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A rule of nonsymmetric anisotropic hardening

N.Bontcheva, A, Baltov, St. Todorov

1. Introduction

A lot of experiments exist which show that the yield surface
changes its shape if a preliminary plastic deformation had taken place. If the
preliminary loading process is followed by total unloading, the subsequent
yield surface of the reloading process changes, but keeps, more or less, its
symmetric form [7, 16, 10]. In the case of partial unloading, the subsequent
yield surface changes nonsymmetrically, moving in the preloading direction,
and obtaining an extruded part in the same direction and flatness on the oppo-
site side [1, 2, 3, 4, 5]. Such a phenomenon may take place in a structure
under complex loading. During the prescribed loading programmne, some regions
of the structure could deform plastically, undergo later a partial elastic unload-
ing and be later deformed plastically again. A theoretical model, describing
the case of a symmetric subsequent yield surface is given in [9]. A lot of
theoretical models exist, describing the nonsymmetrical character of the yield
susface [2, 5, 6, 7]. The aim of this paper is to propose a nonsymmetric sub-
sequent yield surface, for the case of partial unloading, based on the concep-
tion of a macrocomposite material structure. Metals, which are considered homo-
geneous on macrolevel, consist of two components on microlevel — the com-
ponent of grains and that of grain boundaries. Both components have different
mechanical properties. This microcomposite structure was discussed in [8, 9].
According to the mechanical model proposed there, microstresses appear in the
body, due to plastic deformation.

2. Thermodynamical analysis

Assume that the specific free enthalpy function z exists [14]. It
depends on the state variables: the stress tensor o;; and the absolute tempe-
rature 0, as well as on the internal state variables. We assume the plastic
strain tensor &f and the microstress tensor o}, to be internal state variables.

The microstress tensor of, is thermodynamically conjugated with the inelastic
strain tensor ey, which is part of the inelastic strain ¢#. We assume that a
one-to-one valued relation between o}, and &%, exists. We involve the function
Z=—pgz, where p, is the initial material density. The material is plastically
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incompressible (e2,=0).. In that case only the microstress deviator s¥=f (k)
appears. in Z. The considered model describes linear elastic and thermal pro-
perties, hence Z takes the form:

l
1) Z=-5H,;juS,/n+ 915 -+ a78,;A0,+ p4c 0, ln — Pl + Z,

where H,, is the elastic resistance tensor, the components of which are
the elastic material constants; a,=const is the thermal expansion coefficient;
cp=const is the thermal capamty coefficient ; Z, is the initial value of Z;
Aet_B —0,0, 0,y is the initial temperature distribution; S,—Sj-—S“ is the active
stress deviator [11]; s,; is the stress deviator; &; is Kronecker’s delta

- Isothermal processes are considered, i. e. A8;==0. The {function Z takes
then the form:

1
2 Z=5-Hiju 010+ [8ii— fileqles; + Zo-

The active stress deviator s, appears in Z as the real stresses, which are
acting in the infinitessimal neighbourhood of a body point correspond to the active
stresses o;=6,—

- The condxtlon that the thermodynamical process is admissible, leads to the
following three relations: ‘

aZ
3) ‘ eij::ac iikiOn &0 =8+ 80

Hence the assumption made in the model that the strain consists of an elastlc
~and a plastic part is obtained. :

0Z —
@) Py= =5, =-~--:-Mf,‘k,e;¢p M =

ij 6" iy

il :/_
08l
It is seen that the active stress deviator is thermodynamically conjugated with

the plastic strain tensor, which corresponds to the microstructural model of
the process.

®) \ u‘iu"‘Pu Eu— 311811 M; 1kl ehigl =5y € —s el =0.
1 = Mz}kl ehi

The analy31s of that relatlon in the case of partial unloading shows that

the assumption that &% is directed along the normal to the yield surface F=0
in the stress space, is in accordance with the second thermodynamic law. We
assume that the sign of the components of the inelastic strain tensor e}, coin-

cides with the sign of the components of the plastic strain tensor &Z.

3. Yield condition

The microstructural analysis of the model leads to the assumption
that the yield condition on macrolevel depends on the stress tensor o as well
as on the mlcrostress tensor o};:

(6) - Floi; ©%)=0.
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Taking into account that the yield condition must be an isotropic func-
tion of those tensors and assuming plastic incompressibility of the material
(e2,=0) and neglecting the influence of the invariants of an order higher then

two, F takes the form:
Q) F(siySip Sty 5,85)=0

where
1 1
8ij=0;— 50 8y S}, =04 — 0}, 5,

The experiments mentioned above [I, 4, 5] show that the change of the
form of the yield surface depends on the directions of the preliminary and of
the subsequent loading. In order to describe this phenomenon we introduce
the factor y:

®)

(Smn — S‘;wm)sumn

x =
1
\}T(Sii“ s?j)(sii_s;i'j)sll:l Sk

We assume a form of the yield condition (7) similar to the one, given in
[9, 10], but with the addition of a mew function ¢(y), taking into account the-
nonsymmetry of the yield surface during the subsequent loading:

9) FE’Q‘( szl’f'AS,/S XSy— %)(Skz—sﬁz)—lcP(X)'i‘T;]g:O
or F== []~—+ Azm [({)(X)+t;]’3=0

here /=55, Swe=Systy =t st

where 3——-—2—Si/ S:ij = 8;jSip 1311—-5—8‘.}.8”,

=8, j— ¥ S
Su=Su=5%ip X=[Ir,

There are a lot of published experimental data, which show that the yield
surface depends on the preliminary plastic deformation [14], on the preliminary
strain rate [15], on the actual plastic deformation [16] and on the actual strain
rate [9, 10]. Therefore it seems convenient to introduce the following invariants
as parameters of the process:

g

(10) yer,ﬂga er=e7

is a measure, taking into account the preliminary plastic deformation, which
had taken place in the time interval [, £/].

1
(11) Br= tf—tofJ e u Z, u—ei/'—"g'skksif

is a measure, taking into account the preliminary strain rate in the same time
interval.
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(12) ‘ y:\/7e§’/efj
is the actual plastic strain intensity, and

(13) B\ 2 oyéy

is the actual strain rate intensity.

The four parameters (10) to (13) build the arranged sequence n={y, B ¥, B}
and are parameters of the process. We shall consider only processes at which
B=const. The material functions A4, T;, as well as the coefficients of function
¢(y) are assumed to depend on m. ,

The rate of microstresses is given by the following relation [9]:

(14) siy= yYRe%+ Qe
where R and Q are material functions, depending on the parameters of the
process =. It is seen that microstresses develop as a result of plastic deforma-
tion. During an initial process, if there were no preliminary plastic deformations,
and if the yield limit was not .exceeded, microstresses do not exist.

Relations (9) and (11) yield the following expression for the yield harde-
ning factor 4:

(15) B = | RUZi+ QT+ F, 11|

where

Li=Ryey 1= *;‘Fu Fy Zu=S,Fy

aF - ~ 2Ap+1,)0" St |- i
S j= e = — 8§+ AX S--~—S‘.‘.)-—-——p— Kl el KITRE I RS [
i IH(‘U ij ”T “gu 2"5 i Qllfu ij

i~ 53',-*/
- oF — - Ao+t)0 [ - Zm—
Fy=z==sy+A%m ST, ST

L OF 1 ¢y 04 [0, 9%
FY“‘W“'Q—EIHW”‘Q((P'{‘TP)(W' Fy_)'

From a thermodynamical point of view, the plastic strain tensor‘r,{.’]., and
the microstress deviator s are internal state variables. The corresponding
equations of. evolution are the flow rule. :

(16) &8y = hF,; Fyy Oy

where

’ { 0 if F<0 or F=0 and F;o0,;=<0
1 >0
and equation (14).

The dependence of the yield condition on the invariant ¢ provides a possi-
bility to describe the following phenomena, experimentally observed: extrusion
of the subsequent yield surface -in the preloading direction, flatness on the
opposite side and existence or inexistence of a cross-effect. I
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To investigate the proposed yield condition (9) and to delermine the form
of the function @(x), we introduce a five dimensional deviatoric space, according
to lliushin [1 ] A deviator dj; transforms itsell into a flve-dxmensnonal vector
d;, (I=1, 2,..., 5) according to the expressions:

(7 dlz\f—g— diy dy=\T (dogtdiy), dy=Td d,=\Zdy
da’):\/?d&-
The invariants which appear in the yield condition then take the form
(18) I =255, Tm=sish =t stst
The yield condition in that space reads:
) 1 1 *
(19) . F=g(si—s)6E—s)+5A[(si— )P —[e() +1,17=0
| . M. o |
e N \/E_JF’ISI';(S%
or
(20) F;?dIJSISJ“‘}‘?g]S[‘F(g:O‘
where
&’/J—‘Z(SJ*‘AS )
(21) By=—dd 8

If o(y)=const, ¥ does not depend on s, and (20) is a second-order surface
in the five-dimensional deviatoric space [18]. 1f det | o/,,| -0 this surface has
a centre of symmetry Ov, given by x9:

(22) x‘}\.: —'M} By= A )A 8= 8, ,S“~—S“

Obviously the microstress deviator defmes the centre of symmetry of the
second order surface F=0, if ¢==const, This centre does. .not depend on %,
i. e. on the value of ¢,

Translating the coordinate system in the centre of symmetry s,=s,—s,
we obtain the equation of the yxeld surface in the five dimensional active
stress deviatoric space:

(23) F=uol,5,5,+%=0, €=—[o(x)+1,|"

If ¢=const, this is a central second-order surface. A necessary and suffi-
cient condition providing that this surface does not degenerate, is (24):

o, 0\ -
(24) . o det 0 @ = —MAghgh As€ =0
where A= 1, 2. ., 5) are the eigenvalues of the matrix <, 5. The assumphon

made above ensures. that A;==0. Then C=0 must be fulfilled, or Q)F -1,

74



According to Drucker’s . postulate [14], the yield surface must be closed
and convex, This will be fulfilled if (23) is a hyperellipsoide at ¢== const.
This requires A,>0, (/=1, 2,;...,5). In the coordinate system, coinciding with
the main directions of the matrix «/;,, the equation of the hyperellipsoide
reads: ‘ v '

557 é? /my..t,'r
(25) Pl :i— = ], a% = 7\‘1\

—

I= A ,
. Introdu‘eg,‘a spherical coordinate system (7, 9, 9, 93, 9,) with an origin
coinciding with 0,: o
| Ei=rcos 9, cos 3, cosd;cos Y, =rd,
o= rSint 9y cos Y, cos Y3 cos 8, =rd,
(26) Eg=rsin 3, cos 93 co8 § ==rd,
£ =rsinY; cos Y, =r@, ‘
Eg=rsind, =rd,,
Eqn. (25) then takes the form:

Y
4 %,
el
) I==1 4

Obviously r<t, corresponds to an elastic deformation and r==1, means that
the yield limit is reached. At a fixed direction in the five-dimensional devia-
toric space and at a given value of A, the yield limit depeuds on the term

¢*=¢--1,=\—@. The factor x then takes the form:

1 1 1 | .
\/?5:,3;,\/“2— k&l \/‘5‘“’1 e, \/‘5“&'}(5,“(

where &y represents the vector sh in the new coordinate system. It is seen
that y does not depend on #, i. e. eqn. (25) may be solved with respect tor
and take the form (27) even-if @(y) = const, in which case (20) is no more
a second order surface. In the. five-dimensional deviatoric space the factor y
represents the angle closed between the vectors-§, and &

At the beginning of the process, when no preliminary plastic deformation
existed, s¥==0 and Z;;=0, s;=s;, - =1 We assume that in this case ¢=0
and v =10 is the initial shear yield limit. The yield condition (9) coincides then
with the Mises yield condition. Plastic deformation originates microstresses s4==0
and the initial Mises surface translates, rotates and deforms. On the basis of the
assumed two-component material structure on microlevel and the experimental
data for the shape of the subsequent yield surface, we assume that the latter
consists of three regions. Two of them are parts of two concentric hyperellip-
soids. The third region is a smooth convex transition hypersurface. The range
of validity of the regions is determined by the factor %, the extreme values
of which are 2 and —2. We shall take function ¢ in the form:
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o, =const if 3, <y=<2 I region

(29) =19 (1) if xp=<y =<y, NI region
@,=const if —2<=y=<y, Il region.
Region [ is part of a hyperelipsoid with diameters a?,:-gf’;;ff—. Region
: 1
Il is part of another hyperellipsoide, concentric to the first one, with diameters

b2= (—T—”ﬂ. Region IIl is a transition hypersurface of higher order. The fol-

x
I
lowing conditions must be fulfilled, in order to ensure a smooth transition:
do
O(x1)= 91 T b,
(30) X Ix=%
g¢
0(%2) = P2 L =
4, The plane stress state
Let us consider the two-dimensional case of plane stress state
| o0, 0pF0, Op=0y=0y=0,3=0
) ohh0, A0, Of= ot =ty oty =0

The five-dimensional vector of the active stress deviator turns into a:twodi-
mensional one:

- 5 - -
(32) Snz\/—g o Sa=V265
The corresponding invariants are:

2 1=2 =2 1 5, =2
";‘: 70111‘-612:7(8?“}- $2)

(33) =L ol + o= (st s5")

Zi= 2(%6110'?1 +5120‘i‘2) =35, 8% +525%
and the yield condition (9) takes the form:
@49 F=(1 +2Ack o, +(1+ 240t otz + 1 Aotiol B —[9(x) + 512 =0.

In the case when @=const, this represents an ellipse in the (o, ©19)
plane. The centre of the ellipse is 0%(c%, of,). The diameters are:

V2 (1,+9)

i 16
2 2
NSz o+ 5 anatfot

(35)
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where P
S=—5+-gAct+24c};
2

2 > 2
P=——+ ﬂ9~Acr;*1 — QA ol

They are rotated at an angle 6 to the Ouoy; axis:
240, o}y

36 tg 5=
(96} o — 144 Aof —3ot}

Introducing polar coordinated

S2 V3 o1y
S on

s;=rcos9, tg9=

37) 1
s=rsing, 72 =si+ =25 oh+oh)

the invariants take the simple form:

(38) H;: _17’,2’ “iu: ,lf“, Zim=rrtcosH

2
where

’gauQ 2 [ 2 2
8:-=9— 9%, th“:‘lwul, P2 o=y,

The factor y is then
(39) =2 cos8.
The yield condition takes the form:

(40) , 22l
I Ey e
In the (&, &) plane (fig. 1), where
41) 5;=8,c08 9*—E,sin 9, s,=&; sin 4+ &, cos 9
~ the yield condition reads:
Suz ‘Ll” .
(42) =1 +Ar””)§f+—;—(1 —%—A—‘Wi) g2—pr=0
where

P*(x)=0(X)+ Tp-

At ¢*=const eqn. (42) is the central equation of an ellipse. Its diameters are
given by the expressions:

2(9“ . 2(0*"2

2____ ¥ 2 F— SRR - AN

(43) ay= I+ Am * 9 = 5 Slllzs’;
1= g4
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The ratio of both diameters is

2 M
2 1+A
() A
1 2 %1 %2
I=gd

At a given preliminary plastic deformation, described by s% and s%, this ratio
depends on the material characteristic A. The requirement that (42) should be
an equation of an ellipse yields the restriction for A:

3+
(45) PN E o —l._l_i.
2stsh r
5. The one-dimensional stress state
In the case of a one-dimensional stress state:
011 F0, Op=0y=0py=0py=0y3=0
(46)

) L | S | o .
oy 0, of, =037 O1p= 03 = 013 = 0

the yield condition reads:
1 2 2 \2% ¥,
(47) F:":”E’(l "'TAUF] )0‘121‘[‘?()()*‘7#]2:0
where B
2 sign (o,,01)
and according to (29) 9 =¢, at x=2 and ¢-=@, at y= —2. The yield condition
(34) takes the form:

— e+t . — :
(48) Oy == ——5——— sign (oy,01)
1+—3—‘ Ao‘i‘f

6. Determining the material characteristics

The method of determining the dependence of the material charac-
teristics 4, R, Q, ¢;, ¢;, and ¢*(x) on n in the case of statical processes
(B,=B=B,) will be given. Experiments with thin walled tubes under tension

and internal pressure at different values of n are necessary.
Assume that the microstress tensor is coaxial with the plastic strain tensor.

As a result it follows that R:% at fixed values of 7, The equation of, evp-
lution (14) leads to:

T -
sii= YRei1 + Qeiy

iy E g ;

sla= yYRel>+ Qely

. . . . sty . .
The experiments inust be realized at a constant ratio m=—. The integration

"
of (49) yields:

(49)

S12
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y
sh—st, = j (Oerdy + Qder,
(50)
J‘ (—43” dy+Qde? )
T

Substituting in (50), the relation sﬁ&zz%{sgl we obtain:

(51) Sty =m fy(—"ep dy+Qdep,).
Y

The comparison of (51) and (50), shows that e? :me{2 The plastic strain inten-
sity is then y=\/6yer - 4ef,=le?, where /= 6(1 , ) The relation (51) tak-
my

es now the form:

(52 sp—s = j Vi Ly + f Q- dv =+[ 4@~ -H@r—0umy)
n

or
(53) st 1= Qn N1

The function s must be experimentally determined. Then function Q and

R:SQ are obtained by means of (53)

The axis of both ellipses, a; and bl, as well as the ratio k~~j-“'f,’ and r*

(fig. 1) are to be obtained by means of the least square method, using expe-
rimental points in the (o,,, 0y,) plane. Then we determine

*_ka‘ % kb1 k21
(54) ¢, —5, Py = —E, = Sf =r*cos
where
V3 ol
O =arc tg—>-
o}y

We assume the transition curve of region Ill to be a parabola in the
(&1 &o) plane (fig. 1):

(35) (814 aBo)’+ 268, +2c8y + d==0.

The coefficients a, b, ¢, d are to be determined by the condition that this
parabola passes through two experimental points A, and A; of region Il and
is in the same time tangential to both ellipses at A1 and A, (fig. 2). An itera-
tive procedure may be applied, prescribing point A;(§Y, &) and moving it
along the first ellipse £, till the tangent to the second ellipse £, at point

A(ED, &D) coincides thh the tangent to the parabola at the same point.
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Point A, is determined as a point of intersection of ellipse £, and the para-

bola. The regions are determined by

(56) Bi==t=s Be=g

where

Using (40), (55) and (39) we obtain the function ¢*(y):

] BN s
(57) R e wr v

where
x:—%—[ﬁ(l—- (;2) +2(l7(\/4—12+ 4619]

By=-y(bx + c VA=)

Cx - d
N la; ya
P \\ LQ/.
~s 7
0, b
3000} ) ;
region t
2 Q
2000
1000 |-
i
./(&'5“ a5
v' 1 14 1
8 1000 2000 3000
Fig. 3

From both signs in (57) that one is valid, for which

(58) A+ By = i\/Bz% — ACx < Ayr, By
is fulfilled.
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The values of o, ¢,, A, s, R Q, x5, % as well as the coefficients a, b,

¢, d are to be determined for different values of the process parameters 7y,
and y. Then by means of the least square method the functions ¢,(v, v)

Y V) Ala 1) (¥ ¥ R(¥w 1) QU ), 7&1(“/_11- 1) %V V) AV ¥)s O(Yp 1),
(v, ¥), A(ys 7v) are to be found.

7. Namerical example.

In order to illustrate the proposed nonsymmetric anisotropic
hardening rule, experimental data published by Phillips [5] were used. Aliu-

4000 -

o

2000

1000 +

7/
/
1 # oo
/ \0 60 . ’ s

0 1000 2000 T 3000 N
e

Fig. 4

minium specimens were plastically deformed at o% -=o},=5,6 kN/em? and
s{’ll=0,001763, afgh:0,009769 and then partiallv unicaded. The7following para-

meters were obtained for the subsequent vyield surface at the constant values
v,=0,009848 and y=1v,+0,002=0,011848:
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9 =60°, A=0351.10"% cm*/N?
54 =0,1905. 10* Njcm?,
@;=763 N/em? ¢@,=1310 N/cm?, yx;=0,4497, xo=—1,3006,
9,=137°, 9,=190°, a=0,2277, b=0,6385,
=206,75, d=—>5,70.10° N/cm?,

Fig. 3 shows the yield surface, as well as the experimental points. Fig. 4 shows
the same surface in the (s,, s3) plane. According to the assumed model, the
yield surface in that plane is symmetric with respect to the preliminary loading
direction. Both figures show a good approximation of the experimental points
by the theoretical curve.
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