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ABSTRACT : — An attempt has been made to solve antisymmetric distribution
of thermal stress in the vicinity of a flat external crack in an infinite solid.
It is assumed that the temperature is prescribed inside the crack while the
flux at the outside of the crack. The problem is reduced into a pair of dual
integral equations and the closed form solution has been obtained.

1. Introduction

Uflyand [1] was the first to solve equations of elastic equilibrium
appropriate to an infinite solid containing a flat crack covering the outside of
a circle. In this paper, he employed toroidal coordinates and Boussinesq-Pop-
kovich solutions of the equations of elastic equilibrium. Subsequently, Lowen-
grub and Sneddon [2] studied the asymmetric distribution of stress in the vi-
cinity of an external crack in an infinite elastic body, employing William’s
representation of the displacement vector in terms of harnomic functions, while
Shail [3] has studied the distribution of thermoelastic stresses in the vicinity
of an external crack in an infinite solid. The even and odd distributions of
temperature respectively have been considered by [3] with regard to the plane
of the crack. Das [4] has extended his studies to some axially symmetric ther-
mal stress distributions in an elastic solid containing an external crack. Re-
cently Lal [5] has taken up axially symmetric thermal stress distributions in
a transversely isotropic solid containing an external crack. By using integral
transform techniques, Das [4] and Lal [5] reduced the problems into a pair
of dual integral equations and a closed form solution was obtained.

In the present paper we use cylindrical coordinates (r, 0, 2) and choose
our unit of length to be radius of the circle. It is assumed that the surfaces
of the crack are free from stress and are subjected to a prescribed tempera-
ture within the crack while outside the crack, flux is prescribed. The problem
is reduced into a pair of dual integral equations and closed form solution is
derived by using Hankel transform technique. As an example, the solution for
the two point loading problem has also been attempted.
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2. Formulation of the problem and boundary conditions

Consider an infinite, isotropic, elastic medium which contains a
flat external crack whose faces are stress free. Using cylindrical polar coordi-
nates (r, 0, 2), the faces of the crack are described by the relations 2=0,
=1, 0=<9<2r, with a suitable choice of unit of length. There is established
in the solid a steady temperature field 7(r, 0, 2) where 7T is the deviation of
the absolute temperature from the temperature of the solid in a state of zero
stress and strain. In the absence of body forces or heat sources within the
medium the steady state equations of classical thermoelasticity, the tempera-
ture field satisfies the partial differential equation

a*r 1 oT 1 0T | o0°T

(2.1 ot ot aetam =0

The equations of equilibrium in cylindrical coordinates interms of the displace-
ments u,, uy and u, in the », 0 and z directions are

L oA 1o, & )_
Vit Gioen) o 7( et =0

s, .1 0A 1 (”0 au)
22) Vit Ti=gm e\ T2 a0 )70
1 JA

Vit <m0

where y? and 1 detnote the Laplacian operator and Possion’s respectively and
A denotes the dilatation which is given by
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The boundary conditions for the temperaturc field on the p'.auc 2=0 are
assuined to be in the form

T{r, 0,0)= X" Tl (r)cos(m0); 0=0<=2r; l<=reoo,
=0
(2.4)

T80 3 Ry(r) cos(mb); 0=0<2r; 0=r<1,

m=0

where 71(r) and R,(r) are known functions of r.

As a result of the symmetry we can postulate that the shearing stress
vanishes on the boundary plane of the half-space. In this way, we obtain the
boundary conditions.

(2.5) ulr, 0, 0)=0; 0=0<2r; O0=r=l,

o(r 0, 0)=—p(r, 0); 0=0=2m; r>1,

(2.6) =— M'P,(r) cos (mb),

=0
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27 0<2n; r=0

A

O',Z(I', 0, O):O } 0
oe: (7, 0, 0)=07"

and we assume that p(r, ) is an even function of 0 and P,(r) is a known
function of ».

In section 3 the mixed boundary value problem for the half-space 220
posed by these equations is reduced, by the use of Hankel transform tech-
nique, to the solution of a pair of dual integral equations whose solution is
known by Sneddon.[6). The use of results is illustrated in section 4 by the
consideration of a special type loading.

3. Solution of the problem

(a) The Heat Conduction Problem:

A suitable integral representation of the temperature function
satisfying equation (2.1) in the form '

(3.1 T(r, 0, 2)= 2’ T A(E) cos (mB)e—% J, (Er) dE,
0

m=0

where A(E) is a function of & only to be determined from the boundary con-
dition (2.4). We may write

(3.2 Tulr, 2)= [AQ)est/pfEn) %
oo
where T,(r, z) is the solution of differential equation
- 02r 1 oT 2 ., 02T
(3:3) T o T =0
Using the equation (3.1), the boundary conditions (2.4) are satisfied, if
the function A(E) is the solution of the pair of dual integral equations

(3.4) f LA (ENE=R,(1):  0=r<1,
0
(3.5) f AEWAENdE=T1(r), 1=r<oo.
0
The dual integral equations (3.4) and (3.5) have already been considered by
Gordon [7], Copson [8]. Putting p=0, a:—% and-v=m in their solutions,
we may take
e 1 ' r
(36) A=\ { TV oo Matenars [NF osiduter) dr
0 i
where
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’m?HRm(") dl‘,

. 1 .
F)= — 0=r<l,
(Pl( ) FELTV 4 !Vl(rg __t2)

(3.7)

[a—m i@ dt

wlr=—"= g [ e

s M l=r<ee.
J Je2—rd)

With these values of A(E), the temperature and flux fields are thus com-
pletely determined.
(b) Determination of Displacements and Stresses:

Now, we proceed to solve the mechanical part of the problem to

evaluate displacements and stresses.
For the determination of displacements and stresses, a particular solution
of the equations of equilibrium (2.2) can be taken according to Muki [9] as

0B | . 0B
(3.8) u, =K a7 ! =K oz’
with corresponding stress components given by

o) =K(%E _
(3.9) (02, [20)=K(72 =T )
028 2B
(GG:‘/QP-)'—_-K;(TGEE‘; (Ur:./2l'-)=K “Seaa

where K=(1+n)e/(1—n), ¢ is the coefficient of linear expansion and B is a
particular solution of the equation
(3.10) veB(r, 9, 2)=T(r, 6, 2).
Let us assuine B as

(3.11) B(r, 8, z) =2°?B,,,(r. 2) cos (1m0),

m==0
and 7 is defined by equations (3.1) and (3.2) as
(3.12) T(r, 8, 2)=D'T,(r, 2)cos (mH).

m=g
Now using the equations (3.10) to (3.12), the following equation has been
obtained

2 2 2
(3.13) (‘3 P i’i.,—+‘—;i—.§)3m(r, 2)=T(r, 2)

oz o 7

If we multiply both sides by #/,(&r) in equation (3.13) and integrate it
with respect to » over the range (0, <o), it is found

(3.14) (=) Lule 2= Mo 2),

96



where

.. o0

L& 2)= f rBu(r, 2)J,(£r) dr,
0

My& 2) = f P, (1, 2) Jo(Er) dr.

Now we may take

315) L& 2)=—{zA(E)e-5}/283,
using the equations (3.14) and (3.15), we obtain
(3.16) M(&, 2)={A(E)e~*}/E.

Now the transformation of the expreqsxons (3.8) and (3.9) for the *displace-
ments and stresses into relations mvolvmg L,,,(&, z) M, (& 2) and their de-
rivatives are obtained as follows

ur=—(K[2) 2[ [ Ldss(Eryie— / Lo -1(er)d&J cos (m6),

m=0

u: =K j’l 'gdj;' T (EF) dE lcos (m6),

m=0L ¢

(Gzzf/QH)*Kj’{ | aﬂLme(mda} cos (),

m=01

(3.17) (Gor/W)=K 3 “ g m L (Ende

m=0L0 -

2 dL

+ f £ 1 (81)dE }sm (m9),

0

(Gm /M) KZ{/ &2 +1(E.ar)d§

m==0
- f g2 Um m_l@r)da}cos (m),

where L, (&, z) is defined by equation (3.15).

To satisfy the boundary conditions (2.5) to (2 7), we superpose on (3. 17),
the complementary displacements and  stresses according to Muki [9] are
given by
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R 2 oy . )
brn=—g5m5z T 50 uz=21+n)yo— 372

0l e P

. (3.18) (6222/2,‘1) =z [(2 n)v [0 022}’
‘ 19 T
ST

O (120 4 2
(672 /21)= or [(1 n)vg(p—*dﬂ]_{_raﬂdz '

where ¢ and y satisfy the equations
(3.19) vie=0; yly=0.

Expanding the biharmonic function ¢ and the harmonic function y in the
following forms

(3.20) ®(r, 8, 2)= é; 9,(r, z)cos(m8),

yw(r, 0, 2)= S’q/m(r, 2) cos(m0),

m==0

it is easily estimated that ¢, and vy, are the solutions of the following par-
tial differential equations

: 02 1 0 m 02\2
(321) Von= (st o= 3m) m=0,
02 1 m? 02
(3:22) Vﬂ“’mf:(é'r?*'"? A v ) Yn="0,

and writing

o

G (82)= f r ou(r, 2)Im(Er)dr,
(3.23) b

H (8 2)= [ PV, 2)J,(Er)dr,

we obtain that G, (&, 2), H,E z) are the Hankel transforms of ¢,(r, 2) and
V,(r, 2) and must be the solutions of the ordinary differential equations

a2 2
(@2 ) ntz 20,
(3.24) a2
(G JHa(E, D=0,
The valid solutions of (3.24) can be written as
Gul(Ss 2)=(A1+Bi12)e™,

(3:25) HofE, 2)=Cie%,
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where A,, B, and C, are the functions of & only and are to be determined
from the boundary conditions (2.7).
Now the Henkel inversion of (3.23) gives

Oty 2)= f EGu(E, 2)n(EPIE
(3.26) 0 )

Yulrs 2)= f&H,,,(a, 2)Ju(Er)E.
1]

The complementary displacements and stresses are respectively obtained
from (3.18) by using (3.20) and (3.26) which are given by

w=t3 [ {di"‘wﬁm}aﬂfmﬂ(&r)da

m=0 (

-f {~dz—m+2ﬁm} E2/,,_,(E7E] cos (m0),

oo

- S‘ { f {(1 —2n) ddff' 2A1—=n)2G,, }&Jm(ér)de'; lcos (m®),

m=0

8

Oz _ wl f { (1—n) 9%0;3"'——2(‘1~n)ga_d§2_%} EJ,(ErdE }cos (m®),
0

B
i

f { n L9+ (1 —n)eaG,,+ L2k }é’fm+x(§r)d€

m=0] g

(3.27) °" = Z{

o0

-%f{n %+(I~n)§“0m— :

- } E3m—1(Er)dE } sin (m6),

"f.:i{ f { e +(1—n)EGy, +dﬁm}§"lm+1(€’)d§

m=0 L§

(=]

s f {n T T (—EGC, —

0

}é’f —1(8)d§ }Sm (mb),

where G, (&, r) and H,,,(& Z) are given equation (3.25). Thus the resultant dis-
placements and stresses are obtained by summing up the corresponding rela-
tions of (3.17) and (3.27) and are given as

,u’:url'!"u", uZ:u2’1+uza)
(3'28) | . Goz = Gézx + 0'92",, o-rz: 0’21+ 6723:
G,,=0zz,1+0Czz,
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The boundary condition (2.7) with the "aid:of (3.28) ,yield

(3.29) [égAl——Q’qE_,BL—(KA&;Q)/Q] [jm+1(§7)
— I r(EN)—EC [ Jp1(E7) + T —1(E1)] =0,
(624, —20EB,—(KAE2)/2] [/pa(Er)
+ It 1(EN)—EC [ S 1 (67)— s (E7)] =0
To satisfy the boundary conditions we assume C;=0 in equations (3.29)
and (3.30) and these will give
(3.31) By =(KAt=3/4n)— &Al,

where A, is a known function and defined in equation (3.6). Now the boun-
dary conditions (2.5) and (2.6) with the help of equations (3.28) and (3.31)
are reduced to dual infegral equations

(3.30)

S

(3.32) [&g@Enae=0, 0=r<1,
0
(3:393) [e@enae=F0). r>1,
where
E719(8) =(dn — 1)A,(&) + {(1 —MK/2n}A),
(3.34) : :
Fulr) = m‘]“)Pm() (=20 - f AEV(Er)E.

The dual integral equatlon (3.32) anp (3.33) have. been considered by No- ‘
ble {10}, Williams [11] and Lowengrub and Sneddon [12]. Putting B=1/2
v==m in the general solution of Low_engrub and Sneddon, we may take

(3.350) 2= (28 [tm (O] B,
1

where

3.35b t)= ["rEnlrdr

(3.35b) H,(t)= f s

The general solution of the problem is obtained by substituting the va-
lues from (3.35) into displacements expressions.

5. Solution for 'thé""two-point loading problem

As an example, we consider the case in which point forces of
magnitude P act at the points (a, 0, 0+), (a, 0, 0—), (a>1) of the crack
surface. Expanding the Dirdac function 8(¢) in- a Fourier series we find that
Fyr) and F,(r) can be written as follows
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4.1 Fo(z):Q%S(r—a), F (= :; &(r—a),
and' hence that ‘ | /
(42 HH= 2@ £)-12H(a— B, Ho(d)=Pa—"(a— )12 Hia—1)

where H is Heavy side step function. Thus we see that

r r
(4.3) fwzpa—lll fM .
1

V(r2—12) \/((r’z—tz) (a'z—t2)

Now, the two cases 1<r<a and r>a -must be treated separately For 1<t
<r<a, we have the equation

- y: z2mgt | 2
(4.4) f B Tk, B

(=8 @@=

. where
n/2 ' 0de

45) L N

(45) Lok, B)= f i

and

(46) ki=rla, Bi=sin~(1/n,

so that, in the usual notation for elliptic infegrals [13],; we have the formula

21 —n)P |
i(r, 0, 0)= 2K (k) — Fis, By)
(4.7) +2a Z({;) L(ky, By)cos (m0)], 1<r<a.

m=1

Similarly, if »>a we find that

. rzmH d "
f b, (Ot _Pan p By,

V(=)
where
(4.8) ky=ajr, PBy=sin"'(1/a),
so that
2(1l —m)P

ulr, 0, 0=V 1k (k) — Flky, By)

(4.9) +2r M (;) (ks Bo) cos (m®)], r>a.
m=1
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The integrals (4.5) can be evaluated numerically for any particular values
of m, k&, B.

The solution of this problem when temperature, flux and loading function
P(r, 8) do not depend on angle 8 assumes a much simpler form. By putting
m=10, the problem is reduced to a particular case of symmetrical loading.
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