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1. Introduction

Plastic metal forming processes are considered. The mechanical and the
thermal processes taking place are highly coupled. The heat source due to the dis-
sipated plastic strain energy is taken into account and the material is plastically har-
dening, rate sensitive and thermosoftening. The initiation of bands, inside which the
plastic strain, the strain-rate and the temperature are considerably higher than in the
surrounding is often observed at such processes [1,2]. Determining the condition under
which these bands initiate, as well as  their position during the thermomecha-
nical process is important for technological applications. Inside those bands cracking
may take place, which leads to fracture. The initiajon of plastic localization bands is
explained by means of local instability during plastic deformation [3, 4]. They are de-
termined as regions, inside which bifurcation of the s»lution of the boundary value
problem takes place. It is proved that they are shear bands if microfracture and void
nucleation are neglected [3, 5, 10]. Two following methods are used for determining
the localization lines in the case of homogeneous strain field.

1. Direct analysis of the differential equations system describing the process and
application of a bifurcation condition or of a condition for the change of the type
of the differential equations in the case if elastic-plastic rate-nonsensitive malerials
are considered [3, 6, 7].

2. Application of the p=rturbation method ani of a condition for infinite growth
of perturbation amplitudes, if visco-plastic materials are considered [8, 9. 10].

The plastic localization in the case of a nonhomogeneos strain field was nume-
rically investigated in [11, 12}

Initiation of localization bands in a nonhomogeneous stress and strain field will
be considered. The bands may be curvilinear. The material under consideration is iso-
tropic, plastically and dynamically hardening and thermally softening. Plastic strains
are large and thermoelastic parts are neglected. The necessary conditions for initiation
of plastic localization bands at plain strain will be established. A possibility to con-
sider the plastic localization bands as lines of tangential velocity discontinuity will be
shown.

2. Basic equations of the thermo-plastic process

The model of a rigid-plastic body is applied. Its deformation depends on
the parameters of thermomechanical process: the plastic strain, the strain rate and the
temperature. Plastical incompressibility is assumed. A Lagrangian description of the
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process will be applied. A moving orthogonal convective coordinate system (08, k=1,
2, 3) is introduced. The yield limit changes;isotropically with the parameters of the
process, according to the Mises yield condition

(2.1) == “%’ S;S{—Tg:o, (l’ jzly 2) 3);
where s is the deviator of the stress tensor o/, 1, is the shear yield limit. The latter

depends on the strain intensity y, on the stra@n rate intensity B and on the tempera-
ture 6, 1,=1,(v, B, 0). The strain rate tensor 7»;. coincides with the plastic strain rate

t
o ay -
tensor. It is assumed that y:f B d¢, where 5=J%7»3’.M or P == 7v.Thedot
0

t N
above denotes partial time differentiation. The strain tensor a,-j:/}»,.j dt, )\,if:g.l.j.The
0
compatibillity conditions are:

1
(2.2) Ajj= —:—2—(%'/1 +¥i),

where ; is the velocity vector. The vertical bar denotes contravariant differentiation.
The flow rule, associated with the yield condition is ‘

(2.3) M=l an=0

where according to (2.1)

0.

v

(2.4) e =Lt
' P
A may be expressed in terms of the process parameters time derivaties, using the con-

dition :

(25) F=sich— 21, (tyy + wb+ 15 B)=0,
where '

e 0 0 ]
(26) . . TYZE%, T = 5%2’ Te:?}%‘l.

Equations (2.4) aﬁd (2.5) yield

. 1., - i e
@7 , tykzﬁ(s’;ci—%p‘ce 0—21,75P).
§4
Introducing (2.7) into (2.3), we obtain the following form of the flow rule:
‘ . .
(2'8) . . )\«].: —;5 Sj’
P
where
1 . . .
(2.9) : Fa :—t;(s’;csfk——Qtpre 6—21,78B)

and A0 if F=0 and L>0.
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The temperature equation has the form

5 k
—_ T 7
(2.10) 6= I T+ Q,
where 7
(2.11 Q=" siri, T,-0,.
pe, 7T

Q is the rate of dissipation during plastic deformation, converted into heat; &, is
the conductivity coefficient; p is the material density; c¢; is the specific heat supply
and kis assumed to take values between 0.8 and 0.9 and determines the fraction of the strain
rate energy which turns into heat.

The expression (2.11) may be written in the following form:

(2.12) : Q:%r,, p

as o'M=21,B=0, according to the requirement that the rate of dissipation should be

positive during plastic deformation [17].
The equations of equilibrium are
(2.13) ol {=0

if the body forces are neglected.
The basic equations describing the process are (2.1), (2.2), (2.3), (2.10) and (2.13).

3. Plastic localization bands in plané strain

Consider a body under plane strain. A coupled thermoplastic process
takes place in it. Assume that at time £, bifurcation of the rates of the process para-
meters starts to take place inside a band with a width 24. At a time £>£, localization
of the plastic deformation inside the band is available. The condition for initiation of
such a band will be determined as conditions of bifurcation of the solution. Up to the
bifuraction time the process parameters are nonhomogeneously distributed inside the
body. This leads to nonlinear bifurcation bands.

We introduce a convective curvilinear coordinate system (&, m) in the plane strain
planes x;=const, so that £=const are lines parallel to the middle line % of the band
and n=const are straight lines, normal to Z. Let ALE€[—d, d], n € [0, M)TQ; be
the region of the band in the x;=const plane. Q, is the space occupied by the body at
time £. The band is thin and material. The straight normals hypothesis known from the
shell theory is assumed. The material time derivatives if the process parameters will
coincide with their partial time derivatives. The equations describing the process take
the form

1
Map = 5~ (Vasp + Upja)s

Gapp=0, . ,
xaB:xsuB, }:-: '::Y—" ((1,, B'_—&! Tl)’
¢4
(3.1) )Vuazcs
p kT
eza}elau +Qy
2k « .
Q ::p_c;. TpYs 7=ﬁ1
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2. All the variables in (3.1) are func-
tions of &, n and £ Bifurcation of the solution is understood as follows: Let the pro-
cess parameters be unique in the whole region Q, at time £, The process parameters
are ®={u,, oup, €ap, 0} (€, M, £) where u, is the displacement vector in the xs=const
plane. Assume that at time £={£,+Af at least two solutions are admissible in A,: DU,
M, o+ Af) and OA(E, 1, ¢,+Af). This means that the rates of the process parameters
bifurcate

where dot above denotes partial time derivative

- 0, n Ay —0DE N, £) .
q)(l) s 1]y t :1 0 20 s = 1, ]
b (&, ¢) lim 7 (i 2)
AD =D — DD, (&, 1) € Ay,.

As it was already mentioned, the localization band in an incompressible rigid-
plastic material is a shear band [7]. This leads to certain type of bifurcation of the so-
jution for the strain rates

Ahgz=0  Ahpy=0
{5:5) Ahye=0 & )€ A,

It follows from (3.1) and (3.3) that Awe=const, Av,=Avy(§) &¢[—d, d]. Taki’ng
nto account that the solution is unique outside the band and that no discontinuities
are available along the band boundaries, it follows:

(3.9 Ave=0, Avy(—d)=Av(d)=0.
The expression (3.3) may be written in the following form [7]:
‘ Avyp=gu(&) (M),

1 o
(35) A}"uﬂ = T(gﬁnﬁ + gpnt )’

A)‘fuu = guﬂa = O;
2ol —d) = guld) =0,

n, is the unit normal vector to the line &=const at the point under consideration
defined by the coordinate n. The vector g, at that point is perpendicular to r, and
tangential to the £=const line.

The equilibrium conditions involve the relation

(3.6) , : AGqp. np=0.
It follows from the flow rule (3.1) that

(3.7) Agup=AhSqp.
Taking into account (3.5) and (3.7), we obtain

1 1
(3.8) : Sap =5 (Haflp+ Hpfta)y  Ha == Lo
The condtion A'X#O should be fulfilled, in order to make plastic localization in
the band possible. Equations (2.7) and (3.1) yield

S . Ty . T ..
Ty A)\.—-ESQB AO’aB — T—AO——T— AB,
(3.9) 2 ! ’
AL=27
To
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It is taken into account in (3.9) that t,, t T and ts do not bifurcate at time 2

This follows directly from the condition AF=0.
Relations (3.5) and (3.6) yield

(3.10) SupAGup= - (Ma Mg+ Hip2a)  ATep=0.

The relation (3.1), together with the fact that 6, as well as its space time deriva-
tives are unique at time £, yields
3.1 =2 a1
(3.11) =5, A

The last relation explicitly shows that the mechanical and the thermal processes

are coupled. ‘
Substituing (3.10) and (3.11) into (3.9), we obtain

. 2k &
(3.12) Ay (ry+ e T )+ 5 AB=0.

This is the condition required, which should be fulfilled in A, so that bifurcation of
the solution at time ¢ could be available. We shall now consider different cases at
which equation (3.12) is fulfilled:
1. Ay=0, AB=0. No bifurcation is available.
2 Aﬁ:O, AB'#O. Strain rates and strain accelerations bifurcate. The following sub-
cases are possible:

a) Arbitrary bifurcations Ay and AB. The relation (3.12) is fulfilled if

(3.13) ry+5ffr,,z.,=o, =0,
T

Equation (3.13) should be interpreted as a differential relation between 7, and its
derivatives according to the process parameters vy, B, 6. It must be fulfilled in the (r,

Y, B, 0) space on the yield surface t=r1,(y, B, 9), r’:\/—é— Sop Sap. The condition (3.13)

coincides with the equality in the condition given by Bai [8], obtained by means o
the perturbation method for shear bands and homogeneous strain field. ;

b) Arbitrary bifurcations Ay and AB, but
(3.19) w=0, 1=0, 1=0.

This is the condition for absolute maximum of t=71,(y, B, 8) in the parameter
space (1, v, B, 9). ) )

c) A relationship between both bifurcations exists of the form Ap = k,Ay, where

k, may depend on the process parameters at time #, but not on the bifurcated va-
lues. A single condition is then obtained

(3.15) 2 1ty Ty=0.
DCT

In the particular case if 2, =const, the relation proposed by Pomey [14] is obtain-
ed. This linear relationship between Ay and AP is also assumed in the perturbation

method applied in [8, 9]. In [13] the relationship % (AY)=AB is assumed, which is ty-
pical for the postbifurcation state inside the band.
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3. Ay#0, AB=0. Only strain rates bifurcate. The conditon (3.13); should be then ful-
filled at arbitrary values of tg. This is. possible also if 19=1,=13=0.

4. Ay=0, AB=F0. Only strain accelerations bifurcate. In that case tg=0 at arbitrary va-
lues of 19 and 7,.

The localization development in the band during the postbifurcation process is
governed by additional conditions [13].

The conditions derived above are the necessary conditions for bifurcation band initia-
tion. Inside the band plastic localization and sharp changes of the velocities, tangential to
the middle line & takes place. The stress-, strain-, velocity- and temperature field
at two-dimensional boundary-value problems are usually determined numerically,
using the finite element method, the finite difference method, the boundary
element 1nethod, etc. As soon as a bifurcation band initiates, the sharp change in the
velocity field would lead to numerical difficulties. This could be avoided if the
band of sharp changes is replaced by a discontinuity line, on which the jump condi+
tions are prescribed. This possibillity will be discussed in the following part.

4. The plastic localization band as a tangential
velocity discontinuity line

4.1. Definition of the discontinuity line

We consider the plastic localization band at plane strain as a line at
which the tangential velocities are discontinuous. The line is obtained from the band
if its width tends to zero (2d — 0). The line coincides then with the middle line % of
the band [16]. Let vf(n, t)=lim‘;u,,(d, W, t) and v, (n, £)=limvy(~d, n, £). The discon-

d— d-U

tinuity [on]=v}—v; is then defined on Z. As the localization band is a shear band,
& will be a shear lme and [v¢]=0. The line &% is a material one, described by the

relation x;= x(n, 1), (i=1, 2).
The geometrical first order compatibility conditions on & are [15]

(4.1) | [v:,/1= Gy +[v.al 4 (G J=1,2),

where G;=[v;]n,and {;and n; are the tangential and the normal unit vectors to the line
% at an arbitrary point M, belonging to %. The position of M on & is defined by
its curvilinear coordinate m. Introduce a local rectangular cartesian coordinate system
Mtn. Its origin coincides with the point M and the axes are tangential and normal
to #. The velocities in the coordinate system Min are v;=vt;+v,n;. The following
relations are then fulfilled on #:

[0d=0,  [9,]=0
4.2
42 [v]=[v] -
Introducmg (42) into (4.1) yields
(4.3) [vi.]=Giny+ [V ntit j+ [t i tJ

Let a be the angle closed by the tangent Mf¢ and the Ox, axis. a is a function
of m and f{;,5=axn:. The condition (4.3) takes then the form:

(4.4) : : v =Gt [vdatids vl nit;.
In the Min coordmate system (4.4) has the form
(Tl =Gy {Vne] =V

(4.5) [0en) =Gy [V1e]=[v/ .
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It is worth mentioning that [v,|==[vzq]; both are velocity gradient discontinui-
ties in two different coordinate systems — the cartesian M¢n system and  the curvi-

linear (&, n) system.

4.2. Strain rate discontinuities

The shear strain rate A, tends to infinity on % as the band width tends
to zero :

(4.6) Ay

0v;  0Ug\

1 y

3

The rest of the strain rate components are finite an %. This is a well-known

fact for discontinuity lines, which are shear lines [17].
The geometrical relations (2.2) lead to the following relation between strain rate-

and velocity discontinuites:
(47) [l = {(Gi+[2 oty + (Git+[v] et )
or in the M¢n coordinate system:
[Manl=[Pnn] =Gy
(4.8) Ml =[vee]=[Ve)n
Pl = (@nel + [0 a]) = (T Jtn+G)).

4.3. Stress discontinuities

The equations of equilibrium (2.13) yield

(4.9) [0:7]n;=0
or
(4.10) [64:]=0, [o,]=0.
Applying the flow rule (2.3) to points belonging to %, we obtain
b | _Snn Mg | Su
(4.1 1) 7"nt g_ Snt g ’ )"nt @ —Srlt g.

Since A, — co but X,, and X, are finite on & we obtain

(4.12) Snn| & =Sﬁ‘g=0

Gnnggztjtt‘g:(yi

| ST .
where C=—5-Gy, is the hvdrostatic stress.

Relations (4. 10) and (4.12) yield that [o,]=0, or
(4.13) [c4]1=0, (i. j=1, 2).

The Mises’ yield condition (2.1), applied to points belonging to % yields that
S = ,,,| %= *1, | 7 [n the case of a rigid-perfectly plastic material 1,= const and the con-

dition [o,]=0 leads then to [1,]=0. This is admissible and hence the application of a
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model, containing a discontinuity line brings no problems. If the material is plastically
and dynamically hardening then t,=1,(y, B). The yield limit continuity required by
the Mises’ yield condition and the relation (4.13) will be then violated as o, is con-
tinuous on % but 1, depending on B, would be discontinuous either. This leads to
the well-known fact that tangential velocity discontinuity lines do not exist in harden-
ing materials [17]. The discontinunity line which we introcuced hete represents the
experimentally observed in hardening materials localization band. But turning the band
into a line if d—0 needs additional assumptions about the material properties of the
line. These additional assumptions cefining the properties of the line will make possible
the application of discontinuity lines in hardening materials.

We assume that the material points belonging to the line % have another yield 1i

mit 1, so that
(4.14) Sut = £

This assumption may also be connected with the fact that the properties of the mate-
rial inside the band are different compared with those outside the band, due to the
structural changes during the localized plastic deformation [18].

44. Discontinuities in the temperature field

The localized plastic deformation on % leads to a linear heat source
there. The following discontinuities exist in the temperature field:

(4.15) (0,40, [0,]=0
[0]=0, [6]=0-

Integration of the temperature equation (2.10) in the interval [—-d, d] and letting
d—0 leads to |11]

' —
(416 Ol == P Q| &
where '
- E kE—
(4.17) Q| gp=pe- 0w [2d = 53}

It follows from (4.15), that

(4.18) [“

i = 10a1 .10, 0]
and taking into account (4.16) and (4.17), we obtain

—, B—
Y e £ 05, [+ 0w =0, — G sign [z [z}

(4.19) Tk

This relationship contains the temperature and the velocity discontinuities and is
due to the coupling of the mechanical and the thermal processes.

4.5. Relationship between the discontinuities

It follows from the flow rule (2.3) and from the stress continuity on &
(4.13) that ,

(4.20) Dad={%]sv @ i=1,2
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ot

(4.21)

#+0and s,,=S5,=0, s,,= +1,0n #. Equations (4.21) and (4.8) yieid

[S—

as [ 1_ L[av
dt _'cp dt

Gn =0, ['Ui].ﬂ =
(4.22) Ak

%([‘U,}a,n +G)== [E“ Tp.

The result [v,],=0 shows that the tangential velocity has a constant jump on 2,
no matter that the field outside % is nonhomogenous. This condition is well known
for the case of perfectly plastic materials [17]. After assuming (4.14) the same condi-
tion holds for hardening materials and nonhomogeneous strain field.

Using (2.4), (2.7) and (4.14), we obtain

do 1 Tg  d0 T3 dﬁ]
- nt L
(4.23) Uﬂ-[*a?‘-?;]*['q HT]“*"[ 5, 4 |
The jump conditions derived above may be used in a numerical solution of a boun-
dary-value problem for thermoplastic metal forming with an existing plastic locali-
zation band.
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