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Electromechanical interaction in viscoelastic media

G. Brankov, N, Petrov

Introduction

The intensive study of the electric properties of organic substan-
ces began about twenty years ago. A basis for this were the successes in the
synthesis of new polymers, on the one hand, and the hope, on the other, that
these studies might provide the key to the solution of a number of biologic-
ally important problems [1].

A great part of the organic substances manifest markedly expressed pyro-
and piezo-electric properties [2—4]. A list of 4CO new organic piezo electrics is
given in the work [5]. Among the substances which manifest a piezo effect are
substances of great biological importance: Desoxyribonucleic acid (DNA), Ri-
bonucleic acid (RNA) and other nucleoproteins [6,7]. The opinion exists that
the piezo- and the pyro-effect play a fundamental role in biological functions [8].

A particularly strong piezo-effect has been discovered in organic polymers
[9—13]. The piezo-electric effect is manifested both in the polar (polymethyl-
methacrylate and polyvinylchloride) and in the nonpolar polymers (polystyrene,
polypropylene, polyethylene). As is known, a considerable part of these sub-
stances belong to the group of the viscoelastic bodies [14, 15]. Since the theory
of the piezo-effect in viscoelastic bodies is not developed, in scientific publi-
cations this effect is examined on the basis of the electroelastic theory [16, 17]
or with the aid of the theory of J. Kyame [18], which constitutes a general-
ization of the model of Voigt. The existing lacuna in the theory of constitut-
ive equations and the thermodynamics of these media is the object of the
present investigations of the authors.

Mathematical formalism

Some fundamental mathematical formulations, which are set forth
in the works [19, 20], are used in the studies.
We introduce the space H:

b|CH, |a)eH.
1° @)+ | pby=u|by+4 aycH;
Gal+(ub |~ ulb| +ilal €A



i€ C — the field of complex numbers.
20 305, (O]¢H=)
0la)=0), 0{a|=0]
|a)+]0)=]a), (a|+0]=(a|, wla) (a|€¢H;
30 ( @)+ ) +] €)= @)+ (| b+ &)
(|46 )+ |=(al+ (b +(c);
40 In H=U,H, is introduced the bilinear form:
o(a € Hy; )¢ Hp)=(a|b)eC,
satisfying the condition
‘alby=0 at afp
=>H=0,H,
5 In Hi=H'RG=H'RGRG...RG,
there exists the basis
| lisig .« i ay=|8) ! 10) |ig@) . . . | i @)
| HEH", |ira)€ G,
with condition for norming
(ai,,a co bt [y -j,,ad/:(f |3 aidy | Jray adg | fao) - ’lvain,,l {jnaa}
= (1111017, « - + Bty i
and with condition for fulness

QP%ig - in,B) €0 =) P)=Wiig . .. in (8) | b ... inh 7 | P € He

0" is the space of the generalized tensor functions with dimension #,.

We will make use of Einstein rule for summation in the case of repeated
indices (both discrete and indiscrete). In the case where the appropriate ex-
pression does not represent a sum under the repeating indices, we will
put a line.

We introduce the following notations for the projection operators:

{:}il...i,,ag><gi,za...ille—»Ha;

Pi=|t)(t|: H — G;

In accordance with the condition for fulness of the basis

(1) Xp,=1, YpPi=I, NP,=I,
o I (lt

where / is the identical operator.
6° In /1’ is defined the operator differentiation D
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2) DI = St =F), —occ < <oo,

Let us examine the problem of the own vectors of the operator D:

} lll./,': iw ‘ (1)\/‘, i F C.

Let us proceed to |, representation with the aid of (1,):
EDIE)E ikt )
We multiply the equation on the left by |£).
(£1D | E)E | wy=ieolt | )
69 - (¢ | iy ien't| )
=\t |ov=21e"", ¢ C.
We multiply the result obtained on the left by |£.

t> /\/t i (’J>: lg’wt i t> _“_) | (:”];/ :lef(qt [ t/

. o T iet—cl! |
=oriol= [A1 8 8 do.
/

In the case when /1:7'}2: and w¢ R —the set of the real numbers

g

3P = |w w|=1

Fundamental conceptions, principles and assumptions

The considerations to be made refer to the sufficiently small ma-
terial volume A4V belonging to the investigated body.

In accordance with the general theory of systems, the values which cha-
racterize a given system may be divided into three types: (a) external influ-
ences, (b) values which describe the reaction of the system, (c) values which
describe the internal state of the system.

If the system AV is of a very small volume, it may be assumed that the
system under consideration does not influence the self-congruent fields that are
determined by the remaining part of the body and the external fields. In this
case the mechanical stress, the electric field and the deviation of the tempera-
ture from its equilibrium value may be regarded as input influences, and the
deformation, electric polarization and entropy as output reactions.

In the case of systems that possess only one degree of freedom, the ther-
modynamic state is determined unambiguously by the deformation tensor, po-
larization and entropy [21]. In this case the values describing the internal state
coincide with those describing the output. In the general case viscoelastic
bodies possess a large number of degrees of freedom. In the event of a finite
number of degrees of freedomni, by state of the system we will understand the tota-
lity of the states of the individual subsystems, each of them containing just one
degree of freedom. This idea is set forth in the concluding notes of this paper [22].

We will accept the validity of the following principles and assumptions:
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Principles

I. Principles of causality.

II. First principle of thermodynamics.

IIl. Second principle of thermodynamics.

Assumptions for the system.

1° The system is linear and smooth.

2° The system is invariant with respect to the operation translation in time.
3° The system is made up of a finite number of subsystems each of

which has not internal degree of freedom.
4° Since mechanical stress, temperature and electric field are intensive

quantities, all subsystems and the aggregate system are characterized by ge-

neral values of the input influences.
5° The reaction of the aggregate system is a sum of the reactions of the

individual subsystems.
6° The physical quantities which independently of each other describe the

state of input and output are represented with the aid of orthogonal sub-

spaces of H.
Notations :

ley=04(0) |tije,+ Sl) | tip)+AT(H) | ts, e H=H, ¢ Hy @ H.s,
|¢)— vector of input influence;
o;{¢) — stress tensor;
Gi(t) — electric field power;
AT(f) — deviation of temperature from its equilibrium value.
| &)=eij(t) | ti],+ Pi(t) | tip,+ S(t) | ts, € H,
| & — vector of output reaction or output state;
&;i(f) — deformation tensor;
P;(¢) — electric polarization vector;
S(f) — entropy density.
| &y==ei(t) | tije)+ Pi(E) | tip) + S¥(E) | £5)—
vector of the output reaction or output state for the kth subsystem.
[ X)=(&% [ ..., V) eX;

| X)— state of the system;
N —number of subsystems;
X — space of the states.

Constitutive equations

According to the general system theory, every linear, smooth,
finite-dimensional dynamic system, may be described in a temporary presenta-
tion by the equations [23]:

(4) 4| Xty =F| X(t)+ G| o)
&ty =T Xty

where F, G, I', in the case of systems which are invariant with respect to the
operation translation in time, are real operators independent of time.

12



In an operator form (4) is presented by
D X)=F|X)+G\{)
Eye=IM Xh
An analogous equalion may be written for the kth subsystem:
D|X*=F% X%4G* |¢4)
\eH=T2 X5,
According to the assumptions made

=1, [th="

©®)

We have therefore
S E vk e
D Xy=F2| X%1 G4 p);
| §# = | X0

It follows from assumption (5°) and from (6) that the system (5) is of
the type:

(6)

(F 0\ /1&)
P - i | £2) e "
D& & ., 1 8)= - SO G, GYY 2

s:‘/":(]: 1) ]) 1)" L} 1)

In > presentation from (6,) and (6,) we obtain
(®) (liw—F2) | & (w)y = G* ¢ (w))=) | )= Rur (0)GE (@),

where we assume that the resolvent R.x of the operator F* is defined.
After substituting (8) in (7,) we obtain:

©) $(w))= RpeG* | {(w)):

Ditferential form of constitutive equations

Let us multiply the left and the right side of (9) by the product
N

| [ +£9,
k=1

. . ,‘ - k . .
where ¥ is the inverse operator of G*, and E¥= —(G*)7'F= (it is assumed that
G* possesses an inverse operator). If moreover the commutation relations have

been fulfilled
[(fcor - E®), ({om!+ EY)] =0,
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we obtain

N

H(lwr/ + E*) | &( .—«d I(lu)}’] +E) | f(w)
= =1 1=k
After developing the products we obtain

(10)

k~_

N--1
- 2 BYioY* | {(w))

where the operators A* and B* are products and sums of the operators #*
and E*. We multiply both sides of (10) by |w):

N—1

ks Ar(iw)* | E(w)) | wy= 21 Briw)* | t(w)) | w).

N N
\ Ak(l(u)’" | E(w))| wy= Y’A""(lu))" | W) E(w))= > N ALDE | @y | E(w))y= ,YAkD"‘ | &)
k k=0 /‘;:,0 k 0
Analogously
’ N—1 N—1
2 Biiw) (@) |w)= 3 B*D*[¢)
k=0 k=0
The constitutive equation, consequently, may be written in the form
N N—fl
(11) DTADE | gy= N BRDH |
k=0 k=0
Let us proceed to |£) presentation
N N—1

D ARE| D¢yt |

IS

g&=_Y Brt| D*|£)(t'|

D= DY@ DI - -1 D)

0 .
s (1t
After substituting this result in (12) we obtain

N
7 \W d* \7 e (,i_
(13) = At p18l)= B/ |z(@))

(12)
= (1)t gy O —1) 55z 8(01—19) - ) =(— 1) 5 8~ 1),

N

=y Mt e @,,,/t) Rle+ Pu(t) | k'p)+S@E) s)
N—1
(14) >

k \
3 @) | R+ i) | K p)+- AT () | )
Aiter projecting (14) in succession in G,, G, and U, we obtain the set of
differential equations:
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N

T nesk ak kd & dk
ZAur.; frs+ ‘-’A;fr ”"‘P'i“ YAi;—kS
k=0 at k=0 ¢

. a*
cek ak Y epk 7 &8k
= ) Bz/m 0r3+ \ l/pr oy éj‘f \ B,; Tk i7
k—O

k
0 at

ZAf’r‘f 4 et "A”P’*ip VA’z'Sk%k?S
(15) =0 ar Dt = AT

Zszrésk i Ors+ZBppk & /@r+2 Bp&k d T,

sk a* '\7 spr d* ‘”Assk a* S
2 A et AT G P A
t=0 dgk " = dt = dt
N—1 N--1 o
N7 ek df A r dk 7 a*
v‘_} st Y Ors 'IL”; gp e @r JF \ Bk — aT.
k=0 ¢ k=0 at =0 ¢

In the special case where the input of the system is represented only by
the mechanical stress, and the output only by the deformation, we shall demon-
strate that from (10) may be obtained the equations of the well-known rheo-
logical models. We take N=3. We repeat the procedure and obtain:

3 2

- ak Y ok ar

\, Aijrs T Ers= ‘ Bijrs J"? Ors,y
k=0 dt k=0 t

where
z,k/ & w'nPy? | kL
Alpa= (i | 1B Eln® -+ B | ki
(16) Aljur={ij | ' E2E# - E1yE®  E\E?2 | ki
Au={ij | E'E2E3 | ki)
Blju =i | ' 2P+ p'n? | kD)
Bipu=(ij | ' B2 Eg2 + 9 E* 2E? 4 E%p+ E'yp | kil
Blw={ij| E'E2+ E'E3-|- E2E3 | kl),

In the case of ;'--0t we obtain the five-parameter model oi G.
Brankov.

2 2)
k k
) LA N ph @
z ijrs o Ers = Biirs — 0;s
o rer T

with coefficients
Azjkl ~(ij | E'n®*n® | kly;
A,-,-k, ={j| Bt B8+ ELE% | klys
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AL =(ij | E\E2E | ki)

Bl =(ij | wn® | kL)

Blijw={ij | E'q! +E%p 4+ 2 B3+ E* | kI
Bl =(ij| E'E?+ E'E3  E2E? | ki)

The models of Zener, Burgers, Maxwell and Voigt are .obtained in an
analogous manner.

(17)

Integral form of the constitutive equations
From (8) we have
| =R ()" | f(w): | ).
Let us switch over lo |7 presentation

(] £ = R ()Gt | w) (w | ) (% | 13

1 $’f(t)>:—2%; f f RFi(w)Gfe""’“"’” |t do.

—00 —o00

The equation may be written in the compact form

(18) )= [Ue-0) ey,
where Ut—t1=, [Ret ()" e d

From (18) we see that the moment state of the output depends on the input
state in the time interval #'¢(—co, co). According to the principle of causality,
however, the output state is uniquely determined by the input state in the
time interval #'¢ (—co, £].

Let us examine two possible trajectories of the input |¢z)and|¢’), which
meet the condition

@)=ty at #<t
ElOFE|E) at >t

From the principle of causality and from (18) follows

[e5)

(19) Jure=ex ey -l cemar=o.

14

Since |{'(f)) and |{(')) are in general different at #/¢(f,c-) from the equa-
tion we have:

UKt—t)=0 for ¢>t.
As is to be seen, this leads to constraints with respect to the operators F*
which take part in (7).
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At {—t<0

V=)= ;\lf_,nii‘TAngR k(Z)GL e,

ABC is a semicircumierence with Rez =0
According to the generalized theorem of Cauchy in case where F* are
normal operators

Dk ph
lim — R, (2" dz= e(’"t' m ' B
Jim o 9O R

where by i we have denoted the points of the spectrum of F* lying in the
complex semiplane x>0, and by P} — the projection operators with the aid
of which the expansion of F* is realized. From the last equation it is seen
that the necessary and adequate condition for the fulfilment of the principle
of causality is that there should exist no points of the spectrum of F* lying
in the complex semiplane x>0.

At 1—1>0:

(20) Uk(t—t,):llm By @ RFk (Z)Giez(t-_ﬂ)dz

kop (t—t"
W= (1) ~p -y
=em P gt= ke whm

m

where ADC is a semicircumference with Rez<0
A% — the points of the spectrum of F* lying in the semiplane x<0.
P}, — their corresponding projection operators

K’km:pi(;/i; Tkm;—";—kw
‘m

We will call the values z*” relaxation times.

In the case where the state of the system is physically obeervable the ope-
rator U*(¢—¢') in the temporary presentation is a real operator. It follows from
this that the points A of the spectrum of F* are real. On the other hand all
eigenvalues of F* lie in the semiplane x<C0. This means that all eigenvalues
i are arranged on the axis x<{0. It follows from this that the memory of the
system® fades with time. This result is used as a fundamental principle in the
works of B. Coleman and Noll [24, 25, 26].

At {=¢

i f , 1
Wkﬁf%@MMﬂﬂﬁ@ R 4(2)G" dz.
We will demonstrate that || U*(0)| is limited if || G*| is limited.

= 2n

HWWK~kawHwawm“¢wkmwmmm
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On the other hand, as there are no points of the spectrum of the opera-
tor F* in the semiplane x>0, the equation is fulfilled

lim ¢ R r (2)dz=lim @ R r (2)dz.
R— ACDA R—epApCDA

As is known from the functional analysis [19] if the norm of the operator
T is limited by «a
| T<a<1

the reverse transformation of (/—7) is limited and satisiies the condition
=Ty =3=
Let us-examine |[R ;|| on the circumference ABCDA

(=5

1

| | . |
IR el == F) =7 |

z|
At
I Foi ’
Consequently
< F\—1
Jim (=) 1=1=>
lim ¢ |R,@|lde|= § El-on
R—ee ABCDA ascpa | #]

From the last equation follows the inequality

VO = im 5 & (R @G ]|dz|=] G|

Therefore in the semiclosed interval (—eco, f] for U*({—t') we obtain :
=)

Ukt—t)=K:"e 2" 104t —1),

where the operator 6 has only one value different from zero at f=# in which

its norm is limited.
From (18) and (19) we have

¢ =
| (t)= f (Kime A 9"(1‘—1’)) | ()t

—00

t—e (=)

(21) =lim | K*"e " x¢ )/dt’+hm f 0] e(2)dt

4-0
—0Q

¢ (t—#1)

= f K*e <" | i(typar.

—oc0
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It the operator || G*|| —co the integral (18) is dlvergent (at ()] (@)= 0
in the uninterrupted interval (a, b€ (—oo, t] its value is regulated if ¢*”—0t.
By this a delta-shaped singularity is produced:

Ukt —t) — ARS(t—1')
=) §HE)= 44| 4.

N-—-N; t - t—t)

§() szk(t» gAk|c<t)>+ ) f Ktme <™ | (thd.

We substitute | g(f)) and |z(f)) by their expansion and project the equation
consecutively in G,, G, and G;. The following is obtained:

£1j(8) = Abp oy () + A% S, () + A3 AT(2)

I )

+ / e " (BY oot Bt + BEAT())dt' ;

—oo

Pi(t)= Afyroit)+ A5 (t)+ A7 AT (2)

(22) t (=t
+ f AR ()P () - FEm AT (¢)dt

S(t)= Ak 01y () + AL, (1) + A4 T(2)

t (=t

4 f e (L (t) + LE ()4 LmAT(E))dt.
In the examinations that follow we will make use of the compact notation
7] it

(23) | 5= f Kime ™ | () dt,

)

where the sign | symbolically expresses the assumption that a singular part
may exist to the integral.

Fundamental Thermodynamic Relations

It follows from (6) that the input influence in each subsystem
may be presented as the sum of two members:

| &)= | RO+ | Ry,
the first of which

(24 "= —(@* )P H=E" )
does not depend on the operator differentiation, and the second
(25) |4y = @Y M =Dnr )

is a homogeneous linear function of D.
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It we project (24) and (25) in G, G,, and G, we obtain the following set
of differential equations:

(f)(t) E

ijrs Ers

ers(O+E,,

ijr

PHO+E, S* @)
CEN)=EL" e (t)+E;" PE(t) +EX S* (8);

igr jf'

AT*O=EL" e ()+ES PF(t)+E" S™(0);

i ke d k ke d ke d f.
(25" o (t) = I (R P @ +ny; = S~
k(ir) kp k kp d kp d ok,
L1t =7 dt &, )+, P O+ S
- ks d & ks d ks d k
AT = ny ar fu DTN 1 ‘D taT g ST
where
7 _u=t)
)= [ "B ont)+ By Eut)+ By AT '
2] (f-1')
km k
(26) Pi(t)= f e (F;, o (t)+F,, é}(t’)—}-F;m(t’)AT(t'))dt’;
¢ (2—t1)

SH()— f e M UE o)+ LE )+ L AT ar

—00

According to the first and the second principle of thermodynamics, the
following relation exists among the internal energy, the work of the forces
which are not dependent on velocity, temperature and entropy:

N
dH = ) (c¥0 dgt + s dP})+ TdS,
(27) e
H=H(e};, P, S*).

It follows from (27) that 7 does not depend on the operator differentia-
tion and constitutes a reversible thermodynamic force. In (25’) we consequ-
ently have:

m=0, n¥=0, n*=0,
(28) ATE) = AT ()= EX &2 & EO+ESPIO+ET SY @)
k

=)SHt)= S (ATW—E} e, ()~ E" PH)).
E

After summing by £ we obtain:

(29) S(O)=( X' AT 2’ AP O}
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According to the principles of thermodynamics

N
H= > HF

k=1

where by F* we have denoted the internal energy of the kth subsystem. In
quadratic approximation

1 ,,k k R

Bk 1k Rk 1 gk R GE
Hk:"2— Hi}seij £rs +~2— H[f PTPJ +7H S S
& k_k kL E K E _k _k E R E ok &k
(30) +V;,ei—jP;—{—V;e;S—+V;P;S—+I]gs,7+ﬂi—Pi—-|—H“S‘

‘ Hi?rs:Hr’;ijg Htf:[—]:
From (27) and (30) we have

Mk Bk pE LR R ok
Uijr):Hijrs ers i Vt'ir pr + ‘/z’j S +Hij;
. (r) kE Kk k& E Lk "
(31) B =Hy Pr+ Ve, + Vo ST+
T=H"S* +Vyer4- Vi PF+IT%

From the comparison of these three equations with (25) we obtain:
Hirs=Efy HE=EP, Hf=E;
Vir=Enij, Vi=Eff, VI=E;
(32) I15,=0, II;=0, ITF*=T,;
Eb—EFE, Ek—FE¥, E¥=EF,
Egs=Ey B =Ef
= > HA=(E )| E | £ (O)+ T,S40),

T, is the equilibrium temperature.
After making use of (18) and (20) we obtain

1] =ttt
kn

= [ @) | KR deye e T avar
(33) £ e
£ T, [(sIKE" [eeper" at.

The summation of (33) by index £ gives us the full internal energy.
From (33) we may obtain an expression for the free energy. By defini-
tion the free energy % is equal to
F=H—TS.

After substituting // and S by their equals we obtain
F=(EH(t)| E* | E8))+ ToS— 1S=(£ ()| E* | (t))— ATS



tHoH t~tt t—t11
km

(34 = [ fuwykomers gee e " avarr

—o0 — 8

t—t!

] =t
— Jew sl km e " ar.

The remaining thermodynamic potentials may be obtained in an analogous
manner.
(by K+ is indicated the adjoint operator of K).

In the thermodynamics of irreversible processes a particularly important
role is played by the dissipative function, introduced by Rayleigh, with the aid
of which the irreversible forces are expressed as gradients in the space of the

velocities.
k

dp!
(35) (t), o Pk(t))_ok(lr) 8] +é‘k(zr) _,l, "
After using (25') we obtain
- d k k d ke d k d k
D=, 4 e ar dt +’7ur“d? & ag e G Sar
pk
d £ d dS Pi
k k kp .
+ui G dt Py ety dt f g BT Ra Tif

The velocities of entropy change take part in the right part of this equa-
tion. On the other hand D does not depend on them. Consequently

(36) nfi=035 nfr=0.

As is demonstrated in [22] the irreversible forces may be presented as
gradients in the space of the velocities of a scalar function depending on the
velocities only through D. We, therefore, have

k(ir) k(ir)
0o 0
k(tr)__ .a(p dl?_ ,  ER(ir) — 6 aD o UU ::’“’éi‘” s \’, ke 7 Ep 7 k
oD kN i TD aph ) k dek \ T Mijr T i
d(-fi{) d( i) o(drP, a<;f,
dt dt — dt

After making use of this result in the expression for D we obtain

(37)

def; de¥ dP% dP*% def, dP” ds?, dsf

LTS k 14 i k 12 _ k rs

D=nlss e ac T1 @& @ T a = (e n*|r SE>’dE dt
. . _apPt apt . ids”. ap*

+pi| | jp) 5 -+ 2k | n* | 1) ;- df:- ) k|- '*6’{(5)/

i PO | g POV G 0 1P| g PHE)=(XF o X9,

where | X6 | 50D + [ PO

According to the second principle of thermodynamics D=0. The operator
n" is, therefore, positive,

22



Generalized heat conduction equation

If we differentiate the constitutive equation for § by # and use

the invariance of the operators with respect to the translation intime we obtain:
(=t

dS(t) f< o[ tm | di‘i(tt’) g

We multiply the equation on the left side by T

t] i
(38) ra= | @Ol Km GEl e ar.
On the other hand

as ¢
(39) | 792 p,
where %% is the quantity of heat which the system receives per unit of time.
According to the theory of Onsager '
60 02T

(40) dc "M ox;0x;

where ;5 is the tensor of heat condition, and 5} are the temperature gradi-

ents. After substituling (40) and (39) in (38) we obtain the generalized equa-
tion of heat conduction:

t—t!

(41) W e = f (@) | S)(K*™ | gy (e " dt'—D.

~

Approximation of the constitutive equations

We shall make certain simplifications of the constitutive equations

on the basis of physical considerations.
Let us examine the case o¢,(¢)=0, £i(')=0, t'€¢(—occ, f]. From (22) and

(23) we obtain:

f =t
s, lf= f e ™ BMAT(tdt';
=t

Pt)= | e & FImAT(t)at';

—_—0
o t—tr

S(t)= f e ™ LAmAT({)dL,
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As is known, owing to the change of the vibrational energy, the average
distance between the atoms and molecules building up the lattice or quasilat-
tice changes. The physical nature of the deformation in this case shows that
there should be no inherited effects between A7(f) and ¢,(f). We will, there-

fore, take:

q =t
(42) gij(t) e fe e BgmA 1(¢')dt' = a,d 1),

(a;,— heat expansion coefficient) which means that the integral is re-
presented only by the singular part.
Analogous reasoning may be made for P;(f) and S(¢):
e
P, (t)= f e "M ATNAL) = B AT(E) ;
7] —t

S(t)= fe“ F Lhon A T(£)dE = CAT(8):

o0

B; — pyroelectric coefficient ;
C — constant providing the relation between the temperature change and
entropy.
After accounting for (42) in (22) for the constitutive equations we obtain:
o =t

e 0=, dT(t)= [e " (BIio(t) + BIG,(t)at);

—on

0t

(43) P(t)—pAT(t)= f e T (Fifop(t) + Fi"S(¢))dt' ;
[t

S(t)—CAT () = f e " (Lo, (£)+ LImG ()t

Let us consider the case o(t')=rconst, €i(¢')==const, ¢'¢( —co, t], ¥4 co.
From (43) follow the equations

& {8)—a, AT(E)= Bijpr on(t)+ Bijr S (1) ;
(44) Pl =B, AT(E)=Fpro () + F 65 (1)
S()—CATE) = Lijo () + LeSi(0),
where

\7 pkm km ,
B!‘j'rs:‘_, Bijré, Bijr:EBijr )
km km

> km | o) N7 ok,
,rt'jr: S’Fijr- lij';‘*H [fj )
km am,
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Ly= 'L =1

km km

From the compatison of (44) with the equations of electroelasticity at
AT =0 we obtain [4]:
BjjrsBrse =1, — piezoelectric tensor;
81 FurBirssBrsj+ F;j — static dielectric permeability.
Let us examine the case
gij(t):O’ IT(t)::O’ t’E(_Q@’ CX“‘)'

From (43,) we obtain
—t

0= [e " B oult) + Briri" Buon D)t .

If we exclude the trivial solution ox(t)=0, &,(#)=0 we have

— 1k k
0n ()=~ B By Cult),
which is valid also in the case og(¢)=const, e(¢f')=const, ¢’ ¢ (— oo, £]).
Consequently B;,:f = B,i f: Lotn = BritsBisn

for each £ and m.
We substitute the result in (43,). We obtain:

o =t

e, —a,AT(t)= f e M B (0n(t) + LS t))dt.
Let us assume that the dissipative work is due only to the internal me-
chanical friction
defj dsfs
D:nf;rs dt at

In this case the electric field represents a fully equilibrium thermodynamic
force. For each subsystem (from 25) we have:

- GO=E;} (O +E," Py () +E SH(0);
AT@O)=E. e ()4 B PLO+E" S (@),
If we assume that the aggregate system consists of subsystems of the
same type, from (45) we obtain:
Silt)=Ef )+ E5 Py(t)+ ELS(8);
= ATE) ~ Efpuft) + EXPAE) + ES(

where

P £ p Y kD
Efy= Elf, Efly=E],... E'=_JE®,
& & k



From (46) we may exclude S(¢) and solve the equation obtained with res-
pect to P,. As a result is obtained:

Pi=Ajrep-+ A5+ AidT.

This equation should be valid, both under the assumptions made and a
static regime. From its comparison with the equations of electroelasticity we
obtain:

Aijp=limy Aiy=2%y;, Ai=8;,

where x is the dielectric susceptibility of the medium.
From equation (46,) analogously to (41) may be obtained the heat con-
duction equation

0T
i gx 0,

Ej ap,

oT Ejy de 7 Ei ap,
ES di

4 wor 1 B a T

,::C ....D'
In form the heat conduction equation, at 20, D=0 coincides with the

corresponding equation of thermoelasticity [27].

Concluding notes

In the last few years a strongly expressed desire to establish
links with physics has been mnoticeable in the mechanics of continuous media.
This is determined above all by the interests of many of the investigators
being directed towards the study of mechanical media with complex rheologic-
al properties (biomechanics, magnetic hydrodynamics, electroacoustic interac-
tions, relativistic hydrodynamics),

Electric, magnetic and other values take part in the constitutive equations
of these media along with the purely mechanical oues. In this manner the ap-
propriate physical equations (electromagnetic, thermodynamic, etc.) should be
included in the full set of equations in solving concrete problems. Interest in
the mechanics of dissipative media has increased in connection with the ever
wider use of polymer materials. The study of the irreversible processes in de-
formable bodies is done with the aid of non-equilibrium thermodynamics. Be-
sides, the equation of heat conduction also plays a considerable role together
with the mechanical equations. This complication of the theory is imposed on
the one hand by the variety in the properties of the materials and on the
other by our striving for a closer approach to the nature of the objects of
real existence.
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