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ABSTRACT: The instability of negative stiffness materials or systems is rooted
in their thermodynamic state, which is not in equilibrium with its environ-
ment. In this paper, a model of a chain of masses joined by springs with
a non-monotone dependence of the spring force versus spring displacement
(negative stiffness) relation is made stable by constraining it in positive matrix.
The stability of the system is tested using energy function. Numerical exper-
iments are conducted to test the dynamics of two mass model system under
small external excitation. The numerical results are validated for a range of
parameters by comparing the predictions with calculations from analytical ap-
proximation using Newton Harmonic Balance (NHB) method. The presented
results highlight prospects in the design of mechanical metamaterials based on
negative-stiffness elements.

KEY WORDS: Bi-stable element, negative stiffness, numerical, stability anal-
ysis.

1 INTRODUCTION

It is well known that the study of solitary waves and solitons has proved fruitful in
many areas of condensed-matter physics [1]. Special consideration has been given to
the dynamics of a one-dimensional chain of masses m connected by identical non-
monotonic springs. In such model with a variable potential, there is phase transition
of the system; the system goes over from one steady state, when the elongation of
each spring is constant, to another steady state, when the masses oscillate with some
period [2]. The later phase is called the twinkling phase, which can dissipate energy
at a fast rate by transforming kinetic energy into high-frequency oscillations. Further-
more, the dynamic response of non-monotonic force chains has shown theoretically
to result in solitary waves [3, 4].

Although the positive effects of bi-stable elements on the performance of mechan-
ical, acoustic and composites is well known [5–7, 9], previous research has focused
on avoiding the critical (unstable equilibrium) point. However, dissipating the stored
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energy and making use of the negative stiffness could serve as an interesting ways of
introducing negative stiffness, and nonlinear effects into structures, which provides
opportunities to improve mechanical and acoustic properties.

An unconstrained, system containing negative stiffness is unstable by itself [10].
In fact, the stability of an externally unconstrained, elastic body requires the positive-
definiteness of the elastic stiffness tensor [11]. Therefore, the stability of a general
(unconstrained) composite has been theorized to require the positive-definiteness of
the elastic properties of each composite constituent. Likewise, the behavior of sys-
tems containing conventional and negative stiffness element has been proved to be
stable under certain conditions [10–13]. This discovery of way to stabilized negative
stiffness has opened up a vast area of research covering several fields of application.
For examples, in vibration isolation of mechanical equipment in which the dynamic
effective stiffness is reduced to zero at equilibrium point [14, 15]. In biometrics,
Nima et al. [16] designed powered hand prosthesis with negative stiffness. A signif-
icant amount of stiffness was reduced for the child hand prosthesis, which enhanced
its usage. Attary et al. [17] constructed a true negative stiffness member which does
not need external power, sensors and controllers to generate the desired forces. The
system can be used in new buildings as well as for seismic retrofit.

Negative stiffness elements are elicited via phase transformations when ferroelas-
tic materials undergo microscopic instabilities under temperature controlled [18,19].
The second class through different magnetic configurations [20, 21], and the last by
the use of springs such as bi-stable [22], Euler beam [14], and compressed [23].

However, in most of the generated transient negative stiffness, all have been in
parallel with the positive springs in which dynamic stiffness is set equal to zero as
in the case of ‘zero-stiffness’ oscillators. Elena et al. [10] studied a negative linear
spring in a positive stiffness but failed to propose a way to achieve the desired load-
deflection curve. Oyelade et al. [20] conducted experiments using a 1-D spring-mass
system to demonstrate the effect of negative stiffness. Magnetic force was used to
produce the linear negative stiffness.

In this paper, we make use of a numerical method to provide an alternative way
of creating stable NS within a positive stiffness using bi-stable element.

2 CHAINS WITH POSITIVE AND BI-STABLE SPRING MODEL

If we consider a system of 1-D chain withN springs, as shown in Fig. 1, the potential
energy of the system will be

(1) Π =
1

2

N∑
i=1

[
ki (xi − xi−1)2 + ki+1 (xi+1 − xi)2

]
.
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Fig. 1. System of 1-D chain. 

 

The effective stiffness of the spring is: 

 

(2) 
1 1

1

N

i

i

k k 



 , 
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Fig. 1: System of 1-D chain.

The effective stiffness of the spring is

(2) k̄−1 =
N∑
i=1

k−1
i ,

and the Hessian Matrix of the second derivatives takes the form

(3) H =

∣∣∣∣∣∣∣∣∣∣∣∣

k1 + k2 −k2

−k2 k2 + k3

−k3 k3 + k4 −k4

−k4 k4 + k5 −k5

ki + ki+1 −ki+1

kN−1 + kN

∣∣∣∣∣∣∣∣∣∣∣∣
.

Empty spaces denote zero entries. It is well known that for stability k̄ > 0. The
condition for stability also requires

(4) D∆ > 0 ,

where D∆ is leading principal minor of order ∆ of Eq. (3). Therefore, using the
two conditions of stability: positive definite of effective stiffness and that of D∆,
Puglisi and Truskinovsky [2] proved that one of the stiffness of the chain can be neg-
ative. Furthermore Elena et al. [10] determined the critical concentration of negative
stiffness inclusion in the matrix for stability. Now consider a 3 mass model, which
consists of a bi-stable element consisting of one linear elastic spring with stiffness k0

and two linear springs k as shown in Fig. 2. The springs are positive at the unstressed
state. One end of spring k0 is connected to mass 2 and the other end to mass 3. All
joints allow horizontal translation except the end of spring k that is fixed. A horizon-
tal displacement at x1 will result in horizontal displacement of m2 and m3. Hence,
we may treat the system as one dimensional in the following. The total Lagrangian
of the system gives

(5) L (xi, ẋi) =

(
3∑

i=2

mẋ2
i

2

)
−Π (xi) ,
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Fig. 2. 1-D mass-spring chain with bi-stable element.  
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where Π(𝑥𝑖) is the potential energy stored by the structure given by: 

 

Fig. 2: 1-D mass-spring chain with bi-stable element.

where Π (xi) is the potential energy stored by the structure given by

Π =
1

2
k
[
(x2 − x1)2 + x2

3

]
(6)

+
1

2
k0

(√(a
2

)2
+ h2 −

√(a
2

)2
+ (h+ x3 − x2)2

)2

.

The rigid body member has the following parameters: a = 40 mm, b = 10 mm,
h = 20 mm, d1 = 0.5 mm, m2 = 8 g, k = 117 N/m, E = 1.11 N/m and
ρ = 1 g/mm, where a, b, h and d1 are geometric parameters, while m2, k, E and
ρ are the mass 2, spring stiffness, modulus and density, respectively. The horizontal
displacement is defined as xi (i = 1− 3) We introduce non-dimensional parameters
to help study the system without stipulating the stiffness constant and geometry ex-
plicitly. We define

(7) κ0 =
k0

k
, κ =

k

k
, δ =

a

2h
, x̄i =

xi
h
, [∀i = 1, 2, 3] .

The restoring forces of oscillators 2 and 3 can be found by differentiation of
Eq. (6), and adding the forces in the springs, which gives

(8) F =

F2 =
κ0 (1− x̄2 + x̄3) (φ− ψ)

ψ

F3 = κ (x̄3 + x̄2 − x̄1)

,

where ϕ =
√
δ2 + 1; ψ =

√
δ2 +

(
1− 2x̄2 + x̄2

2 + 2x̄3 − 2x̄2x̄3 + x̄2
3

)
. For nu-

merical simulation we have the non-dimensional parameters: κ = 1, κ0 = 0.256
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Fig. 3: Equilibrium path of the model for δ = 1, κ0 = 0.256 (line) and δ = 0.5,
κ0 = 1 (line with circle).

and 1.0, δ = 1.0 and 0.5. Generally for static equilibrium path in geometrically non-
linear field as we have above, the arch length method [24,25], is appropriate to follow
equilibrium paths which offer stable and unstable points. The equilibrium path of the
model is plotted in Fig. 3. When the geometric parameter δ = 0.5 and κ0 = 1.0
there is a snap through around the midpoint. For x̄2 to be near one and linear, geom-
etry parameter δ has to be chosen carefully. If not, snap through will occur far-off
from one, and curve x̄2 becomes non-linear as we have in this case. However, with
δ = 1.0 and κ0 = 0.256 the compressed spring displayed a linear relationship with
the displacement loading. When the dimensional displacement load reaches 0.972,
x̄2 has value of 0.968 prior to snap through of the spring.

Retrieving the parameters of the displacements as the system is subjected to dis-
placement loading, the potential energy and force displacement curve is shown in
Fig. 4. The potential energy of the system is found to exhibit a double well energy
form with two stable points at x̄1 = 0, x̄2 = 2 and a ‘forbidden’ region in between
this range. This demonstrates characteristics of a bi-stable element. Consequently,
the overall energy-displacement relations take the following form:

(9) Π (x̄1) =


Π1 (x̄1) if x̄1 ≤ M

Π2 (x̄1) if M ≤ x̄1 ≤ N

Π3 (x̄1) if x̄1 ≥ N

,

where M and N are the borders of non-convexity of the potential energy of the system.
The maximum position of non-convexity corresponds to points of zero force in force
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 Fig. 4: Total Non-dimensional Energy and Non-dimensional Force Displacement of

the system.

displacement diagram. The restoring force in the oscillator two is a non-monotonic
bi-stable function of displacement as shown in Fig. 4.

We are interested in the position where x2 = 1. Though this position is not on
equilibrium path – Fig. 3 (δ = 1, κ0 = 0.256). However, the nearest position before
snap through is 0.968, and our interest is investigating the stability of this position
for constrained and unconstrained systems.

2.1 SYSTEM STABILITY

In general, we can broadly distinguish methods of stability analysis in dynamics sys-
tems into analysis of equation of motion and energy landscape method. The former
provides unique ways of handling stability of nonlinear or even non-autonomous dy-
namical systems. This is made possible by combining the concept of energy con-
siderations and that of equilibria of differential equations. For dissipative systems
such as viscoelastic, Wang et al. [26] used this method in determining the stability
of negative stiffness in viscoelastic material. The eigenvalues of perturbed systems
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is investigated under Lyapunov’s theorem. Energy method is based on the second
law of thermodynamics, which stipulates that for any isolated system undergoing a
thermodynamic process, the infinitesimal change in entropy will always be positive.
For equilibrium of isolated system, Gibbs concluded that its variation energy should
either vanish or be positive. This means that the strain energy function is positive
definite. This outcome is imperative for the present work as it gives a relationship
between the strain energy of the system, which is related to its stiffness. Therefore,
for stability of a system, the determinant of the Hessian matrix of the energy equation
should be positive

(10) Hi,j =

∣∣∣∣ ∂2Π

∂xi∂xj

∣∣∣∣ ≥ 0 .

2.2 STABILITY OF UNCONSTRAINED AND CONSTRAINED MODELS

Points M and N in Fig. 4 are regions of negative stiffness or positions where the
slope of the force displacement changes to negative. The points have value of 0.55
and 1.55 respectively at x̄2. As expected, instability using Eq. (10) occurs exactly
at the same points as shown in Fig. 5, where the stability of the unconstrained is
plotted against x̄2. As the model is loaded from point x̄1 the system becomes unstable
when x̄2 equals 0.55. This is as a result of change in the value of inclined spring
stiffness from positive to negative value. The reduction is due to inclination of spring
k0. The reduction in stiffness makes the spring to store energy inside the spring
as it moves along x̄2. Therefore we have the maximum energy stored at minimum
stiffness. When the dimensionless stiffness k0 becomes negative at point 0.58, the
system becomes unstable Fig. 5.

However, if the system is constrained at position x̄1 at interval along the equi-
librium path, the system becomes stable even at x̄2 equal 0.968. This is revealed in
Fig. 5 where Eq. (10) is positive definite for all displacement x̄1. This clearly shows
that for the selected configuration, negative stiffness generated is stable within the
positive stiffness matrix under constrain. In the next session, numerical analysis is
performed for the constrained at the position of minimum negative stiffness where
x̄2 equals 0.968. The minimum negative dimensionless stiffness generated at this
position is -0.106.

3 NUMERICAL AND ANALYTICAL INVESTIGATIONS

The behavior of vibration in linear and nonlinear mechanical systems has been exten-
sively studied [20,27,28]. Generally the non-linearity could be of a cubic, quadratic,
and sometimes a complex function. In our model, the restoring forces on oscilla-
tor two are approximately as a linear since we are interested in small displacement.
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However, to take advantage of the analytical formulation by Lai and Lim [29], the
non linear negative stiffness can be expressed as

(11) κ0 = ηX + εX3 ,

where the linear coefficient of elasticity of the spring is η and ε is assume as the cubic
non-linearity part of the stiffness for the derivation but set as zero for calculation. Our
model in Fig. 2 can now be represented with system connecting with linear and non-
linear springs as we have in Fig. 6. The equation of motion about equilibrium position
with cubic non-linearity gives

m2ẍ2 + κx2 + η (x2 − x3) + ε (x2 − x3)3 = 0 ,

m3ẍ3 + κx3 + η (x3 − x2) + ε (x3 − x2)3 = 0 .
(12)

Initial conditions

(13) x2 (0) = X2 , x3 (0) = X3 , ẋ2 (0) = ẋ3 (0) = 0 .
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Introducing new variables u and v as follows:

x2 := u ,

x3 − x2 := v ,
(14)

Eq. (12) can be transformed into

ü+ γ1u− γ2v − γ3v
3 = 0 ,(15a)

ü+ v̈ + γ1u+ γ1v + γ2v + γ3v
3 = 0 ,(15b)

where γ1 = κ/m, γ2 = η/m, γ3 = ε/m and m2 = m3. Solving for ü in Eq. (15a)
and substituting in Eq. (15b) gives Duffing equation

(16) v̈ + αv + βv3 = 0 .

For the analytical and numerical free vibration, it is assumed that

(17) v (0) = x3 (0)− x2 (0) = X3 −X2 = V , v̇ (0) = 0 ,

where α = γ1 + 2γ2 and β = 2γ3.
Equation (16) can be solved by different kinds of analytical approximation meth-

ods: perturbation, elliptic perturbation method, averaging procedure, Displacement
of the two oscillators can be expressed as [29]

x2 (t) = (X2 +G1 +H1 + I1 + J1 +K1 + L1 +M1 +N1) cos
√
γ1t(18)

+G2 cos (ω3t) +H2 cos (3ω3t) +I2 cos (5ω3t) +J2 cos (7ω3t)

+K2 cos (9ω3t) + L2 cos (11ω3t) +M2 cos (13ω3t) +N2 cos (15ω3t) ,

x3 (t) = x2 (t) + (V + C1 + C2) cos (ω3t)(19)

+ (C3− C2− C1) cos (3ω3t)− C3 cos (5ω3t) .

The expressions for all the variables in Eqns. (18), (19) are given in Ref. [29].

3.1 FREE VIBRATION

For free undamped vibration in the absence of driving force, 3 cases of initial condi-
tions will be considered

• Case 1: x2 (0) = 0.5, x3 (0) = 0;

• Case 2: x2 (0) = 0, x3 (0) = 0.4; and

• Case 3: x2 (0) = 0.5, x3 (0) = 0.4.
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Fig. 7: Comparison of the numerical results with the analytical approximation at
equilibrium point: (a) Case 1.

All simulation is done with ẋ2 (0) = 0, ẋ3 (0) = 0. In Figs. 7, 8 and 9 we
have the same form of curves for the numerical (ANSYS) and theory (with zero
non-linearity) which is in anti-phase with the positive stiffness (linear). The positive
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Fig. 8: Comparison of the numerical results with the analytical approximation at
equilibrium point: (b) Case 2.

stiffness value is chosen as to show that there is transformation as oscillator 2 moves
along the geometry. The anti-phase movement noticed in mass two in Fig. 7 and
mass three in Fig. 8 corroborated the earlier submission that incorporating negative
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Fig. 9: Comparison of the numerical results with the analytical approximation at
equilibrium point: (c) Case 3.

stiffness in positive matrix changes motion of one of the oscillator [10, 20]. The
analytical approximation by NHB gives very matching patterns with the numerical
solutions by ANSYS for the entire duration of time.



126 Dynamics of Chains Containing Bi-stable Elastic Element as ...

3.2 TRANSIENT RESPONSE

Furthermore, a short MATLAB code is written to test the response of the model
under time-varying loads and the responses of the oscillators are plotted in Fig. 10.
Numerical model from ANSYS agrees with the linear negative stiffness for a period
of 4 and 3.5 seconds when the force is on mass two and mass three respectively.
Applying the time varying force on mass two tends to agree better due to the rigid
mass used to incline the springs, which tends to affect the trajectory of the member.
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4 CONCLUSIONS

In this paper, we have presented an alternative means of generating a stable linear
negative stiffness through bi-stable element. The inclined spring and surrounding
positive springs will determine whether we will have a stable negative stiffness or
a jump from one stable point to another. The stability of the bi-stable element is
achieved by constraining it within positive members. We showed numerically that
chains of springs and masses connected in series containing spring with negative
stiffness could still exhibit stable motion. For small amplitudes displacement, the
bi-stable element behaves as a linear negative stiffness, which allows propagation of
mechanical waves.
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