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On the Permanent Rotations of a Gyrostat-Satellite

Considered are permanent rotations of an asymme ric gyrostat-satellite on a circular
orbit: together with the orbital motion, the satellite rotates with an uniform angular
velocity about an axis orientated arbitrarily, fixed in the body, passing through the
mass centre and keeping its orientation along the normal to the orbital plane. This
paper considers the problem of finding the motion of the rotors, guaranteeing the
realization of such a permanent rotation (i. e. the control of the rotors).

Let the mass-centre of the sateilite move on a circular orbit in a Newtonian
field of forces. We consider the restricted problem, assuming that this movement is
not affected by the satellite’s motion about the mass-centre. Assume that the rotors
are three and their spin axes are fixed in the body along the principal central axes
of inertia.

Let O, be an inertial coordinate frame with an origin in the gravitational cen-
tre O,. Introduce also two other right hand coordinate trihedrals: OX; — an orbital
frame with an origin O in the mass-centre and with axes OX; — along the tangent to

the orbit, 0X, — along the normal to the orbital plane, OXj; along the vector 0,0
and Ox; — a frame, fixed in the satellite, which axes coincide with the pricipal axes
of inertia.

Following [1], the orientation of the satellite with respect to the orbital frame we
shall determine by means of the angles a, B, v (pitch, yaw and roll angles).

The direction cosines between the axes Ox; and OX; are defined by the formula

1) o;=cos (Xy, x), B;=cos(X,, x)), Yi=c08 (X3 X;)
o, =cacf, Bi=sB, y1= —Ssoch,
g = sasy—caspcy, Bg=cBcy, ¥o= casy + saspcy,
a3=sacy-+cosfsy, Bg= —cPsy, Y= coCY—sasPsy,
(su=sina, ca=cosa, ... )

Fer the components [®,, @, ®3]T of the absolute angular velocity o in the body-
fixed frame we have the expressions

0= (0 +a) By + 7,
(2 @y =(w,+0) By + B sin v,
03=(®y+a) B+ P cos v,
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where @, is the orbital velocity and dots denote derivatives with respect to the time ¢
Assumie the following notations: '

A, — the principal moment of inertia of the gyrostat about the axis Ox;;

J; — the moment of inertia of the i-th rotor about its spin axis;

¢; — the angle of rotation of the i-th rotor;

m; — the torque acting on the i-th rotor;

k, — the angular momentum of the j-th rotor about its spin axis (k,=J,9,); ({=1,2,3).

With the assumption that there are not any other forces applied to the gyrostat than

the gravitational ones, the dynamical equations for the motion of the satellite about

its mass-centre can be written in the form

3 Ao, + Ey—(Ay— As) 090+ kg — ko= "30’3(149—143) YaY8
1, 2, 3],

[1, 2, 3] denotes that the other two equations can be obtained by a cyclic permuta
tion of the indexes. '
The equations for the rotors are

(4) BirJoy=m; (i=1, 2, 3).

Consider an arbitrary permanent rotation of the satellite with angular velocity Q
about an axis fixed in the body, directed to the orbital plane-normal OX,. In this
motion the angles B and y have constant values =P, y=1y, defining the orientation
of the axis of rotation in the body-fixed frame, while the angle o is a linear function
of the time a=ua,+ Qf Substituting a=0,+Qf B=p, =7, into (1), (2) and (3) we
obtain the system

Iéx = — (@, + Q) k3By— abs] + (o + Q)*(43—A43) 3353"303(2) (A3—A43) 1ava
L, 2, 3]
which can be written in the following matrix from
(5) k=AKk+[c+1(2)],
K=[ky, ko, k3]"; C=(0y+ Q)*[(Ag—A3) BoBss (As— A1) BeBy; (A1—Ag) BiBs]”
f(f)=—30}[(As—A3) 7273+ (As—AD 15715 (Ai—A) 117l

0 Bs —Bs
A=|—B; 0 By}
B, —B O

The solution of (5) determines the motion of the rotors guaranteeing the realization
of the considered permanent rotation.

The method of variation of constants applied to the above system gives the
formula

t
(6) k(®)=K@®OK™(0) k+K() fK‘l (@lc+i(M)]dr,

where K (£) is the fundamental matrix of the corresponding homogeneous system k=Ak
and ko=[#0, k), K|T are the initial values of the gyrostatic moments.
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Using the well known procedure for finding a fundamental matrix of a linear
homogeneous system with constant coefficients we obtain that K(¢) is equal to the
transformation matrix from the coordinate frame OJX; to the body-fixed frame O,
supposing that the angle o is the function a=(w,+ Q)¢ i e.

bl By N1 a;=0; {a=(wo+9) £
K= Uy Ba Ya p
as Bs 73 Yo=Y laz(mg+9) £,

(o, and v; are given by (1)).
By virtue of this fact, the matrix K—1(f) is equal to the transposed KT (¢).
Assume also the notations

0 ’ ~0 ~0
Ui=0; lamay Y=Y lomay Oi=0;lu=0r Yi="Vle=0 (£=0),

3 3 3
P=23"ABu, P=3ABe, Q=3 ABy, Q= 3 APivs
1 ' i=1 i=1

3
S:ZAI"Y?; PO:p;tIO; QOZQ‘tﬂ); SO:S%1=0.

i=1
It is easy to verify the following identities
(M azYa—Ua¥3= By, [1, 2, 3],
(/1\,. =05 (0t — ) o; -+ sin (0gf —aty) ¥
?Z- =05 (0t — 0y) v;— sin (0t —a,) oy,
;= CO0S (ot — ) o,—sin (@t — o) Yo
¥, =sin (o f—ay) ‘;z + cos (wgf—oy,) y:,
a,' cos g+ }/': sin gg =0, Cos WL+ v; sinw, ¢,
:{\1 €OS 0y — a,- sin =1, COS Wyt — 0, sin Wyt
oy;/0u= —a,; Ou,/do="1,
C0s (@yf— 1) 0y — sin (@gf—tt) Y= 0.7 cOS @et— 77 sin 0,
sin (@yf — (g)0s 4 cos (0ot — a‘)ﬁ?: 07 sin @ot +77 cOS O,
Pa;+ Qy= Pao;+Qvs,
PP cos Qf+ Qsin Qt =P, P%sin Qf— QP cos Qt=Q.

Calculating the integrals in (6), using the relations (7), for the solution of (5) we
obtain

®) k= k" + R,

3 3
kPN =0, 37 (0dcosmf—ylsinmyt) k+B; 3 Bk

s=1 s=1
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3
+7: 37 (ad sin oof + 72 cos o) &Y,
s=1

kP = — (a0, + Q)[(P— PO cos oyt + QO sin wyt) g,
+(Q— PP sin oyt — QO cos wyt) v,]

3 2
0 [(—~ QP+ QP cos 0t +0,Qsin ad)
0)0~
+(06Q + Q2P sin 0yt —w,Q° cos wyt) ¥,]—
3w?

55 (S—S% By

From (8) it follows that every permanent rotation about an axis, orientated ar-
bitrarily in the body, can be realized by means of finite angular velocities of the ro-
tors only if Q== +a,.

Consider the special cases of rotations with Q= +a,.

Let the rotational velocity is Q=—a,. In this case the satellite keeps its orien-
tation in the inertial space. The system (5) reduces to the matrix equation k=f(#).
After its integration we find that the motions of the rotors guaranteeing these perma-
nent rotations are defined by the expressions

0.)2
©) oy =22 (A A (20t (gt + otty) — (a3 a2r0)]
1, 2, 3. |

Hence, if the axis of rotation is orientated arbitrarily in the body, the velocities
of the rotors increase infinitely with time, because of the terms 20,88,. There are
only two cases, where a permanent rotation with Q=—®, can be realized by means
of finite angular velocities of the rotors:

1) If the satellite is asymmetric, the axis of rotation has to coincide with one of
the inertia axes.

2) If the satellite has an axis of dynamical symmetry, the axis of rotation has to
be orthogonal to this one (the axis of rotation is also a principal inertia axis). The
case of absolute symmetry (4,=A,=A4;) is trivial and will not be considered.

Consider the second special kind of rotations with angular velicity Q=0, In
order to find the motion of the rotors, we let Q tend to o, in (8). We obtain

(10) k= lim k;=F(t)+G(2)
-0,

3 3
F(t)=a, 37 (0l cos ot —1v) sin @ef)kd+B; 37 B,#0
s=1 s==1
3
+v; 3 (22 sin 0ty cos @yf) k)— 20, [(P— PO cos ¢
s==1

+ QO sin @yt) a;+(Q — P° sin .t — Q° cos wyt) v/

—-~g— ©, sin @,f [a,-Q°+'YiP°]—% OB, (S—S8p) 5
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Gt)=— o 0% (@,Q+1:P).

Here, like in the case above, the presence of the term G(f) makes impossible the re-
alization of a permanent rotation about an axis orientated arbitrarily in the body, by
means of finite velocities of the rotors. Only permanent rotations about an axis which
is a principal inertia axis, can be realized by means of finite rotors’ velocities.

Consider now the the equilibrium orientations of the gyrostat. They can be in-
terpreted as permanent rotations with an angular velocity equal to zero (Q=0). Let
Q tend to zero in expressions (8). We obtain

(1) Fi= lim ko= — | Poy o cos (ot +8)] 09+ (bot+1o) By
Q-0
D .
7 — [40)0Q0_;_ o Sin (ot + 6)] ¥
where
3
-ﬂ% cos (¢ +8) = — P cos oyt + 4Q° sin ot — 37 (09 cos oyt —y0 sin o) &S,
s=1

3
go— sin (@ef + 8) = — PP sin @y —4Q° cos 0, — 37 (09 sin @yt 479 cos ayf) &2,

s=1

3 3
s=1 s=1
(D=const, 6=_const).
These formulas define the motion of the rotors, guaranteeing the realization of
an arbitrary equilibrium orientation (04, Bo 7vo) [1]. It’s clear, that only the orientations,
satisfying the condition

3
(12) 3 A0%0=0
§==1

can be realized by means of finite velocities of the rotors. The equation (12) defines
the well known variety of the possible equilibrium orientations.
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