D' = 0.4 gm s/cm?.

The system of eight non-homogeneous equations (25) is solved for the
above material constants for amplitude ratios by using a Fortran Program of
Gauss elimination method.

4.1. Discussion for incidence P wave
The amplitude ratios of various reflected and transmitted waves are
obtained for the range of 1° < 6y < 89° of angle of incidence, when P wave



Propagation of Waves at an Interface ... 75

002 — 1.0 —
Reflected SV wave Reflected P wave &
08
w 1 w
o =
© ® o6
L1 @
o 001 — o
= =
= 73 04
E E
< 4 <
0.2
000 00 I R B
0 18 3 54 72 90 o 18 36 54 72 90
Angle of incidence Angle of incidence

0.00036 000064 — .

0.00030 \
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Fig. 2. Diffusion effects on the reflected waves for the incidence of P wave

is incident. These amplitude ratios of reflected and refracted waves are shown
graphically against the angle of incidence in Figs. 2 and 3, respectively. The
dotted curves in these figures show the variation of amplitude ratios in absence
of diffusion.

The amplitude ratio of the reflected SV wave increases slowly to its
maxima and then decreases sharply at angles near grazing incidence. In ab-
sence of diffusion, the solid curve reduces to the dotted curve, where the ampli-
tude decreases at each angle of incidence. The amplitude ratio of the reflected
P wave first increases very slowly and it increases very sharply at angles near
grazing incidence. In absence of diffusion, the solid curve reduces to the dot-
ted curve as shown in Fig. 2. The presence of diffusion changes the amplitude
at each angle of incidence. The amplitude ratio of the reflected MD wave is
a bit smaller than amplitude ratios of other reflected waves at each angle of
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Fig. 3. Diffusion effects on the refracted waves for the incidence of P wave

incidence. It increases slowly with the angle of incidence and decreases sharply
at angles near grazing incidence. This reflected wave disappears in absence
of diffusion. The amplitude ratio of reflected thermal wave is smaller than
the reflection coefficients of the reflected P and SV waves, but it is slightly
more than that of the reflected MD waves at each angle of incidence. It also
increases slowly with the angle of incidence and decreases sharply at the angle
near grazing incidence. The amplitude increases at each angle of incidence in
absence of diffusion as shown in Fig. 2.

The amplitude ratio of refracted SV wave increases slowly to its maxima
and it decrease very sharply at angles near grazing incidence. The variation of
amplitude ratio of refracted SV wave is similar to that of reflected SV wave.
The value of amplitude ratio of refracted SV decreases significantly at each
angle of incidence as shown by solid and dotted curves in Fig. 3. The ampli-
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7

tude of refracted P decreases very slowly with the angle of incidence starting
from normal incidence and it decrease very sharply at the angles near grazing
incidence. The presence of diffusion increases the amplitude ratio of refracted
P wave at each angle of incidence as shown by dotted and solid curves in
Fig. 3. The variations of amplitude ratios of refracted MD and thermal waves

are similar to those for reflected MD and thermal waves.

The refracted MD

wave disappears in absence of diffusion. The amplitude of refracted thermal
wave decreases at each angle of incidence in absence of diffusion, whereas the
amplitude of reflected thermal wave increases at each angle of incidence.

Amplitude ratios

Amplitude ratios
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Reflected SV wave
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0

0.00008 —
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Reflected P wave i

0.00004

[=] o o
i &
- N [
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2 4 6 38 10 12
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I
0 2 4 6 8 10
Angle of incidence

Fig. 4. Diffusion effects on the reflected waves for the incidence of SV wave
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Fig. 5. Diffusion effects on the refracted waves for the incidence of SV wave

4.2. Discussion for incidence SV wave

The reflection and transmission coefficients of various reflected and
transmitted waves are obtained for the range of angle of incidence 1° < 6y <
11°, when SV wave is incident at the interface. Total internal reflection occurs
beyond this critical angle of incidence for reflected and transmitted P, MD and
thermal waves. The amplitude ratios of reflected and transmitted waves are
shown graphically with the angle of incidence in Figs. 4 and 5, respectively.
The dotted curves in these figures show the variation of amplitude ratios in
absence of diffusion. Reflected and refracted MD waves disappear in absence
of diffusion.

5. Conclusions

A problem of reflection and transmission of plane waves at an interface
between two thermo-elastic half-spaces with diffusion is considered. Bound-
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ary conditions at the interface between two thermo-elastic half-spaces with
diffusion are formulated. The appropriate potentials or solutions are chosen
to satisfy the boundary conditions at the interface. A system of eight non-
homogenous equations in reflection and transmission coefficients (amplitude
ratios) is obtained with the modified Snell’s law. These amplitude ratios are
computed for incident P and SV waves. The variations of these amplitude
ratios are shown graphically in presence, as well as in absence of diffusion.
Effects of diffusion on reflected and refracted waves are observed.
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