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ABSTRACT: The paper proposes a new Methodology for determining the
safety zone of a structural element in the load space. To calculate the load-
bearing capacity of the selected composite structural element, the Approxi-
mate Computational Model (ACM) created by the authors is applied, adapted,
and extended for strength load-bearing capacity. The structural element is
reinforced on both sides with a reinforcing substance and subjected to over-
loads (loads above the permissible norms). Through appropriately selected
dimensionless parameters, a load space is built, and boundary surfaces of load-
bearing capacity are built in it. These surfaces enclose the required volume
safety zone.

KEY WORDS: reinforced structural elements, overloads, safety zone, load
space, load capacity.

1 INTRODUCTION

Nowadays structure overloading is a common phenomenon mostly affecting indus-
trial structures and resulting in accidents involving damage/fracture and casualties.
The most common unfavourable factors yielding eventual overloading are: (i) tech-
nological - due to the insufficient reconstruction funding, and/or delayed manufacture
and supply of structural components; (ii) climatic - due to wind or heavy snowfall,
earthquake, etc.; (iii) accidents- explosions, fire, etc. Hence, one needs to assess the
resource of construction load-bearing capacity and to find the limit loads of its safety
performance.

The load-bearing capacity of a structure/component can be lost under various im-
pacts: (i) overloading due to an externally applied force, which exceeds the strength
of the material or that of some of its components (basic material or reinforcement)
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when considering a composite material; (ii) material fatigue due to persistent vi-
brations; (iii) stability loss or subjection to inadmissible deformations due to other
factors. We treat in our study the violation of material strength under mechanical
overloading due to an external force, only.

Consider diffusively reinforced structural components consisting of a concrete
core and a high modulus reinforcing material deposited on the surface. Note that the
initial material can undergo loading to a specific limit called safe loading. Assume
now reinforcement-induced material strengthening. Then, the material can undergo
loading higher than the above limit without damage/fracture. We call that loading
safe overloading, and we propose a new method of identifying a safe overloading
zone within a specially introduced load space.

Consider now that a structural component loses its load-bearing capacity under
violation of the strength (tensile or compressive) of the weaker material (concrete
in our case). We select in our case study a specific structural component — a can-
tilever beam, undergoing a longitudinal distributed loading yielding bending. It also
undergoes axial compression due to an axially applied force, Fig. 1(a).

There are various methods of application of reinforcement known in the liter-
ature. We consider herein a diffusive deposition of reinforcement on the material
surface, whereas data on material load-bearing capacity is scarce. However, the tech-
nology of surface reinforcement is much more reliable than that of reinforcement
using a folio [1,2]. It is proved that folio debonds comparatively easier under over-
loading, while the diffusive reinforcement yields a smooth and solid bond between
the reinforcing layer and the substrate, where a transition bonding area emerges in-
between, [2—4]. The result is that the composite material thus obtained turns stronger.
We use an approximate computational method (ACM) designed in [1] to calculate the
load-bearing capacity of the composite structural component. It is adapted such as
to estimate the material load-bearing capacity. We consider static loading, reducing
some dynamic impacts to static ones in conformity with the normative calculation
documents Eurocode — (1-8) [5]. Loading is assumed to be simple from a view-
point of structural mechanics [6]. We design a load space via suitably selected non-
dimensional parameters, thus drawing limit surfaces of load-bearing capacity loss.
They bound a zone of so-called safe overloading.

2 CALCULATION MODEL
2.1 ASSUMPTIONS
1. A basic concrete core and thin transition areas between concrete and the rein-

forcing material, emerge because of a diffusive reinforcement of the structural
component, Fig. 1(b).
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The plane cross-section hypothesis holds within the concrete core [6].

3. A quadratic approximation of the distribution of the material mechanical prop-

erties is assumed within the transition areas.

A quadratic distribution of the linear normal strain is assumed within the tran-
sition area.

5. The stress and strain transition are smooth through the transition area.

6. Strains and displacements are small conforming to the linear geometrical the-

ory of deformation.

The structural component deforms linear-elastically.

8. Concrete tensile/compressive strength is the measure of the load-bearing ca-

2.2

pacity of the structural component [2].

Loading is simple — static [6].

GEOMETRY MODEL AND LOADING

Model geometry is shown in Fig. 1, introducing a coordinate system Oxyz while axis
x runs along the beam axis.

The cantilever beam is bilaterally reinforced, its length is /, and its cross-section
is rectangular — b x h. The thickness of the concrete core is 22y, and z;, = h/2 — hp,
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Fig. 1: Geometry of the model: (a) cantilever beam; (b) Cantilever beam cross sec-

tion.
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while h g is the thickness of the transition area. The beam undergoes an axial load P,
and a uniformly distributed bending loading with intensity ¢ yielding moment M (x),
x € [0,!]. The axial load P yields normal force N .

2.3 FINDING THE NORMAL STRESSES IN THE CONCRETE CORE IN
THE PRESENCE OF REINFORCEMENT AND A TRANSITION AREA

The load-bearing capacity of the concrete core is found accounting for the distribu-
tion of the normal stresses applied to the cross-section of the structural component.
A linear-elastic behavior of the structural component is assumed (Assumption 7).
Hence the superposition principle holds, i.e., normal stresses within the concrete core
for z € [—zr, 2| read

(1) oy =0y (M)+o0, (N7),

where o (M) is the normal stress due to the distributed load with intensity g, and

o (IN7) is the normal stress due to the axial load P.

2.3.1 NORMAL STRESS DUE TO THE DISTRIBUTED LOADING

) oE(M) = Egef(M),

T

where ££(M) = xg2, for x, = M (z)/Kj; — curvature of the elastic line of the
reinforced cantilever beam, K7j is the cantilever bending stiffness accounting for the
reinforcement and the presence of a transition area.

The bending stiffness has the form [1]:

h/2 3
Kji=2b / E(2)2%dz = ;bz%EB —i-QZKihl}z
] i=1
for
K = %(QEB + ER), Ko = _LhQ(E’EB + Er), K3 = £<3EB + EER)’

where F'p and FR are the elasticity moduli of concrete and reinforcement, and hp is
a model parameter found employing the method specified in [1].
The maximal tensile stress within the concrete core for z = —zy, is

3) ot (M) = Epxazr -

The maximal compressive stress within the core for z = 2y, is

4) o, (M) = EpxzzrL -
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2.3.2 NORMAL STRESS DUE TO THE AXIAL LOAD

(5) o;(N~) = —Epe,

x x

where ¢, = P/K{, K;' is the axial stiffness of the cantilever beam which accounts
for the reinforcement and the availability of transition areas.
The axial stiffness has the form [1]

h/2
2
K;=2b / B(2)dz = 3bep Ep + 20ha(Ep + 0.215AFp),
0

AEp = Ep — Ep.

Thus, we find the normal stresses within the concrete core accounting for the rein-
forcement and the transition areas via stiffness K" and stiffness K.

3 STRENGTH CRITERIA FOR CONCRETE

In this work, to quickly assess the load-bearing capacity of the cantilever column due
to external impact, it is assumed that the cantilever beam loses its load-bearing capac-
ity only when reaching the maximum transverse permitted tensile and/or compressive
stresses. The beam-cross section at the beam fixing point x = [ is a vulnerable cross-

section where the bending moment is maximal, i.e., M (l) = %Ql, Q = ql. The
cross-section of concrete at which the normal tensile stress is maximal is at z = —zj,,

while the maximal normal compressive stress occurs at z = 2y, Fig. 1(b).

To attain the admissible limit tensile strength of the concrete core, one needs to
apply an external loading () that would yield tension close to the concrete limit tensile
strength. This requires a specific ratio between the external loads P and Q).

Based on these considerations we introduce the First criterion for the load-bearing
capacity of the cantilever beam.

+ _ Lt
(6) OzL = 9B per’

+ : : + + o+
where o_; is the maximal normal tensile stress of concrete, 0, = Epe ;, €, =

M(l P
0 ZL— —; 0%
Kﬁ KI* per
UEC /CT, O'EC is the limit strength of concrete under tension, and C is a general-
ized safety factor under tension found following the actual normative requirements
Eurocode [5].

+ —
Bper —

is the admissible limit tensile stress of concrete, o
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Redoing Eq. (6), we find the following form of the criterion:
Ql P ) "

g =0 .
* * B per
2Ky K;

) B (

We can apply the newly proposed method to a wide range of strengthened struc-
tural components fabricated from various materials. The non-dimensional form of
Eq. (7) reads finally

3) aqq — app = ar,
_ +
Qol*z, _ Q P _ P OBper ..
where a, = (= A0y = —, D= —, a1 = , while ()¢ and Py are
1 2K} Q" K PR Ep

normative loads, and ¢ and p are relative overloads whereas () > Qg and P > P,
iie.g>1andp > 1, while z;, = 21 /I.

It follows from Eq. (8) that @ and P (g and p respectively) should obey the
condition

)

a
> P

h=TIES]]

Qq

to realize tension.

The second criterion for loss of the load-bearing capacity of the cantilever beam
states that one should exceed the admissible limit compressive strength of the con-
crete core. The latter is found using the elasticity limit of concrete and a respective
safety factor:

where o is the maximal normal compressive stress of concrete, |0, ;| = Egle, ;|

M(l - . . o . _
el = K(*) zr+ T OB per is the admissible limit compressive strength, o 5 per =
1 I

g . T . _ .
—BP p 1s the elastic limit of concrete under compression, and C'~ is a gener-

alized safety factor under compression found according to the actual normative re-
quirements Eurocode [5].
Expanding Eq. (10), we find the following form of the criterion:

Ql P _
(11) EB<2KI*IZL+ KI*) = (05 perl -
It reads as follows in a non-dimensional form:
(12) aqq + app = a,

where an = |05 .|/ EB.



Ana Yanakieva, Anguel Baltov, Gergana Nikolova 357

4 LoAD SPACE. VOLUME SAFETY ZONE

In terms of simple loading (Assumption 9), overloads (P, ) exceeding the normative
loads (P, Qo) should depend on one parameter. In our case both loads are due to
one and the same impact. We introduce a dimensionless load parameter £ expressing
the cause for the overload. The values of parameters P and (), and which of them is
the higher one, are determined for each case. The probability for P to overload the
structure is v, € [0, 1] while that for @ — v, € [0, 1]. We assume v, and v, to be
independent probabilities. Based on this assumption, we can present loads P and ()
as

(13) P = ’UpP0§7 Q = UqQOE .

Design a load space II = {v},,v,,&} determined by the three non-dimensional
positive parameters v), v and &. Introduce a Cartesian coordinate system Ouv,vgé,
and consider the first octant where the real parameter values are positive, Fig. 2. De-
fine an admissible set Do = {v,, € [0, 1];v, € [0, 1]} in the plane Ov,v,. Map limit
surfaces & = &1(vp, vg) and & = & (vp, vg) over it. They cross each other along a
curve denoted by £*. In this way, a discontinuous surface is defined as follows:

(14) &r = min(&, &) -

Fig. 2: Loading space. Volume safety zone.
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Surface £y and the admissible set D¢ outline the volume safety zone Vi of the
operation of the structural element undergoing overloads. It can be found from the
following:

11
(15) Vo = //ff(vp,vq)dvpdvq.
00

To determine V¢ it is necessary to find functions &, &y and £*.

4.1 DETERMINATION OF & AND &yp

We introduce in (13) the relative loads p and ¢ as follows:

(16) P=vp8, §=1v4E.

Substitute consecutively those new forms of the relative loads p and ¢ = v,§
in (8) — the criterion for load-bearing capacity loss under tension, and in (12) — the
criterion for load-bearing capacity loss under compression. Then, we find:

e For tension

ag
(17) bd=—"—"-.
(qVq — ApUp
The condition of concrete core tension — inequality (9), takes the form
v a
(18) £ >4
Yg  Qp

Note that if v, = v, then & — oo in (18), Fig. 2.
Qq
bullet For compression

(19) fn=—""7"-"".

4.2 DETERMINATION OF &*

As mentioned above, the curve £* is defined by the intersection of the two limit
surfaces and determined for & = &jp. Its equation reads

ay an
(20) = .
AqUq — GpUp AqUq + apUp

Equation (20) can also be represented as a ratio between probabilities

@1) Vg _ ap (1 +an).
vp  aq (an — ar)
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Expression (21) is positive since aj; > ay, and concrete tensile strength is lower
than concrete compressive strength, O'E per < 10p per|.

Thus, the volume safety zone V> is determined.

We can calculate £ using Eq. (12), and knowing beam geometry b x h, [, thickness
of the transition area h g, the limit admissible tensile/compressive stress for concrete
(o} per> O per)» NOrmative loads (Fy, Qo) and probabilities (up, vq). We denote the
value of £ in this specific case by &,, Fig. 2. We find in space II the limit point
&fa = min (py, &) of surface & = min (&, &n). When &, > &, the cantilever beam
has lost its load-bearing capacity, while the overloading within the safety zone is
admissible when &, < &, i.e., the beam has not lost its load-bearing capacity. One
can assess the reserve of the latter via parameter ¢ specified as

_&—¢
&
When analyzing a particular structural component and expected overloading, we

can recommend a particular reinforcement of the component assessing the zone of
overloading and accounting for the strength requirements to the structure.

(22) Rc %.

5 NUMERICAL EXAMPLE AND RESULTS

The presented methodology for assessing the bearing capacity of surface-reinforced
concrete structural elements will be illustrated on a concrete cantilever beam. The
cantilever beam is diffusively and bilaterally reinforced with a polymer composite
containing nanoparticles [3]. The geometric and mechanical characteristics are as
follows:

e Geometric: b=20cm, h = 30cm, ! =400 cm, z;, = 14 cm, hg = 1.0 cm;
e Stiffness of the beam: K7 = 2.062 x 10° N, K}; = 16.4 x 10'Y N/em?

Mechanical characteristics of concrete:

Ep =35 x10°Nem?, of; . = 300 N/em?
opp = —2500 Nfem?, o = —1000 N/cm?

Mechanical characteristics of the reinforcement [3]: Er = 30 x 10° N/cm?.

e Normative initial loading [7]: Qo = 8O N, Py = 2 x 103 N.

To determine the volume safety zone, we follow the sequence of operations de-
scribed in the previous Section 4:



360 Safety Zone within the Load Space of Ditfusively Surface...

1. Introduce load space II and consider the first octant of the Cartesian coordinate
system Ovpv,€.

2. Map the limit surfaces &;(vy, v4) and &n(vp, vy) over the admissible set Dc,
(15) and (17).

3. Determine the cross points of the two curves & and &g, i.e. & = &y = £ for

Uyi» and vp; = iAvp,. Their set maps a curve ™.

4. Using (15) define the volume safety zone V.

For a better understanding of the presented methodology, we will find the volume
of the safety zone using another technique. It will clearly show how the structural
element operates at each point of the loading space subjected to loads exceeding the
normative ones, i.e., overloads. Being like medical scanning, this technique will also
help to find areas with specific properties.

For this purpose, we cut the load space into plane sections Ov,, by a step Av. =
0.1(vp; = iAvp, i =1,2,...,10). Each of these sections is bounded by &;(iAvp, vg),
and there is an intersecting curve between them &* = & = &y.

The results for ten sections are shown in Fig. 3.

It is important to note that the choice of step Av, = 0.1(vy = Auvy, i =
1,2,...,10) is computational, and it depends on each specific selected structural
element. Summation of sections Ov,, yields an approximate V. To refine its value
we look for that probability interval, which is located between the starting and the end
point of the intersection between &1 and &y, and which one belongs to the originally
introduced interval — {v,, € [0,1]; vy € [0, 1]}. At these points, the structural element
is subjected to both tension and compression. Thus, we find the new real interval
probabilities — {v;, € [0.05,0.76]; v, € [0.07,1]}, Fig. 4.

The volume of the safety zone is defined as follows:

(23) Vo = Av, (Z Sit+ Y Sm-> , n=1,23ldots,
=1 =1

where the choice of n may be different for each structural element, while Sy; and Sty;
are areas under the limit curves &; = min(&y, &m;), Fig. 5. They have the following

form:
& 1

St = /‘fli(vpavq)dvqa S = /Eni(vp,vq)dvq-

0 &
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Fig. 3: Plane sections in the volume safety zone.
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Fig. 4: A plane section containing the starting and end point of the intersection be-
tween &1 and &y
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O U* 1

qi

Fig. 5: General view of the section of the volume safety zone.

Figure 6 shows curve protection in (£*, v;) obtained from the intersection of the
two limit surfaces. In its physical sense, it can be called “The curve of equalled
strengths” because it is the curve along which we reach the maximum allowable
strength values, both in tension and compression.

2000
1500 [
& 1000}

500 -

0.0 0.2 04 06 08 1.0

Uq

Fig. 6: The protection of the curve of equalled strengths in plane (E i v;).

Table 1 shows the calculation results.

To calculate the coefficient of the bearing capacity reserve Rc we consider for
instance section v, = 2Av, = 0.2, Fig. 7. We also consider a specific overloading
&2 < &gy in the volume safety zone and calculate R according to (22).

We find for v, = 2Av, = 0.2 that:

&—¢& 810 — 258 552
= = ? = — :68 R
& % 10 0 810% %

where & = 810, & = 258, £* = 516, v, = 0.101, v} = 0.264.

R¢
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Table 1
Step Up vl £* Sy S St + Su
1 0.05 0.07 2062 216.76 0 216.76
2 0.1 0.13 1031 170.91 219.73 390.64
3 0.2 0.26 516 122.42 219.73 342.15
4 0.3 0.40 344 91.55 219.73 311.28
5 04 0.53 258 67.56 219.73 287.29
6 0.5 0.66 206 47.22 219.52 266.74
7 0.6 0.79 172 28.42 219.56 247.98
8 0.7 0.92 147 10.43 219.58 230.01
9 0.76 1.00 136 0 219.47 219.47
Total: Vo = 231.62

°

b ¥
s
M S SN
i %)
0 1) v; 1

Fig. 7: An arbitrary plane section for v, = 2Auv,,.

6 CONCLUSIONS

The study presents an efficient method of determining the reserve and limits of the
bearing capacity of diffusion-reinforced concrete structural elements subjected to
loads exceeding the normative ones, i.e., overloads, whereas tensile areas develop in
the concrete core. A specific loading space is designed, where a Volume safety zone
is outlined. Regarding a particular structural component, one can perform an expert
assessment of the overloading probability within the loading space. The method is
illustrated on a cantilever beam, but it can also be applied to other components with
different mechanical characteristics of the concrete core and the reinforcing material.
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