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ABSTRACT: In this study, a mathematical model that describes the frequency
response of piezoelectric sensors under one-dimensional mechanical stress is
presented. In laboratory conditions, experimental studies of sensors designed
and manufactured by IMSTCHA-BAS and NSF were conducted. These studies
confirm the adequacy of the presented mathematical model.
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1 INTRODUCTION

Over the last decade, there has been a significant increase in the use of various types
of seismic sensors in many fields of science and manufacturing, in systems for mea-
surement, diagnostics and control, in monitoring and security systems, etc. [1–11].
This has come as a result of the increasingly sophisticated technological capabilities
for seismic sensor design tailored to various specific needs and of the development
of communication and information tools for disseminating and visualizing the data
received. Furthermore, the technologies for processing and analyzing primary in-
formation received from seismic sensors have been considerably refined. All of this
makes it extremely important to gain better knowledge of the seismic sensors fre-
quency response characteristics (FRC).

As is well known, seismic sensors are typically used in two types of systems.
One of them can provisionally be called a measuring system, in which the sensor is
intended to determine the parameters of the seismic oscillations [11–15]. The seismic
sensors used in this system must have flat or slowly changing frequency response
curves in the bandwidth where the characteristics of the oscillations of interest are to
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be determined. The second type of system, which can also be provisionally called
detector, is intended to detect specific seismic signals whose FRC will reach their
maximum in the frequency range where the major portion of the spectrum of seismic
oscillations under detection is expected to be located.

The actual frequency response of real seismic sensors depends on a number of
factors, some of which can change within certain limits in the process of their pro-
duction. It is therefore of theoretical and applied interest to find models describing the
frequency response of seismic sensors and to determine approaches for their practical
use. It is appropriate to evaluate how the models conform with the actual processes,
initially for one-dimensional mechanical effects, and only after that for cases where
these effects are two- and three-dimensional.

2 THEORY

One of the most common types of seismic sensors includes those using the piezoelec-
tric effect. A number of literary sources use a simplified mechanical model of this
type of sensor presenting it as a piezoelectric element connected on one of its sides
with a base (mounting component and sensor body) and on the other with a weight
(most often made of lead), called the inertial element of the sensor. A simplified
mechanical diagram of this type of sensor, convenient for modeling one-dimensional
mechanical effects, is shown in Fig. 1 [11, 14].

The designations used in Fig. 1 are as follows:

— ms is the mass of the inertial element of the sensor (inertial or seismic mass);

— k is the equivalent hardness of the piezoelectric element. It determines the
bending and the mechanical deformation of the piezoelectric element due to
the difference between the applied force on the sensor body and the inertia of
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Fig. 1: Simplified mechanical diagram of a seismic sensor.
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the inertial element. It depends on the element’s size, shape and the properties
of the material of the element;

— mb is the mass on the base (body) of the sensor;

— Fe is harmonic coertive force;

— F is the force acting on the piezoelectric element which is generally propor-
tional to the force of the seismic oscillation;

— xs is the coordinate of the inertial element of the sensor;

— xb is the coordinate of the base of the sensor.

Assuming that the piezoelectric element is the elastic component of the sensor’s
mechanical diagram, the force acting on it can be determined by the relation

(1) F = k(xs − xb − L) = k[(xs − xb)− L)] = k(dxsb − L) ,

where L is the distance between the inertial element and the base at rest (at rest
xs − xb = L and F = 0), and dxsb = xs − xb is the deformation of the elastic
material, i.e. the size of the piezoelectric element bending, contracting or stretching.

Assuming that the value of the signal generated by the piezoelectric element S(f)
is directly proportional to the forces acting on it, the quoted model describes the
frequency response of the seismic sensor by Eq. (2) [11]

(2) S(f) = −rF0/(mb|4π2f2s − 4π2f2|) ,

where F0 is the amplitude of the seismic vibration force at the point of dislocation
of the sensor; fs is the natural resonant frequency of the oscillating system of the
sensor; || is the absolute value of x; and r is a conversion factor of the mechanical
into electrical oscillation for the particular piezoelectric element.

It is known that the relationship between the natural resonant frequency of the
oscillating system, the mass of the oscillating component (usually equal to the mass
of the inertial element) and the hardness of the elastic element through which it is
connected, is determined by Eq. (3) [11]

(3) k/(ms +mb) = (2πfs)
2 ; or, if ms � mb, then k/ms ≈ (2πfs)

2 .

From Eq. (2) it follows that:

S(f) = γ/|1− f2/f2s | , where, for a particular sensor :(4)

γ = −(rF0)/(4π
2f2smb) = const.(5)

The model presented above is relatively simple, but it has the following limita-
tions:
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— it is one-dimensional, representing the vibration of a single-mass system mov-
ing in only one direction, whereas the external forces acting on the seismic
sensor are actually three-dimensional. In practice, the oscillating component
of the seismic sensor moves in two or three directions. Depending on the type
of seismic wave (deep or surface), as well as on the type and location of the
sensor, it is possible to ignore the influence of the external force along one, but
very rarely, on both spatial coordinates;

— the model assumes that the connections between the individual components
are perfectly firm and does not take into account the damping of the oscillating
system;

— the model does not take into account the nonlinearity and the maximum val-
ues constraints of the processes of transformation of mechanical forces into
electrical ones. It assumes a unique dependence between the mechanical dis-
placement of the elastic element and the value of the electrical signal generated
by the piezoelectric element. Furthermore, the model does not introduce en-
ergy constraints, so inadequate results can be expected when the external force
frequency approaches the resonant frequency of the oscillating component.

For these reasons, the authors of this model, as well as numerous other studies
recommend determining the sensors frequency response experimentally in accredited
laboratories.

If the model presented above is adequate, i.e. if it describes relatively well the
change in the seismic sensors frequency response, it could be used in the process of
their design, and in particular for the prediction of some basic physico-mechanical
parameters that could provide the desired type of their frequency response.

In addition, an adequate mathematical model can be used to evaluate the possibil-
ities for practical use of seismic sensors of the same type, such as those in one and
the same batch, as well as for quality control in the process of their production and
exploitation.

In order to determine the adequacy of the above model to specific types of seismic
sensors of the class under consideration, instead of a detailed listing of their physical-
mechanical and frequency response characteristics, it is possible to determine their
resonant frequency fs and the value of their coefficient γ using experimental data.

The calculation of the value of γ according to Eq. (5) is dependent on knowing the
exact values of r, F0, fs, and mb, which requires additional precision measurements.
It is therefore appropriate to find ways to estimate the coefficient γ relatively quickly
and based on a small number of measurements. One of the options is to use Eq. (4)
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from which it follows that:

(6) γ = S(f)|1− f2/f2s | .

If the model is adequate, then the relationships indicated by the above formulas
must be valid, and as been already stated, γ must be constant [11–15]. Therefore,
the adequacy of the quoted model to a real seismic sensor can be verified by experi-
mentally measuring the values S(fi) of the sensor output signals for several different
values of the frequencies of the external influences fi and, if possible, by verifying
the accuracy of Eqs. (2–(6). In addition, Eq. (6) makes it possible to calculate the
partial values of the coefficient γi. So, if the model is completely adequate, the val-
ues of γi for the different frequencies should be the same or very similar. Taking
into account the measurement errors, in an adequate model the values of γ should be
close to each other and not significantly different from the experimentally determined
average value of γ (denoted here by γexp), which can be defined as

(7) γexp = (Σγi)/n ,

where the sum is for values of i = 1 ÷ n and n is the total number of the different
frequencies for which measurements were made, and γi = S(fi)|1− fi2/f2s|.

Using the proposed approach requires knowing only the resonant frequency of the
oscillating system fs and preserving the conditions under which the measurements
of S(fi) were taken.

3 EXPERIMENTAL RESULTS AND DISCUSSIONS

The adequacy of the cited model for samples of four types of piezoelectric seismic
sensors was evaluated at IMSETHC-BAS. This assessment is a necessary condition
in applying the model for the analysis of the possibilities for utilizing the sensors in
various situations, as well as for the implementation of the project “Study of the am-
plitude – frequency characteristics of seismic signals generated by surface sources,”
funded by the Bulgarian Research Fund (FNI).

The experiments were carried out at the Laboratory of Experimental Mechanics at
IMSETHC-BAS – Sofia, and included measuring the frequency response character-
istics of several types of piezoelectric sensors. For this purpose a BRUEL & KJAER
accelerometer type 4370 No 984125 and an amplifier type 2625 manufactured by the
same company were used. Also used was some of the equipment supplied for com-
pleting Work Package 2, “Intelligent Security Systems”, of Project BG05M2OP001-
1.002-0006, “Establishment and development of a competence center for quantum
communication, intelligent security systems and risk management (Quasar),” which
received funding from the European Regional Development Fund through the Oper-
ational Programme “Science and Education for Smart Growth, 2014-2020”.
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The seismic sensors under consideration were developed by the Institute and are
intended to record signals from surface sources, mainly humans and vehicles. They
have a cylindrical housing mounted in which, using the corresponding mounting
components, are a piezoelectric element, consisting of a pair of metal plates coated
with a piezoceramic material, and a lead inertial element.

The seismic sensors under investigation were of the following types:

• Type 11 (T11) — aluminum body, plate thickness of 0.3 mm and mass of the
inertial element 40 grams;

• Type 22 (T22) — aluminum body, plate thickness of 0.2 mm and mass of the
inertial element 115 grams;

• Type 33 (T33) — aluminum body, plate thickness of 0.3 mm and mass of the
inertial element 115 grams;

• Type 55 (T55) — brass body, plate thickness of 0.2 mm and mass of the inertial
element 115 grams.

Table 1 presents the results of the measurement of the values of S(fi) for the
each of the above sensor types. The measured natural resonant frequencies of the
oscillating system of the sensors are as follows: for T11 – fs11 = 255 Hz; for T22 –
fs22 = 115 Hz; for T33 – fs33 = 145 Hz; and for T55 – fs55 = 170 Hz.

It is proposed that the validation of the adequacy of the cited model of the fre-
quency response should be performed according to the following three criteria:

• adequacy of modeling the influence of the mass of the inertial element on the
resonant frequencies of the sensors oscillating systems;

• adequacy of modeling the influence of equivalent piezoelectric hardness on the
resonant frequencies of the sensors oscillating systems;

• constant value of the coefficient γ.

In order to evaluate the adequacy of the model using the indicator related to the
influence of inertial masses on the resonant frequencies of the sensors oscillating sys-
tems, it is appropriate to compare the results for sensors T11 and T33. These sensors
are of the same type and, except for manufacturing tolerances, differ only in the value
of the masses of their inertial elements. To assess whether the model adequately re-
flects the influence of the value of inertial masses on the resonant frequencies of the
oscillating sensor systems, Eq. (2) can be used. According to it, the relationship
between the resonant frequencies and the value of the inertial mass is

(8) fs ≈ (k/ms)
0.5/2π .
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Table 1: Measured values of S(fi)

fi S(fi) S(fi) S(fi) S(fi)
[Hz] 11 22 33 55

40 260 300 730 96
60 260 370 870 106
80 270 560 1050 120

100 280 1700 1400 160
120 310 1500 2800 225
140 360 480 10000 550
160 360 320 4200 1050
180 420 180 1300 320
200 460 130 820 160
220 630 100 570 100
240 920
260 3400
280 2500
300 1350

Because T11 and T33 are made of the same piezoelectric elements with the same
values of their equivalent hardness k, if the model under study is adequate for these
sensors, the following dependence must apply:

(9) fs11/fs33 = (ms33/ms11)
0.5 .

According to the results of the measurements

fs11/fs33 = 255/145 ≈ 1.76;(10)

(ms33/ms11)
0.5 = (115/40)0.5 ≈ 1.7 .(11)

Equation (11) represents the ratio between the resonant frequencies fs11 and fs33
in case the model under study is adequate, and Eq. (10) shows the ratio of the mea-
sured values of these resonant frequencies. It can be seen that the difference between
the data obtained from Fqs. (10) and (11) is acceptable from a practical point of
view. Therefore, it can be assumed that the quoted model adequately reflects the in-
fluence of the masses of the inertial elements of the investigated seismic sensors on
the resonant frequencies of their oscillating systems.

In order to evaluate the adequacy of the model using the indicator related to the
influence of the coefficient k on the resonant frequencies of the sensors oscillating
systems, it is appropriate to compare the results for sensors T22 and T33. These
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sensors are of the same type, except for manufacturing tolerances, and differ only in
the thickness of the plates on which the piezoelectric coatings are applied and there-
fore in the value of their inertial masses. Taking into account the physical processes
occurring in the seismic sensors under study, it can be assumed that the equivalent
hardness k of the piezo element is uniquely related to the thickness of their plates.
If we denote the hardness of the plates for the sensors T33 and T22 by k33 and k22
respectively, then, if the cited model is adequate, the following relationship must be
valid in accordance with Eq. (3):

(12) fs33/fs22 = (k33/k22)
0.5 .

Assuming that k33/k22 is proportional to the thickness of the respective plates,
i.e. to 0.3/0.2, we get

fs33/fs22 = 145/115 ≈ 1.26 ,(13)

(k33/k22)
0.5 = (0.3/0.2)0.5 ≈ 1.22 .(14)

It is again apparent that the difference between the data obtained from Eqs. (13)
and (14) is acceptable from a practical point of view, i.e. it can be assumed that the
model presented here adequately reflects the influence of the equivalent hardness of
the piezo elements of the seismic sensors under investigation on the resonant frequen-
cies of their oscillating systems.

Of interest are the differences between the resonance frequencies of the T22 and
T55 sensors, which share the same parameters but have aluminum and a brass body,
respectively.

The relation between these two frequencies is

(15) fs55/fs22 = 170/115 ≈ 1.478 .

At the same time, the square root of the ratio between the modulus of elasticity
of copper, which is the main component of the brass body (between 110 and 128
gigapascals, but due to the admixture with zinc, the upper limit can be assumed) and
aluminum (70 gigapascals) is

(16) (128/70)0.5 ≈ 1.35 .

Therefore, it can be seen that the cited model is adequate for taking into account
the influence of the change in the elasticity of the body to which the piezoelectric
element is connected on the elasticity (i.e., the stiffness) of the body-piezoelectric
system and therefore on the resonant frequency of the sensor oscillating system.



138 Frequency Characteristics of Seismic Piezoelectric Sensors under ...

Table 2: Calculated values of γi

fi γi γi γi γi
[Hz] 11 22 33 55

40 253,60 263,71 674,45 90,69
60 245,60 269,28 721,03 92,80
80 243,43 289 730,38 93,43

100 236,94 414,56 734,13 104,64
120 241,35 133,27 882,28 112,89
140 251,49 231,38 677,76 176,99
160 218,27 299,43 913,91 119,90
180 210,73 260,98 703,33 38,75
200 177,03 263,19 740,05 61,45
220 161,07 265,97 742,15 67,47
240 105,05
260 134,64
280 514,23
300 518,51
γexp 250,85 269,08 751,95 95,9

To assess the adequacy of the model using the indicator associated with the con-
stant value of the coefficient γ according to Eq. (7), the values of γi and γexp, which
are presented in Table 2, were calculated.

Figure 2 shows the graphs of the change for different frequencies in the values
of γi for the four sensors tested, with one unit on the abscissa axis corresponding to
25 Hz.

Table 2 and Fig. 2 show that for the whole frequency range according to the three
criteria – “constant value of γ”, “insignificant deviation of values of γi against each
other” and “insignificant deviation of values of γi relative to γexp”, the quoted model
is inadequate for all of the seismic sensors studied. At the same time, it can be seen
that while at frequencies close to the resonance abrupt changes in γi are observed,
in the more distant frequency ranges the values of γi are relatively the same and that
these two criteria show the adequacy of the model. It is also seen that the mean values
of γi for the frequencies lower than the resonant one are different from those for the
frequencies higher than the resonant frequency.

On this basis, it can be assumed that for the seismic sensors studied here the cited
model is adequate only for frequencies different from the resonant ones by about
10% (for frequencies higher than the resonant ones) or by up to 20% (for frequen-
cies lower than the resonant ones), i.e. if the seismic sensors are intended for use
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in the so-called measurement systems. In the frequency range close to the resonance
frequency, i.e. if the seismic sensors are intended for use in the so-called detector sys-
tems, their frequency response should be modeled using other types of mathematical
dependencies.

4 CONCLUSIONS

1. The mathematical model of the frequency response of seismic sensors represented
by Fqs. (2 and 4) can be used to model one-dimensional mechanical impacts on
seismic sensors of the studied types in frequency ranges different from the resonant
one by about 10% (for frequencies higher than the resonant) or by up to 20% (for
frequencies below the resonant). This indicates that the model is convenient when
the investigated sensors are used in the so-called measurement systems.

2. When designing seismic sensors of the studied type using Eq. (3), it is possible
to predict the influence of the inertial mass used and/or of the stiffness of the elastic
material on their resonant frequencies.

3. Changing the thickness of the plates or of the body of the seismic sensor
results in a corresponding change in the hardness factor of the elastic system and a
change in its resonance frequency. This suggests that the possible damping of seismic
vibrations coming from the ground where the sensor is placed may also affect its
frequency response. The latter assumption needs to be proven, but if true, special
measures should be taken when burying seismic sensors in the ground.

4. In the frequency range away from the resonant frequency, the sensors under
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study have relatively uniform frequency response, i.e. in these areas, they can be used
to measure the spectrum of seismic oscillations from different surface sources. In
order to obtain better results at low frequency measurements, it is necessary to design
the sensors so that their resonant frequencies exceed the frequencies of the seismic
oscillations studied. Nevertheless, in order to improve the measurement accuracy, it is
appropriate to adjust the results obtained by taking into account the sensors frequency
response. This can be done by using the method described in the paper to calculate
the values of γi and S(fi) for the respective frequency range.
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