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1. Introduction

It was observed by many authors that some difficulties arise if
the rate of temperature change is included as an independent variable in the
constitutive equations. Bogy and Naghdi [1] have shown that constitutive
assumptions of this type for rigid solids led to finite speed of heat propaga-
tion in certain circumstances, but not for a theory linearized about a uniform
temperature. On the other hand, it is well-known that if the temperature rate
is excluded then the heat conduction equation is parabolic and entails an infi-
nite speed of heat propagation. In order to avoid this difficulties Miiller [2,3],
Green and Laws [4] have proposed alternative generalizations of the entropy
production inequality that lead to finite speed of heat propagation in a rigid
solid when the corresponding heat conduction equations are linearized. Similar
results are also obtained by Green, Lindsay [5] and Green [6] for ther-
moelastic solids.

The non-linear theory for thermoviscoelastic Kelvin-Voigt solids when the
temperature rate is excluded from the constitutive equations was given by
Koh and Eringen [7]. In the present paper a generalization of this theory
is considered because of two reasons. We think that it is more natural to
have a stress-strain relation that reduces in the one-dimensional linear case to

the form _ .
t=E(e—a;T)+E -5 (e—a,T),

where 7 is the tension in a bar, e is the strain, 7 is the temperature change,
E is the Young’s modulus, E’ is the viscosity, ar is the coefficient of linear
thermal expansion and o) is a material constant connected with the tempera-
ture rate. When o.=0 we obtain the classical stress-strain relation. Wkhen
dy=ar we have that the tension depends linearly on the elastic part of deferm-
ation and its time derivative. We shall also suppose that the linearized hea:
conduction equation uncoupled with the strain must be a hyperbolic difieren-
tial equation and therefore will predict a finite speed of heat propagation. The
proposed generalization concerns with non-linear and homogeneous thermovis-
coelastic Kelvin-Voigt solids when a dependence on the temperature rate is
assumed. It is based on the entropy production inequality suggested by Green
and Laws [4]
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2. Notation and Field Equations

Let the motion of the continuum be referred to a fixed system
of rectangular Cartesian axes and the position of a typical particle be designat-
ed by the equations
2.1 Xi=X{Xy, 1)

where X, are the co-ordinates in the reference state and x; are the spatial
co-ordinates at time £. Latin indices take values 1, 2, 3 and the usual sumnia-
tion convention will be employed. The deformation gradient with respect to
the reference state is given by

(2.2) x( Xy )

v““"dx
and the Jacobian

(2.3) j=det x; 4

is assumed positive. A superposed dot denotes the material time derivative
and, in particular,

(2.4) 0= % = Xl X ).

The following balance equation are valid:
(i) Equation of balance of mass

(2.5) 2=Jo,

where g,(>0) is the reference mass density and g is the mass density at time&.
(if) Equation of balance of linear momentum

(2.6) (Tag%i,8), 4+ 00F: = 0471,

where 7,5 is the Piola-Kirchoff stress tensor and F; is the specific externally
applied body force.
(iii) Equation of balance of moment of momentum

(2.7) Tap=Tpa
(iv) Equation of balance of energy
(2.8) 0ot = TapEas— Qaateor,
where ¢ is the specific internal energy,
(2.9) 2E jp=Xi,aXi8—04p

is the strain tensor, é,5 is the Kronecker symbol, Q, is the heat flux vector
per unit area of the Xj,-plane, but acting over the corresponding surface at
time ¢ and r is the externally supplied specific heat.

We adopt the entropy production inequality that was suggested by Gre en
and L aws [4], namely :

2.10) f@ondV f9°' dV+fQ‘ 4S,=0.

It holds for every volume P bounded by a closed strface B in the reference
configuration, where 7 is the specific entropy and @ is a scalar function. It is
supposed that >0 and in thermostatics @ reduces to the absolute tempera-
ture 6(>0). From (2.10) and (2.8) we obtain the following entropy productlou
inequality
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£ 5 Q ®
(2.11) T 5 E s 0ol +n ) — =20,
where
(2'12) 1,/):8—-17@.

3. Constitutive Equations

We consider a non-linear and homogeneous thermoviscoelastic
Kelvin-Voigt solid when a dependence on the temperature rate is assumed.
Then the functions

3.1 vy, @, 1, Qu Tap
are functions of the variables
(3.2) T Xia Xia 0, 6,0 4

According to the invariance conditions under . superposed rigid body motion
we must replace the variables in (3.2) by

(3.3) EAB’ EAB’ 9, é, 6,‘4.
Bearing in mind (3.3) we obtain from (2.11) the following inequality

(3.4) [TAB—'%‘Q ( L +0 ) ]@on(a?.;@ +0E )JEAB

% [a?sw +a:; +"(02¢ fafs‘ds )lEAB_—Q"(@—iH"%%)é

oy Qa |

+’7 )9 90(09 +n ae )9*‘ 2 [2(05 +dE )EB”

+2(af o

ofy

)EBCA+ 096A+ A+09393A} 0.

This inequality must be satisfied for all deformation and temperature fields
since the energy and momentum equations can be balanced by suitable choice
of r and F; Then we have

(3.6) ‘;—'g +n%§ =0,
(3.7) ( +nd T s+ 2=,
(3.8) | w 53——70
39 | | a‘? . g— -0,
: %me %es
(3.10) QA%JFQB%”;:&
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(3.11) |Tas—3 o0 (st~ oo (s o) | Ee
90(09+ ae)e Q;?)fe =0,

provided Q,Q,=<0. From (3.8)—(3.10) it follows that @ does not depend on E

E .z and 64 From (3.5) we have that y does not depend on E p.
We introduce the notation

(312) =0y
and decompose T,z in two parts:
(3.13) Tas=Tiz+ Tin,
where v

g _qr_Ll(oz | o5
(3.14) Tap=Tpa= (OEAB-}-GEBA).
From (2.7) it follows that Ths=THa. Then (3.11) reduces to
(3.15) TEoEpp—1i—32 22 0 420
with

0%

(3.16) 1=t oin 2.
The inequality (3.15), in particular, implies that
(3.17) T25|2 1=0.6=0,.4 =0=0s
(3.18) 2/ 4p=0, =0, 0 4=0 =0,
(3.19) Qul & 45=0, 6=0, 8,4=0=0,

provided T4s, z and Q, are continuous in £,z 6 and .
Supposing that %#0 we obtain from (3.6) and (3.7) as follows:

)

b
(3.20) QN = "%
b
oz
00,4
(3.21) Qu=—B 55
L w
With the help of (2.12), (3.12)—;(3.14), (3_.20) and (3.21), the energy equa-
tion (2.8) reduces to
a¢)9 0z

(3.22) 007~ Qan+ T E g 0@~ ( % Temgg )0 — g 0a=0.
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4. Linear Constitutive Equations

For the linear theory it is appropriate to employ the infinite-
zimal strain tensor

1
(4.1) eij= (ti,j+u.1),

where u, is the displacement and ,i denotes the partial derivative with respect
to x;. We now use x; as co-ordinates of the points in the reference configu-

ration and write #;, ¢, £0, ¢; and o instead of T,p 7%, 7%, Qq and 2.

A linear theory with respect to e, 6 and 6, requires

=00+ 60 +0fD,; =0 6346060, 200,65

(42)
4.3) &=PO + P +_;_ SO,
“9 =0 ufl Curk ) +0

where the coefficients in the expansions of o and 7 depend on e;, 6 and in
@ on H only. We also have

2) — (2 1) —,(1) —.(1 1) — (1 1) —,(1
(4.5) o) =0, =5l =" 2 =%, Hph =4
If we assume that the part of stress 7 that does not contribute to dissipation
is zero then

(1) —, (1)
(4.6) %ii;et _"(kuj'

Since @ reduces to 8 in thermostatics we have

(4.7) B|;_,=DO =,
Substituting (4.2)—(4.4) into (3.20) and (3.21) we obtain after linearization
1 @ .
(4.8) QoN— o) [O'(]) +(0'(2)—-5(—1'—) 0(1))9—{—05.2)9,,'] ,
1 @ .
(4.9) 01 = — 5 | B0+ B0 o0 2 ofh 4602 4 0028,
provided &"==0. From (3.16)—(3.19), (4.2)—(4.4), (4.8) and (4.9) it follows that
3@ &M
(4.10) #0=0, %TZEW’ o =0.

Further linearization can be carried out by assuming that the temperature
change from the temperature 7, of the natural state is small, i. e.

(4.11) 9=T0+ T, IT|<T0, T0>0.

Then a linear theory with respect to ¢;; and T requires

1 1 T2
o<0):oo—a T—-}—7 Cijrl €ijCr1— Qij€ij T——i- c —f(—)— ’

(4.12) o= —b—h;,e;—eT,
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a a
o@D =—f, d?= e by, a@:-—rz kij,

. ; . i
(413) DV=a+8T, #?=,
(4.14) ) =dyw, ®D=—2by, ) =—2bys,

provided a==0 and assuming that the initial body is free from stress. The newly
introduced coefficients are constants and

Cijut = Cjirt = Cijie = Cruiys  Qij =i, hiy= Ry,
k ""k/n dljkl jlkl di_/l& —dklu; bu—b_/u bijk:bjiks

where (4.5) and (4.6) are used. :
With the help of (4.10), we obtam

(4.15)

(416) b=ad, h,‘,‘ :aa,y, e:—%cr-!—ﬁa.
Then (4.2)—(4.4) take the form ) o
(4.17) a:ao——aT-}—%- Cijui €ij€ri—Qij €5 T—é— c ‘If-:— —aa T—aaifet’j T

~ 1 . a g 1l a
_eTT—ing—»fO— b,“TT,I—f'?TOk,} T‘,‘T'j.

(4.18) O=Tyt T+aT+BTT +5 17
(4.19) tr=dyp ea—2b; T—2b,4T .
In order to have >0 we add that JT <T,.

From the equations (3.13), (3.14), (4 17), (4.19), (4.8), (4.9), (4.12) and (4.13)
we obtain after linearization

(4‘20) fl'f =Cijrl en+ dijkl ékl —ai; T— (Qbij + aa,y) T—Qb,‘jk T,k,
(4.21) q:=b;T—kyT,;,
Fog? T,
(4‘22) 7@077=a+aijez'j+€fo+/l7‘;‘]‘b,'7—v
where

(4.23) i h=f—ya.

‘With the help of (3.16), (417)—(4 19), (3.21) and (4.22).the mequahty
(3.15) yields

424) diu el; ekl +

T2+ku T:T ;— Qbijéu f—?bijkéij' T,k—z—?.i TT,,- =0.
0

Bearing in mind (4.17)—(4.19) and (4.20)—(4.22) we linearize the energy
equation (3.22) to the form

(425) h T——-kij T,,'j-i- a; To é,-_,- -+ 2b1 7."1 +c T—Qor= 0.
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5. Linear Thermoviscoelasticity

The equations (4.1), (4.20) and (4.25) together with the equations
of motion for the linear theory
(5.1) tig s+ eoF= ety

form a complete set of equations of the linear thermoviscoelasticity when a
dependence on the temperature rate is taken into consideration.
If the initial body has a cenire of symmetry at each point then

(5.2) Bi=0, byp=0.

When the heat conduction equation (4.25) is not coupled with the strain field
we have a;;=0. Since from (4.24) it follows that

(5.3) ki;jT;T ;=0
we deduce that the heat conduction equation may be hyperbolic if
(5.4) h>0.

Then it will predict a finite speed of heat propagation.
For isotropic solids the constitutive coefficients are isotropic tensors so
that we may write

Cijki = 40;j0r1 + 1(0;60 1 + 0410 n),
d."jkl = /'-'51',' On—+ ‘u’(éikéﬂ + 5ilﬁjk>,

(5.5) Qij =0,
by =5,
ki =kd,.
Then (4.20) and (4.25) reduce to
(5.6) ty=(hep—nT)0y —2uey+(Vep—x T)o; +2u' ey,
(5.7) RT—kT;i~xToe,+cT—gr=0,

where »'=2y-ax. The inequality (4.24) yields
(5.8) w=0, 3V +2u/' =0, ac—h=0, (3 42u')ac—h)=3v2T,, £=0.

A uniqueness theorem can be proved in the linear case for the mixed
boundary value problem under suitable restrictions on the coefficients.
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