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1. Introduction

Collision avoidance is recognized as an essential issue in current robotic
research. Many reports have been devoted on path planning for robots working
in cluttered environment and on trajectory generation for robots operating
jointly in space. The complexity of the problem of obstacle avoidance is defined
by the complexity of any of the following associated problems:

1. modelling of obstacles;

2. obtaining the distance/proximity of robot links to various objects in the
working space;

3. searching for collision-free paths; and

4. obtaining optimal collision-free paths.

Obstacle modelling is actually a tool for estimation of some proximity
measure, eg distance between robot links and objects [1], or safety clearance.
This is used for construction of working space maps [2] and for obtaining ar-
tificial repelling forces [3], [4] or possible directions of motion that direct the
links away from obstacles [5]. Obstacles may be represented either in task
space, eg [4], or in configuration space, eg [6]. In task space, obstacles are
usually approximated by unions of a limited number of primitive forms [4],
by polyhedra [2], [7], or polytopes [2]. Typically, links are shrunk to line seg-
ments, while obstacles are extended in such a way that a safety clearance is
ensured. Difficulties arise in representing concave objects, unless they are con-
sidered as unions of convex forms. Primitive forms modelling is closely related
to the concept of artificial potential [3] that assumes the existence of repelling

* The support of National Research Foundation of Bulgaria under grants NIMM 44/91
and NITN 427/94 is gratefully acknowledged



66 V. Balavessov

forces. The polyhedral representation usually goes together with linear pro-
gramming techniques for path optimization [2]. The polytope representation is
well suited for obtaining of link-to-object distances [2]. Some approaches uti-
lize the configuration space representation of the constraints, thus transforming
actual obstacles into a single configuration-space obstacle, and shrinking the
robot into a point [6, 8]. This approach inevitably suggests some kind of dis-
cretization of the configuration space and certain types of configuration-space
maps [2]. The virtues of the approach are based on the easy and fast access
to the computer memory where the configuration space map is stored prior to
operation, on variety of algorithms already developed for VLSI routing, and
on the convenient representation of arbitrarily shaped obstacles. Different real
obstacles may overlap in the configuration space, te it is hard to distinguish
one from the other or to perform motion of an obstacle there, unless the con-
figuration obstacles are represented by space slices [6]. The path-find problem
does not regard path optimization. Usually the artificial potential concept [4]
or the penalty functions approach are utilized, but there exist various kinds of
euristic approaches, too. Typically, the bulky inverse kinematics computations
are circumvented and the corresponding real time implementation is easy from
computational viewpoint, especially for a non-complex environment. How-
ever, special efforts are required against trajectory jamming. The problems
of constraint path optimization are based on the minimization of an objective
function, that considers both the constraints and various costs associated with
the trajectory such as length, safety (clearance), and time of completion. Con-
straint path optimization problems utilize complex mathematical techniques,
like linear programming, numerous modifications of the visibility graph ap-
proach [9, 10], or the Pontryagin principle. The time optimal path planning
problem [9] corresponds to minimization of the travelling time. It is associated
with consideration of the complete dynamics of the robot and the saturation
limits for motor torques, joint velocities and accelerations. Uncertain dynamics
parameters make the problem even more complex. Generally, the problem is
hard to solve. Less difficulties arise in solving the problem of time optimal tra-
jectories, where the path is known a priori [2, 11]. The shortest path planning
problem [10] implies that the travelling distance is subjected to minimization.
The shortest path is not necessarily the time optimal path, although it sug-
gests intuitively a short time of completion. Shortest constraint paths usually
feature discontinuous path curvatures at certain points, where the robot has
to stop and start again, and this increases the travelling time. It is found, that
paths with continuous curvatures better meet time optimal motion require-
ments [8]. Thus the problem of generating smooth collision-free paths arises
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as an intermediate problem between shortest path planning and path finding,
from the one hand, and time optimal trajectory planning, from the other hand.

The objective of this report is an optimization approach to obstacle-free
path planning that provides smooth paths at low computational costs through
the choice of an appropriate criterion.

2. Problem statement

Robot motion planners are computer-based and therefore they are in-
trinsically discrete. Hence, it is reasonable to search for a discrete collision-free
path rather than generate a continuous one and then form some discrete path
on this base.

Consider a mechanical system with n degrees of freedom. Denote by
g € R" an arbitrary configuration, and by ginix and gsn the initial and the
destination configurations of the manipulator path, respectively. Suppose that
the robot environment is modelled, and a function h(g) : ®* — R is defined
such that

1. h(g) = 1 when the robot collides with the surface of some obstacle;
0 < h(g) < 1 when the robot is away from the obstacles;

h(g) > 1 when the robot “gets inside” some obstacle;

Ll S

h(q) increases with the approach of the robot to obstacles, and vice versa;

Oh(q) def
0q

It should be noted that, if the closest distance d = d(q) of the robot
to the environment is known, then e~% is such a function, provided negative
values of d are used to designate “penetration” of obstacles with robot links

[5].
The objective is to find a sequence of points, that form a smooth

obstacle-free path

(1) Ginit = 91,92, 93, - - - » Ip = Gfinal,

5. Vq 3 97 (q), such that ||gT(q)|| < .

where ¢; € R*, 1 < i < p,p> 0is an integer, and ¢; and g, are known a priori.
The integer p defines the amount of points of the path. It has to be a trade-off,
as long as it must be both large enough to ensure small distance between any
two consecutive path points, and small enough to guarantee computational
effectiveness of the planner. Further on the matrix

Q dzef [qZ, q3y---y qp—l]T € %(p—Z)xn,
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where the terminal configurations do not enter for convenience, is used as a
compact synonym of the path (1).

The sequence of path points (1) corresponds to consecutive time sam-
ples tg,t1,12,...,%p, i€ gk = ¢(tx), and consecutive time intervals tx4; — & =
Aty > 0. With a single path, various robot trajectories may be generated using
various samples, and various intervals Aty, respectively.

3. Estimation of a robot path

In order to handle the problem, estimates of the smoothness and the
safeness of the path have to be considered.
Further on the cost

1
(2) 7(qk) &f §(<Ik+1 — 2k + qk-1)T (qr+1 — 2q + qk—_1)

is referred to as local path ruggedness at the point g, 1<k < p.

The local path ruggedness (2) is non-negative, and it is zero every-
where only for a uniformly tabulated straight line path in joint space. If the
path points in the set (1) are uniformly tabulated with respect to time, then
(2) represents a generalized discrete estimate of the joint space acceleration.
Therefore, the cost (2) represents a combination of the local path curvature
and the local trajectory acceleration.

Robot motions usually start and terminate at zero velocity. In such
cases it is reasonable to augment the set of points (1) by duplicating the ter-
minal configurations:

(3)

9 = ¢

+1 = G
The average local path ruggedness

_ e
(4) r(Q) ¥ » > (k41 — 20k + qr—1)" (qes1 — 20k + gh—1)

k=1
is further on referred as path ruggedness. Intuitively, it is opposite to the path
smoothness and correlates with the length of the path in joint space.

The path safety is estimated in a way similar to the one used for estima-
tion of the path smoothness. The local collision danger estimate is represented
by the function ¢joc(gk) def h(gk), 0 < k < p. The inequality cioc(gx) < 1, is
observed Vk, along any collision-free path. The path collision danger estimate
is defined as an average of the weighted local estimates along the path:

(5) (@ % 23 craidlar),
p k=1
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where ¢(Q) : RP=2)*" s R is a smooth map, and o4 > 0, 0 < k < p,
are properly chosen weights. Given the weights, a safer average clearance
corresponds to smaller value of the cost (5).

4. Optimization criterion and optimum paths

If (3) holds, then the path ruggedness (1) cannot be zero everywhere
along the path. To obtain a smooth path, the path ruggedness (4) must be kept
as small as possible. The attitude of the robot to its environment is estimated
by the collision danger (5). To ensure collision-free motion, local values ¢joc(gk)
have to be kept both below 1 and as low as possible along the path, in order to
obtain a safe clearance. However, the above mentioned requirements are often
contradictory. Therefore, a trade-off solution has to be found.

Consider the following criterion:

(6) J =7(Q)+ ¢(Q) — min,

or the equivalent one

11 | |
J = ; (Z E(qk+l - 2qk + qr-1 )T(Qk+l - 2qr + Qk—l_) + Ukcloc(Qk)) — min.
k=1

A trade-off may be obtained through subjecting the path to optimiza-
tion with respect to this criterion.

The cost (6) allows at least one local minimum. The position of a local
extrtemum is obtained through differentiating of the cost (6) with respect to
gk, and by equalizing the corresponding values to zero. The terminal config-
urations are fixed, therefore 1 < k < p. Arranging the settings % = 0, the

result is represented by the following system of equations:

(™ M.Q =B,
where
6 ifi=j
M & [my ;] € RE-DXC-D) -4 Tf It. —J.I =1 ;
1 ifli-j]=2
0 ifli—j]>2
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where — assuming p > 6,

by = -—029(q2) + 491 — qo;

by = —039(g)+ 492 — qo;

by = —0k419(qk+1),Vk: 2<k<p-3
bp-3 = —0p-29(gp-2)
bp—2 = —0p-19(gp-1) +4gp

M is a constant positive definite five-diagonal matrix. Thus solving
of eq. (7) with respect to the path @ is relatively simple, as much as this
matrix is concerned. The use of the Cholesky technique is most suitable to the
purpose. Problems arise however with the computation of the vectors g(gx),
2 < k < p—1, that are included in the B = B(Q) matrix, as long as path
points gx are not fixed a priori. Therefore some iterative computational scheme
is inevitable. As long as M > 0, it is easy to show, that using

Mq(i+1) — B(Q(‘)),

instead of eq. (7), where Q) refers to the i-th iteration, is equivalent to a
gradient scheme for obtaining the optimum solution with respect to the cost (6).
In the sequel a technique is developed in order to improve the relaxation. It is
based on dividing of the path into two subpaths.

5. Obtaining of smooth paths

As already mentioned, the points o, g1, gp, and gp41 can be considered
as fixed ones. Suppose also that all points with odd indices gg4+1, 2 <
2k +1 < p, are fixed, too. Then the path optimum with respect to the cost (6)
is obtained as a solution of the following system of equations:

(8) M evenQeven . Beven’

where
6 ifi=j

1 ifi#j

def
Meyen = [meven;,j] y  Meven;; = {

def
Qz\ren = [Q2,q4a ceesQ2ky .- ]
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bevenm, = —029(q2) + 3q1 + 4g3;
bevenz = —049(114) + 443 + 4‘15;
beven, = —02kg(q2k) + 4q2k-1 + 4q2k+1;5

If p is odd, then the last entry of Beyen is defined by

9) beven, = —0p-19(gp-1) + 3qp + 4gp—2,
where | = 251 else (even p) it is

(10) beven, = —0p-29(gp-2) + 49p-1 + 4¢p-3 — @y,

where [ = %2

If, in an analogy, all points with even indices gx,2 < 2k < p— 1, are
fixed, then the path optimum with respect to the cost (6) is obtained as a
solution of the following system of equations:

(11) Mo3dQoda = Bodd,
where
6 ifi=j
def
Moaa = [modd; ;5 Modd; ; =
[ I " 1 ifi#j
def
QLia =035y - -y @2kt15- -], BLaa = [boddy » boddys - - o »
boad, = —029(q2)+ 3q1 + 4q3;

boad, = —049(qs) + 4q3 + 4¢s;

bodd, —02k£9(g2k) + 4G2k-1 + 4G2k41;

If p is even, then the last entry of Boqq is
bodd, = —0p-19(p-1) + 3¢, + 44,2,
where I = 252 — cfeq. (9), else it is
bodd, = —0p-29(qp-2) + 44p—1 + 44p-3 — Gp»

where I = 222 — cfeq. (10).
Note, that the structures of Myqq and Meyen are identical, only the
dimensions of these matrices may differ by 1. They are constant positive
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definite three-diagonal matrices. Thus solving of equations (8) and (11) with
respect to the subpaths Qeven and Qo4q is even simpler in comparison with
solving-of eq. (7) with respect to the path . As mentioned above, problems
arising with computation of the Beye, and Boqq matrices imply utilization of
iterative procedures. The optimum path is obtained according to the following
algorithm:

1. An initial path Q(® is given using some path-find technique. Alternatively,
a configuration-space straight line can be used initially in the case of
relatively simple robot environments;

2. k= 0;

3. Form the subpaths Q.(!i)en and Q((:gd using data from Q(‘);

4. t:= 14 1;if ¢ > ¢y then jump to step 15; else continue with next step;
5. Calculate the Bg,;}) matrix on the base of Qi';;l.’ and Q‘(:;ll) ;

6. Solve the system MevenQ((:i)en . ii;,}) with respect to the subpath Qg,)en;
7. Calculate the B‘()fi—dl) matrix on the base of Qg,;ll) and Qf:;l'dl) ;

8. Solve the system ModdQ(()'g 4= B‘()fi_dl) with respect to the subpath Q,4q;
9. Obtain the path Q) incorporating the subpaths Qﬁ‘,,’.,n and Qﬁd;

10. Evaluate the deviation ||Q() — Q(=D)||;

11. If the above deviation is not sufficiently small, then go back to step 4; else
go on;

12. Evaluate h(g;),1< j <p.
13. If Vj = h(g;) < 1, then jump to step 16;

14. Else for all h(g;) > 1 increase the corresponding weights o;; go back to
step 4;

15. Unsuccessful end of the procedure (the initial path is not appropriate; a
safe path does not exist; or ip,ay is not sufficiently large);

16. Successful end of the procedure; a smooth safe path is found.
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It should be noted, that assigning of various weights o; for the different
indices j, j =2,3,...,p, as adopted in step 14 above, correlates with utiliza-
tion of penalty functions. Instead of this, the amount of path points may be
increased at path segments, where local values of the cost (6) are greater, or
where local path ruggedness estimates (2) are unacceptably large. A proper
interpolation technique can be used to the purpose.

6. Conclusion

The approach proposed concerns planning of smooth collision-free paths
for manipulation robots. It is based on a method for optimum path finding,
that ensures obtaining of a local minimum. Planning is performed in the
configuration space, although a task space formulation is also possible. The
generated path is similar to an n-dimensional spline with variable flexibility
and elasticity, that is fixed at both ends only. The elasticity and the flexibility
of this spline increase in the neighbourhood of obstacles.
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