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A solution of the Navier-Stokes differential
equations

K. Shulev

An exact solution of the initial-boundary value problem for the  complete:
Navier-Stokes differential equations, expressed in an explicit form, is derived. The prob-
" lem corresponds to a viscous fluid flow induced by transverse motion of a long cir-
cular cylinder with a given initial speed.

Formulation of the problem

The complete Navier-Stokes equations of the form |
m %‘L}.mfﬁxﬁ +-grad —'f;=—-—:7gradp——‘v\fot(rotuﬁ), divu=0,

fn standard notations are considered. The problem is to find a solution of system (1)

. for u and p, subject to boundary conditions at the initial instant £=0.

@ 520 =0 pempe

where U is the initial speed, s is the cylinder surface, p, is the pressure of resting
fluid. - ' ’ S o 4

Solution

The cylinder motion is supposed to be along x direction, as the cylinder
‘axis remains parallel :to direction z of an absolute frame of reference. Suppose the
- flow to be in plane,iin the cross plane to. the cylinder -axis xy. The components of
rot u=w (o, 0, ®,) in cylindrical co-ordinates are
Oug ou_ auz { (Oruy Ou,
=T % YTEm T o “’z‘-"T(——"ar “Tﬁ)’

so that the components of rot(rotu) = rot 0=0Q(Q, Q0 Q,) take the form"

- .1 0o, Owg _dm’ do, 1 (dru)e ‘amr)
Q=2 P=% 5 E=7\"F " w

In case of polar co-ordinates in the plane xy then u,=0, also %(;3)= 0, consequently

®,=0, w=0. It follows in polar co-ordinates, that
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The system (1) in polar co-ordinates takes the form

Ou Ou, a""e S - op v o 1 (ou  Oru
& 2 2 I
t+2 or("+”)+ ( ar) ( )

3 Ougy u, (Ou,  Orug 1 dp a. 1 [du : oruy
Oy 5ot o 2r ae ("2"‘"2) (ae ar) ~or 0 Vor - (ae _“)
oru Oug
T a=0
~ Applying rot in both sides of the fnrst equatlon (1) it follows the- system for the func-
"~ tion u only : '
“ % rotﬁ-}- rot (rot ux u—)=;v fot rot (rot u), divu=0.

Such an elimination of pressure term is equivalent to cross differentiation of the first
equation (3) with respect. to,6, multlplymg the second equation of (3) by r and diffe-
rentiation ‘with respect to r, by subtractmg both equations.. It follows the system

@ ou druo) P (du Orue) 9 (au - Orug
or (ﬁf toe |7\ o +‘$("', “a‘r‘ar)

v @ 1 [ou 0er19) a a Ou_  Oryy
©) '"TWT(’«W' e Rt e e I
oru_  du,
r —
or —ﬁ-o.

cox:respondmg to system (4). The problem is then reduced to find a solution of sys-
tem (5) subject to the following boundary conditions, at the initial mstant t= O when
the cylmder axis comcxdes with axis z .

6) ,],—a* U cos®, uo|,=o—- — U sin0, #),=w=0, aef,_”— 0,

- as U=|U|, a is the cylinder radius.
Introducmg the stream function ® (7, 6, )

(I>(r, 0, £)= \y(r, G)exp( t)

througtt substitutions '

1 40 ,‘ 00
u’=7 Ts uﬂ"‘""_a—; »
it follows that
1 . - : ow . i
™) ny=— %’gexp(—%,t), ue=—5"'r—exp(——;‘;—t)-

Obviouﬁsly the —av?t is diménsionless variable, since the dimension of v is [v]==£;¥
Making use of (7) we obtain

1 (811 . Orug

) Fla—) =aven (- 54)
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~ where 7 _
1.9 1 as)

. ag v 5
® | A‘l’=(5rz+ 7 ootV

is Laplage:operator in polar co-ordinates. Substituting (7) and. (8) into system (5) it
follows the equation . : el

00— renn(— ) ravee (B % ey (L]
=v'(—i— é;‘gz“'_ e %r%“i) exp (— a—‘; t)-

On 'the_,other hand wé have

0 oAy 1 :0%Ay 0%y | OAy
o Tor T r o8t =Tarr T or

PAy . (Ay 1 Ay, 1 3Ay} ~_' '
=" T.“E-“"?"—aez)"AA‘*”

R
r
so that the equation (1(_)), after reduétio'n~exp (——&‘;— t), takes the form

(11) (%le a_g;,__ %\v7 igey_)exp(_ ;"2_ t)=,vrA (A\{H‘-‘;‘Z—) .

It is readily shown that |
a2 EIR Ay=—¥
satisfy the equation (11), and this being so, a solution of equation (:l 1) may be deriv

ed from the solutions of equation (12). It follows from (7) at the initial instant £=0
that ‘ C : '

1 o ) d
CI e
RS TTE T § AN oo L i MR R A ] 1 ’ B
In such a ‘way the stated initial-boundary. value problem is. reduced to the boundary

problem in finding a solution of equation (12), subject - to- boundary conditions (6)
through substitutions (13). This problem already has been solved in {1} or [2], which
is, in the same time, a solution of the Euler differential equations subjected to no-
slip boundary condition at the cylinder surface. In this case the stream function has
the form ‘ ‘ : RIS e

v (r: 0)=Uaf (—2-) sin 6,
where f(—‘-:—) =f(§) is determined as solutioﬁ of Béssel’equation
| vy L g 1
ff e (1-5) £=0.
The general solution is .
£(5)=an () +BM (T ).
where J; (—;—) and Nl(—:—)‘are standard Bessel functions. The constants -of integra-
tion A" and B are to be determined from the first two boundary conditfons (6) which
- leads to the system ' R B ARy

AR (D+BN(1)=1 .+
a4 | AJ,(1)+BNy(1)=1""

46



with the; solu,timi ;

A= ANy (=N (D] B= 5[/, (D=, (V)]

As it is easily verified, the last two; conditions .of /(6) are satisfied too, because the
functions J,.(8), J; (€), Ny (€).and. V;, (&) tend .to.0.as E—co. The solution then for u

and u: for the: mltxal mstant +=0. 1s

| (s 0) = U"“ {AJI( )+BN1( )]cose
£ | o (1, 9)_;—[AJ ”)+BN( )}sme

Then the solution of the stated initial boundary-value problem for «, and ug for each
t=>0, in view of (7), is

o (r, 0, t)_gna [AJJ;( )+BN1( )] cosB.,exP(“‘-Zvi )

(16) i, H=—Ux 4, ( )+BN( )] sin®.exp (——-‘%t)

It is obvious thaf the solution (16) is subjected to the following boundary conditions

- for each t>0

- (17) ur- ,,—UcosO exp( - ) Ug|r—a=—Usin 0. exp( : t)

ur”=w =0, lle\r=w =0.

The first two conditions_ (17) can be written in the following vector form

(18) Es;Uexp (———;'2— )

Due to v>0, it is evident from (18), that the -cylinder makes delaying motion sub-
jected to exponential law. In case v=0 the cylinder motion becomes umformly one

with constant speed U. : ‘
_ Integrating system (3) and. determining the constant of integration from the con-
dition p..=p, follows the pressure distribution p(r, 6, £). We give the final result as

D
o(r, 6, t)=p057,(“3+u§~“a—'z)’
where #, and #o are given by (16) while

@(r, 6, H)= Ua[AJl( )-{—Bl\/l( )]sinie.exp(‘——:-a—t)-

In such a vWay the stated initial-boundary value problem has completely been solved.
The stated problem allows a generahzatlon by extension of the initial boundary
conditions (6) to the following

U)rma=Uo.c08 0, Upr—a=—UBsin0, #,);,—c=0, uglv,z;,———O,'

where a and B are dimensionless parameters. Then the system determining the con-
stants A and B, which corresponds to the system (14) is

AJ;(1)+BN,(1)=a

AJ (1)+BN' (1)=B.
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The above system always has unique solution. In case a= 1 B=1 follows boundary
conditions (6), but when a1, B==1 they become disturbed. In specific case a=1, and
B could be arbitrarily chosen following boundary condition of inviscid fluid. This being
so it is significant that the Navier-Stokes differential equations could have vortex solu-
tion sub ject to boundary conditions of inviscid fluid. }

It is worth also noticing that the solution derived here has the essential ‘property
when v—0 then the solution tends to the solution of the Euler differential equations
subject to boundary condition of viscous fluid, with no-slip condition at the cylinder
surface. In the light of this fact the Oseen’s concept, concerning the impossibility Euler
equation solution to be derived, in the particular case v=0, from Navier-Stokes equ-
atnon solution [3], needs a revision. . :
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