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1. Introduction

In consequence of an impulse excitation in the earth’s crust, like earthquake,
explosion, etc., in all directions from the epicenter waves begin to propagate.
Reaching interfaces and other inhomogeneities these waves refract, reflect and convert
from one type into another. Thus the problem for determination of the displacement
and stress fields, due to the complicated wave processes arises. In such general trezat-
ment, however, the problem is not solved yet. There are known analytical solutions for
the cases of homogeneous, elastic, isotropic half-space, in which the wave processes are
caused of excitations applied at the surface of the half-space [1]. Obtaining of nume-
rical results from this analytical solutions faces computational difficulties, Different
methods are proposed to solve numerically the problem. In most of them a half-space
consisting of parallel layers is considered [1, 2, 3, 4]. Basing on the method described
in [5, 6], a balf-space with dipping layers is considered in [7, 8, 9, 10, 11].

In the present paper we investigate numerically the propagation of SH-waves in
an elastic, isotropic half-space, consisting of dipping layers, solving appropriate initial,
boundary-value problems. Finite element method (FEM) for spatial discretization and
Wilson’s 0-method or descrete Fourier transform for time discretization are used. We
are faced, however, to a principal difficulty — the half-space could not be discre-
tized with finite elements. This imposes an artificial restriction in a finite domain, which
requires setting of physically suitable boundary conditions on the additional boundary,
because these boundaries must not reflect the waves back into the domain.

Similar subjects about the applying of boundary element method, constructing of
“infinite” elements and “transmitting boundaries” are discussed in [2, 3, 4, 12, 13,
14,15]. In contrast with these approaches here we impose classical boundary conditions —
prescribed displacements and tractions, as well as boundary conditions of contact
type —— elastic or viscous.

2. Statement of the problem

We consider the half-space |x{<oo, |2|< oo, y<0, with three dipping
layers constituting angles o and u+ P with the boundary surface Oxy (Fig. 1) and con-
sisting of materials with linearly-elastic properties. We suppose that a linear source
fAx, v, £) located anywhere on the axis Oy, y=0 acts, causing propagation of SH-
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waves. Since the corresponding points from. all planes parallel to the Oxy-plane, will
oscillate in one and the same manner, it is sufficient to solve the following two-dimen-
sional, in the plane Oxy, problem:

—— Find the functions u,(x, 3, £), t.(x, ¥, {) and v,,(x, y, £), satl fying at every
layer the equation :
(1) Poadt) —pAu,=f,, QX(0, T), QcR? 0<<T<<co,

and relations
ou ou

e — a2,
=Hox =gy

where u,(x, ¥, t) is the displacement component on Oz axis, py(x, ¥) is the mass den-
sity and p(x, y) is the shear modulus.

In order to obtain a unique solution definite boundary conditions must be satis-
fied. As we solve Eq. (1) in the domain Q instead of the half-space Oxy, y=0, we
impose in appropriate combinations the following boundary conditions:

— prescribed displacements on I',X(0, T)

(2) ulx, v, Hy=ULx, ¥, t),
— prescribed tractions on T'L < (0, T)

Ou,
(3) Op=TyM o5 T}’z”2 - “ =F (X. Vs )’

where n=(n;, ny) is the outward unit normal vector on I,
— of contact type (elastic contact) on I'2%(0, T)

(4) . op+ku,=0, k>0 const,
— of contact type (viscous contact) on I'?<(0, T)

a
(5) or+ c~§t3:~: 0, ¢>0 const.

We require the following initial conditions to be satisfied

) Ou (x,¥,0
(6) w5 3, 0)=tilx, ) 2Dy (x, ).

We suppose that Q=R?2 is an open, bounded domain with sufficiently smooth boun-
dary I'=0Q. Combining the boundary conditions (2)—(5) in the following way

(7a) r=rlyr, r'nr,=@g;
(7b) F=Tiyr2, CINR2=Q;

we obtain three problems, which we solve consequently.
With V' and V, we denote the following Hilbert spaces:

——hl(Q)~{u|zz, ?;; B S eLy(Q), ||l = ””HH“Q)}

Vo={ulueV, air =0, fully, ={lu}.
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We denote with #,(¢) the function (x, y)—u,(x, y, ) and with A — the following dif-
ferential operator

Aun,=—pAu,.

Superposed dot indicates the differentiation with respect to time. For yu, v¢V(V,)
with a(u, v) we denote the bilinear form

8) a(u, v)= j pgrad u. grad vdQ.

Q

Then the following Green’s formula

€)) (Au, v)=a(u, v)— ug—:: - vdrI’,
r
is valid.
Let us formulate the problems which we solve. The weak statement of the prob-
lem (1) with boundary conditions (2)—(3) and initial conditions (6) is:
Problem 1c. Find the function #—u,(¢):{0, T}V, satislying for yoeV,

(10) (P (t), v)+aut), v)=(fAt) v) + f F(8) . vdT+(p,®(?), v)+a(®(?), v)
l..l
and the initial conditions (6). Here ®(f) is a function belonging to V and satisfying
the boundary conditions (2).
The weak form of the problem (1) with boundary conditions (3)—(4) and initial
conditions (6) is:
Problem 2c. Find the function £—u(¢): [0, T]—V, satisfying for yv¢V

(1 (Poto(t), U)+a(u(t), v)+k f u,(t) . vdU =(f,(t), v)+ [ F(t).vdl
r2 M
and the initial conditions (6).
The problem (1) with boundary counditions (3), (5) and initial conditions (6) has

the following weak form:
Problem 3c. Find the function f—u,(f):[0, T]—V, satisfying for yve¢V

(12) (Pui(t) 9)+a () +c [ift). wdr=(74t), v)+ [ Fity.vdr
1

r3 r
o [+3

and the initial conditions (6).

3. Finite element approximation

Discretizing Q by linear or quadratic triangular and bilinear or biquadra-
tic quadrilateral finite elements, we obtain the following discrete problems correspond-
ing to the problems 1—3.

Problem 1d. Find the function ¢#--7(¢):[0, T|—-R% (G — number of nodes in the
finite element mesh) satisfying for y£¢[0, 7] the system of equations

(13) Mr(t)+Kr(t)=R(t)

and the initial conditions
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(14) r(0)=p,, ’7‘(0)=171~

Problem 2d. Find the function ¢—r(#):[0, T]—RY, satisfying for yt€[0, T] the
system of equations

Fig. 1. Half-space with dipping layers

fIx10°N]

3k

N~
wh=
s s

- 1[x0,0175 sec]

Fig. 2. Diagram of the z-component of the source

(15) M;(t)+Kz-f(t)+Kf(f)=R(t)‘
and the initial conditions (14).

Problem 3d. Find the function #—r(#):[0, T]—»RG, satlsfymg for vtel0, 7] the
system of equations
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(16) Mr(t)+Cir(t)+ Kr(t)=R(?)

and the initial conditions (14).

In the expressions (13)—(16) the following notations are used: with M and K the
mass and stiffness matricies are denoted; K; and C; are the matricies obtained when
the boundary conditions (4) and (5) are applied on I'2 and I?, respectively; r(¢) and
R(t) are vectors with components the values of the displacement and load in the no-
des of the mesh; p, and p, are a priori known wvectors with components the values
of the dlsplacement and velocity at £=0.

The energy dissipation could be taken into account as complex shear modulus for
the material of every finite element e is used

(17) Ho= k(1 +iB,),

where B, is the damping coefficient for this material. In this case the components of
the stiffness matrix K will be complex numbers.

4. Numerical results

The domain Q having the form of a semicircle with radius 150 m is
considered. Angles a=20°and B=15° and characteristics for the soil layers are chosen

as follows:
Ist layer — p;=0.1x102Pa, p,=2500 kg/m?,

IInd layer -— p,=02Xx102Pa, p,=2500 kg/m},
HIrd layer — pg=04x1012Pa, p,=2500 kg/m?.

Due to the éxcitation shown in Fig. 2 the displacement and stress fields are ob-
tained. Figs 3-—11 contain displacement diagrams of the points £(105 m, Om), D(— 105 m,

u,[x10™* m)
5..
4_
3_.
2..
l_ 5
0 i 1 1 1! 1 ], i} 1
1 253 4 5 6\ 7 8 9 10 1x0,0175sec]
»l_
_2_
_3_
__4._.

Fig. 3. Displacement diagram for the point D(E), ob-
tained when problem 1 is solved for one-layered me-
dia with excitation located in the point A

Om), as the excitation f,(x, ¥, ) is located in some of the points O(Om, Om), A¢Om
—17.5m), B(Om, —525m) or C(0Om, —87.5m) and SO=90m.

Firstly, the case 0 =180° B=0°1i. e. the media with the properties of the Ist layer,
is considered. In Figs 3—4 the displacement diagrams of the point D(E) are given,
obtained when the problem 1d with -excitation located at the point A is solved. The
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results from Fig. 4 are obtained for the case when the dissipation of the energy is
taken into account (the damping coefficients are taken one and the same for all of
the finite elements —B,=0.1). In Figs 5—6 the diagrams of the displacement in the
point D(E) are given, obtained when problems 2d-3d are solved, as the excitation is

Lu,[xiC“;,‘:] )

4_.

3_

2_

l_

0_1~,|1‘|||/|| .
: 1 223 4 5 7 8 9 [10 #x00175sec]
._2..

_.3—-

Fig. 4. Displacement diagram for the point D(E), obta-
ined when problem 1 is solved for one-layered media
with excitation located in the point A and when damping
is taken into account with coefficients ﬁez:O.l for v €
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Fig. 5. Displacement diagrams for the point D(E), ob-
tained when problem 2 is solved for one-layered me-
dia with excitation located in the point A and with
coefficients k=108 Pajm — curve 1, k=10* Pajm —
curve 2

located in the point A. The following values of the constants & and ¢ are used:
k=108(10*)Pa/m, ¢=10%(10%)Pa.sec/m.

Fig. 7 contains the displacement diagrams obtained for points D and E when the
problem 1d is solved for two-layered media (¢=20° B=160°), as the excitation is
located in the point A.

In Figs 8 —11 the diagrams of the displacements for the points D and E, obtan-
ed when the problem 1d for three-layered media (0=20° B=15°) is solved. In this
case the excitation is located in the points O, 4, B and C, consequently.
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All - results presented are obtained using Wilson’s 6-method (0=1.4) with time
step - A£=0.00175 sec. The problems are-also solved by means of Fast Fourier
Transform. About two times less computational work is done in this case, but a good
results are obtained only when the dissipation of the energy is accounted. This could

1[x 0,0175 sec]

Fig. 6. Displacement diagrams for the point D(E), obtained
when problem 3 is solved for one-layered media with ex-
citation located in the point A and with coefficients ¢=103
Pajm . sec — curve 1, ¢=10* Pa/m. sec— curve 2
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Fig. 7. Displacement diagrams in the points D — curve 1
and E — curve 2, obtained when problem 1 is solved for
two-layered media with excitation located in the point A

be explained with the fact that loading frequency spectrum covers the frequency spec-
trum of the domain under consideration, when the time step Af is very small. Increas-
ing of Af leads to a bad description of the loading, as well as of the displacement
and stress fields, '
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u,[x107* m]
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Fig. 8. Displacement diagrams in the poinis D—curve 1 and
E—curve 2, obtained when problem 1 is solved for three-
layered media with excitation located in thz poiant O

u,[x10™*m]

Fig. 9. Displacement diagrams in the points D—curve 1 and
E—curve 2, obtained when problem [ is solved for three-
layered media with excitation located in the point A4
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Fig. 10. Displacement diagrams in the points D—curve 1,
E—curve 2, obtained when problem 1 is solved for three-
layered media with excitation located in the point B
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Fig. 11.Displacement diagrams in the poinst D—curve I,
E—curve 2, obtained when problem ! is solved for three-
layered media with excitation located in the point C

5. Conclusion

In this paper different types of boundary conditions which compensate
the restriction of the half-space in a finite domain are considered. Displacements
diagrams for points of the surface are obtained. They could be used for com-
parison with results obtained by other methods — numerical or experimental. Here we
shall outline some pequliarities of the problems 1—3. It is advisable to solve prob-
lem 1 when we knew the values of the displacements on I',. In most cases, however,
these values are not known a priori. Then we could obtain reasonable results imposing
homogeneous boundary conditions on I',, when sufficiently large domain is considered,
since the waves are damped with the distance from the source point. It is appro-
priate to solve problems 2—3 when contact characteristics £ and ¢ for T'?% I'? are

known. Identical results are oblained when we solve the problems 2—3 with large

40



values of the constants & and ¢ (greater than 10'?) and problem 1 with homogeneous
boundary conditions on T,

All results in this work are ‘obtained with the help of the computer code “SH”.
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