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1. Introduction

Wellknown theorems of Melanand W. T. Koiter [1] allow to
estimate the ranges of variation of loads allowing for adaptation (shake-down)
of an elastic-plastic structure. The theorems have been demonstrated under
assumptions of geometrical linearily of tke structure and unlimited deform-
ability of the material. Yet the hithertoresults of the shakedown theory do not
give any bounds on deformations of a structure which has been shaken down
to a given load program. Therefore some doubts may arise concerning validity
of the theorems when they are applied to actual structures.

The paper presents a procedure which reduces the problem of the displace-~
ments estimation to a problem of mathematical programming and thus pro-
_jects some light on the validity of the shakedown theorems in practical prob-

lems. The discrete description of structures is employed, following papers by
G. Maier [2, 3].

In our considerations we assume that the solution of the classical shake-
down problem is given. Namely, that, for a given structure and a given load
program, we know the safety factor s against inadaptation as well as an ap-
propriate field of time-independent residual generalized stresses as required by
Melan’s theorem are known.

The loading program is assumed to be possible to be described by a
finite set of linear load parametrs w; [6], such that

(1.1) pr<wy<ut, i=1,2,...,2

and such that all the elastic generalized stress states QF admitted by this pro-
gram may be presented as linear combinations of the partial stress states

QEi, i=1,2,...,2 associated with the respective load parameters:
4
(1.2) Qr='uQ%.
=1
Analogously, the state of elastic displacements uf is the linear combination

z
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Now let us construct the following 2% generalized stress states:

(1.3) QD 'gQ %
i=1

where 8;=u or fi=pu;f arbitrarily and let the integer variable a=1,2,...,2?
numerates all these states. This assembly of Q% suffices to describe all the
possible states of elastic stresses QF. ‘

2. Basic Relations

We consider a structure as a finite assembly of n elements con-
nected and interacting at special points called nodes. The elements are suffi-
ciently small to assume their stress and strain states to be homogeneous within
each element. The states are thus described by generalized stresses Q% and
generalized strains ¢% k=1,2,...,n; i=1,2,...,v. The external loads Fj,
s=1,2,...,m act exclusively at nodes and the respective displacements of
the nodes in the directions of the loads are u,. Every element is assumed to
remain completely in one of the two admissible states: elastic or plastic.

To make formulas as short as possible let us introduce the following
quantities:
M, g, pt — vectors of current, minimal and maximal load parameters [2X[];
F — vector of nodal loads [mXI];
u — vector of nodal displacements [mXI];
Q — vector of generalized stresses [onX[];
q — vector of generalized strains [vnX[];
QE — vectors of extremal elastic generalized stresses [vnX[];
a — rectangular matrix of compatibility [mXon];
A — nonsingular, positively defined, square matrix of elastic moduli
[vnX vn];
K — vector of plastic constants [pnX/[];
L — rectangular matrix [pnXwon];
A —vector of modes of plastic strains [pnXI].
Note: numbers in brackets show the appropriate numbers of columns
and rows.
Now the basic relations may be written as follows:
equilibrium equations

(2.1) F=aQ"
compatibility conditions

(2.2) q=a’u
Prandtl-Reuss assumption

(23) q=q°+q”
Hooke’s law

24) qf=AQ or Q=A"Yf
linear yield condition

(2.5) LQ—K=<O

associated flow rule
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(2.6) qP=L7A
active loading criterion

(2.7) [LQ—-K]A=O.

3. Displacements Decomposition

The generalized strésses may be presented as
3.1) Q=Qf+QR

where aQR=0 and QF is the solution appropriate for the perfectly elastic
structure.

Thus the generalized strain may be decomposed in the following (gene-
rally not unique) way:

(3.2) q-—qFE+qR+-qV + gM
where

(33 Q"% =AQ%; qR=AQR
and there exists such u# that

(3.4) q" =a’u™.

As QFf is a solution of a problem of elasticity there exists a unique vector
uf such that

(3.5) qfE=qTu”

Thug there exists a vector u® such that

(3.6) R+ qV=qurv,

According to (2.4), (3.2), (3.3), (3.6) we can write

(3.7) aA T uRY = qA-1gY.

This system is uniquely solvable with respect to u®¥. The solution is
(3.8) WV =[qA "o’ "aAT ¢V =CqY, ClmX vn].

The uniqueness of this solution results from the uniqueness of the elastic solu-
tion of the structure.
Then the respective residual stress is

(39) QR=AT"gR=A""[a"ufN—qV]- A" [a’C—1]qV=-Dq", D|[mX vn].

4. Melan’s Theorem

The static shakedown theorem may be now formulated as follows:

if there exists a safety factor s>>1 and a time-independent vector QR of resi-
dual generalized stresses such that for every a=1,2,...,2?

1) LQE+LQR = K
then the structure shakes down and the total energy dissipated may be esti-

mated as
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(4.2) W, = [ [ oy LdVidt= [ Qladt =" (QRTAQR—a.
§ v 6

According to (2.6) the energy dissipation may be written down as
(4.3) Q7q"— (@7)"Q= (L")’ Q=A"LQ=A"K
and the tfotal energy dissipated as

(4.4) Q7q? dt=ANK.
J

Since demonstration of the theorem follows from the wellknown considerations
of the energy functional % (QR—QR)A(QR—QR) trere’is no idea in repeating

it here [1], [4].

The fact that the total generalized stresses Q must satisfy the yield con-
dition (2.5) imposes some additional limitations on the range of possible actuat
residual generalized stresses QF. Namely the inequalities (2.5) give

(4.5) L[Qf+ Q7] =K.
Thus, for all a=1,2,...,2%:
(4.6) LQR<=K—LQ*,

If the load program is taken with the safely factor s then,instead of (4. 6) the fol-
lowing must be taken:

(4.7) LQR ______ QErt

5. Displacements Bounds

According to the formulas (3.4), (3.5), (3.9) a total displacement
at a node is the following sum:

(5.1) Us=ttE - u¥ - b,

The problem of bounds of the u, component is a problem of maximum
(minimum) of the u; as of a linear combination of the following variables:
wll=1:2 s BB, (=12r o 1), ), (i=1,2, ., B & (b=)s Do, TE)
However, the ¢¥ variables may be expressed by Z; (2.3), (2.6), (3.4):

(5.2) qV=L7A—aTuM
Thus the problem under consideration may be formulated as follows:

F4
find max (min) us= Zw/ul-uf" 4 uM - C[LYA—aTuM]

i=1
subject to the following constraints:
p<pt,
n=u,
AMK<aq,
A=0,
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(5.3) LD [L7A—a7u"] =K — LQZ-.

Standard procedures applied in solving linear programming problems usually
contain requireing all the variables to be . non-negative. To satisfy the above
condition it suffices to introduce the following new variables:

(5.4) p=p—p—; uw=ut—u"

where ut=0, u==0, u=0.
Now the problem w111 take the form of:

2
find max (min) u5=2[z,~uf"---_>:“ ublput —u -4 CIL"A—a" (ut—u™)|s
i=1 i=1

with the constrains:
p=0; ut=0; u =0; A=0; AMK=a;
(5.5) ;Tgp*‘w- w5 LD[LA—a”(ut-—-u")] gK—é» LQE-,

Now the problem fits into the classical scheme of linear programming and any
standard procedure may be used to solve it.

6. Remarks

The main idea of decomposition and estimation of deflections as
applied to framed structures was presented in [5].
A problem of exactness of the results is a problem of applicability of the
finite element method to elastic-plastic continua. This problem, however, has
not yet been solved.
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