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NON-LINEAR MANY-DIMENSIONAL VIBRATIONS OF A
MOTORCAR UNDER DISTURBANCE FROM THE
ENGINE AND THE ROAD

I. ANGELov M. GEORGIEV

The non-linear three-dimensional vibrations of a motorcar with a driver
and charge, and the connected with them angular vibrations in the transmis-
sion, are treated in this paper. The many-dimensional vibrations are excited
from the engine (ICE), and the road. ,

The motorcar is treated as a rigid body O (Fig.1) with mass M .and
inertia moments tensor J (towards OXY Z). The tyres are treated as a three-
dimensional elasto-damping elements (EDE) Ey Uy Vi Wy, with stiffness and
damping constants ¢y, ¢y, ¢z and by, by, by, and coordinates Iy, Iy, 1y,
(I=1,4).

The motorcar mast 1 is treated as a rigid body (my,J1,0:X1Y12),
rotating around the axis O7Y;* = 0,Y;. The mast position is defined by the
direction cosines (& = cos ¢l,;, @* = sin ¢}, ) and the vector hny = (€}, €}, e3)T.
The mast is connected with the car body by torsional EDE Ec. The charge
2 (mq, J2, 03:X2Y3Z,) translates along the axis 03Z; = 0;Z;. The charge
position is defined with the distance [ along Z3. The charge is hanged on the
mast by EDE Er.

The driver plus the seat is treated as a rigid body (m3, J3, 03X3Y3Z3).
It makes relative translation along the axis 0373 = O3Z3 by EDE Ep. Its
position is defined by the direction cosines (y = cos ¢n3, ¥* = sin ¢3) and the
vector hyz = (€, €}, €})T.

The engine plus the gearbox A is treated as a body (M, J4,04XaYsaZ4),
elastically mounted on the motorcar by three-dimensional EDE E 4, U 4;V4; Wy,
(i = 1,4) with stiffness and damping constants cazi, CAyi, CAzi, and bazi, bayi,
bazi. The EDE coordinates towards Og4XaYaZa are lagi, layi, lazi, and to-
wards OXY Z are Uy,;, Uy, Ui

The elasto-damping elements (EDE) Ec, ET, Ep are non-linear. Their
characteristics are as follows:

Fc = ccpc + fec(ec) + bepe + fic(oc);
Fr = crar + fer(ear) + brir + for(ér);
Fp cpqs = fB(9B) + bBiB + fiB(dB),
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Fig. 1
where ¢c, cr, cB, and bc, br, bp are stiffness and damping constants (1].

The transmission is described by rotating masses with coordinates @,
@wR, Pg, Pe- The transmission circuit is branched by an automotive differen-
tial, and closed by the wheels and the road. The mass moments of inertia
are Jo, Jg, J;, Ju, J; and Jy,; the angular velocity ratios are uy and ug; the
torsional spring and damping constants of couplings are ce, cq4, and be, bg; the
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wheels statical radius of rolling are R,,;, and RyR.
The vector of generalized displacements, describing the motion of the
examined mechanical system, has the following form:

(1) Y= (zay’z,omoyaoz"/’c,QTa‘IBa

TA,YA, 24,04z, oAy’ 04z, PwL, PuR, Pg> ‘Pe)'{9xl .

The engine’s work is described by disturbing force H4 and disturbing
torque M4, towards O4X,Y4Z4, and torque M}, applied on the engine rotor
and the wheels. They are represented in complex vector form, as follows:

n
HA = Re {KHEH;:CJ.’W’G}, H;:(sz,sz,sz)T;

My = KM E M*ejkve} ) MI: = (Mjlz’ M/,;y’ M:;z)T;

k=0

k=0

13
P

k=0

MwL =

2 MY = {IGMZM(e)*e’(""'*""")}

Myr = Re {wa Z M,:Rkejk“""ﬁ} ;
k=0
where H}, M} and My, MR are the amplitudes of the k-th harmonic, and
kg and kp are coefficients of engine charge [1, 2, 4].
A three-dimensional kinematic excitation appears when the motorcar
moving on the road

(3'1) MHil = (Uklavklv Wkl)T = 174)

non-determined or determined:

S
(3.2) wr = Re {Zuzlejpk*t} , 1=1,4,

k=1

where pj, is the amplitudes vector, and pj is excitation frequency [2,3,4].

The differential equations of motion of the examined mechanical sys-
tem, after cutting the members of second and higher degree towards the gen-
eralized coordinates, have the following matrix form:

(4) A+ By +Cp = —S% — R(%,%) + Qr + Qx,



where the matrices A =
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B = [b;j], C = [ci;] describe the linear properties

lai;],

of inertia, damping and elasticity. The matrices are compound of sub-matrices,
as follows:

(8)

(6)

[ A0 Acr Ap 0 0
AZr A 0 0 0
a=| AL 0 m3 0 o0

0 0 0 A4y O
0 0 0 0 Ar

- < 19x19
[ Co 0 0 —-Coa CRr]
0 Cog 0 0 0
C = 0 0 c¢B 0 0
C 0 o0 Ca 0
ct o 0 0 Cr |
- 19x19
3
o= o oxss o) = o o2 = ol = a2 = b + $m
> ©) _ _ 0 _ _(<
@15 = —G4 = ) Mi€f,; Qg = —a3, = —(E miej, );
i.._l 1
“gg) = —agg) E mie;,; aﬁf’ =J9+ E JO 4+ Z m;(e? + ef?);
i=1
o o o o
a’l(45) . E mie t:z: ty Jﬁ(f'!/)’ a4(16) E m'ew tz + E - éz);

=1

=1

agg) J(O) + 21 J(‘ + ;1 m'(e*2 + 6*2) a(o) - - Zl m;e ty |z J]SZO),

aég) = (O) + 2 .](t + Z m'(e*2 + 6*2),

* / —_ *.
€3, = €3 e3y = ey, €3,% = ez, ezy =ey + €y
elr =€ €5 e, =arl; €], =€y e, =€, +e;; €, =al;

*x  __ Ll *, / * ., * __ Ll *, . * .
e, =€yt e €y, = ezt ave,; €, =€, te€;; e, = —a‘e;+ae,;

IO = 2JQ+a20D; I = a20Q+020D; I8 = ara(JY) - Iy,



48

(7)
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JO 2 1250) 4 a2y, J(s) = 27D 420, J(s) = (- Iy,
(2

2
Act = [aj )]6x2; an - E miej,; a3 Elmt iz)
t=

CT cT -
( ) = = —(Z mietzezy)’ agl ) = Z m'(ew 27 + e:'zeiz);

agT) (Zl mie; e}, ); aﬁ? ) = = mya*; a;(gT) = maa;
i=
ag ) = —maaes,; agg = (a*e}, — ael,)my; a((gT) = —maa*es,;
Ag = [ mg m; ] : mg = J,S;) + m1l? + may(€2 + €2);
my, m2 my = —Maeg;
Ap = [ag-P)]exl; aﬁ”’ = m3zy™; (P) = m3Yy; a,(tP) = —m37*e;;
a{?) = ma(y7e, —yel); a) = ~msyte,

A =[aoxes ol = afy) = alf) = My o) A -t

(4) _ _ 4, (A) J(A) (A) - Jy(zA); a(A) JA. A ),

a4 Tz ) a56 ) a’ J’ ’
Ar = [a{ axa; ag? = a{D) = J,, + 0.25(J4 + u2JY);
oD = J, + u2Jy; o) = Jo; oD = 0.25(J4 + u2JY);

Coa = [C,(']'OA)]Gxe; 94 = ZcAa:s, 94 = ZCAysa {94 = ZcAzs,
Cg?A) E CAzslAzs; cﬁ?"’ = —(E CAzslAys); 02(4)A) = -(Z CAyslazs);
ng )= EcAyslAzsa ng )= ECAzslAy.n ‘335 = —(E CAzslAzs);
iV = Deanlings 61 = ~(L canslie) iy = (L cavolen,)
62" = T calhnss ¢ha”) = Seanliyss s = ~(Z canlie,);
94 = S eavslasalinzs + eazsbagalings); 94 = = Sleaslasalizst
Feasslasslly,,)i co® = eassbagsliys + Cavbasslses);

o? = ~(T caslasslians); i = ~(T cazsbanallys);

50" = ~(T crelavalitns)s 51" = (T carslizalae);

c((igA) = -(2 CAyslAzslAzs), CG?A) = _(E CAa:sl,"gy,lAza);
s
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Co = [c{ Mexs:
(C(O) — (OA)’ When CA* = Cx and lA‘ = lk. E— l*’s = 1,4);
@ = O 4 B (P = 0, when s = Uy, = Uy, s=1,N);

Ca= [c ]6,(6 (c(A) = c,(JO ), when lge = l/s =g+, s=1,N);

Cq = diag(cc, cr)2x2; C1T = ICS,-T)]4x4;

D = cus o0 o) = con b 7 D ety D =
3 = ca(ud/z;) o3 = ) = —ca(va/2); ) = —coug;

Cr= [0-,- Noxai e = —cur/Rut; c55) = —cur/Rur;

c§1’ = —cuLl:3/RuL; ng{) = —cwRlza/RuwRj

R R
Cf(n) = chlyS/RwL; céz) = cwRIy4/RwR; when CyL = ca:3R12”L;

CwR = C:MRz,R-

The matrix B expresses the dissipation properties of the system, has
analogous structure as the matrix C, and its elements can be obtained by
replacing c,. with b...

The non-linear properties in case of small oscillations are described by

the matrix . and the vectors 1;, and R(%, 1/1), as follows:

(8) = (62,6:6,,6.6.,67,6,0.,0%,0:0cc,6,6c6c,
z‘PC¢Ca qu,onT,onT,onB,quB, qu)lsxl’

(9) S = [Sg, 0%)(15]{9)(15; 010)(15 Zero matrix;

2
So = [ howass iy = i) = ~261) = 2613 = —(3; 2miet,);
2
o o [0) o .
) = D = 2D = (S mier)i o = o) = ~(3 2mic);

2
89 =~ = ( 3 2mict, )

o (o} o (o]
sgu) = _sgl) = 2mya; sglg = -3:(311) = 2maa™;
o (0] fo) .
3&14) = ”Sglg = 2m3Y; sgls) = _3:(312 = 2m37 ;

351?) = _(g mie ty €5); 3‘(162)) = 23(0) + 2(2 ) = 2J5z;
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o o (0] o o (o]
3513) - 3§9) = 2Jzy; 3:(44) = Jyz; 3‘(16) = 5‘(11) + 5‘(14);

3 R . . 2
8‘(1(5)) = E(Jy) - Js(/t) + ng)) + (Joz = Jyy + J22); 3:(1(7)) =3 mie] e}, ;

=1 1=1

2 2

fo) . o o o 0 .

3‘(19) = 3 miej,el,; 23«(18) = "2327) = s‘(72) = 's‘('ls) = _(21 2mie;, €}, );
1=

=

3 .
o o " o 0 o o
sa(ug = 3‘(112) = Maa€y;; 3:(11:2 = 3315) = Mgy ez,; 3g1) =2 JE + Jaz;
=1

&G 3 i i
s =D+ 2 I ssa= 2 (1D~ ID) 4 (Jaw = Sy — T2
=1

=1
2
[0} o P~ (o] (o] o (o)
5g4) = 31(39) = —(X miejel,); sge) = 524) = 2Jzz; sgs) = 28‘(18)—2']-7?3/;
i=1
2
o * % o o o -
4 = s )= =20 = maas
1=
o o) o o) .. (0) _ o) .
s§12) = —3§512) = _Sgl) = 31(35) = Mmaaey; 35;1) = —sgs)) = Jzy;

o o o 3G i :
81(34) = sgg) — Jzy; 3((32) = Z:I(Jz( ) _ J£ )) + ; m;e?z;
2 2.
4 =D = Fomrs =404 £

2
8D = o) = gy o2 = Fomencs o) = 24D = —mpones
1=
(10)  R(%,¥) = [rjhoxis; 17 = feo(po) + foc($c);

rs = fer(qr) + for(47); ro = feB(4B) + foB(dB)-
The vibrations of the mechanical system are excited basically by force
disturbance from the engine (the vector QF), and by kinematic disturbance

from the road (the vector Qx):

n .
QrF = Re{kEO Qire*e};
(11) Qfx = (03, s HYT, kM M7 kL M3y, KuRM R, 0, "me:)*)T;
7 % . *
Qu = Re(L Quei); Qi = (UpeBO + COYL)Y

where B(l) and C'(!) are obtained from the matrices B and C, and Og and O3
are zero vectors.

The system of differential equations Eq.(4) gives an opportunity to
make analysis of the non-linear motorcar vibrations.



Non-Linear Many-Dimensional Vibrations ... 51

The results can be used as a base for dynamical synthesis and design
of motorcars.
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