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VIBRATION OF CIRCULAR PLATES ON ELASTIC
FOUNDATION WITH IN-PLANE LOADING

R. KURKTCHIEV, 1. VAISILOV

1. Introduction

The problem of the stability and the transversal vibrations of thin
elastic circular plates has been object of an active interest over 100 years. A
great number of problems for circular plates with various geometry, boundary
conditions and membrane stress—state have been investigated.

The present work examines the questions of the small free transversal
vibration of thin elastic circular plate with constant thickness and with con-
stant membrane radial forces distributed along the plate contour. It is assumed
additionally that the plate is rested on Winkler elastic foundation. The influ-
ence of the Winkler constant on the plate eigenfrequencies at a given tension
or pressure radial loading is to be investigated.

2. Equation of motion

Based on the Sophie Germain-Lagrange equation for thin elastic plates
with constant thickness h written in cylindrical coordinates the differential
equation of the small variations is as follows:

(1) DV*V?w =g
Here
0? 10 1 0
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(2) V= or?  rdr  r20¢p?’
EA3
(3) D_—_12(1—u2)'

where FE is the Young’s modulus and p is the Poisson’s ratio, ¢ denotes time
and w = w(r,p,t) is the normal displacement of an arbitrary point on the
middle plane. The density ¢ of the normal distributed load in (1) is

(4) q9=qm + ¢+ ¢,

and ¢, ge, ¢; are respectively:
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(5) qm=h0,19—:2+0¢(10w+13w)+21’—{—j—(law)],

or? r29r | 12 0p? or \r or
(6) ge = —kw,
0w
(7 ¢ = ph-a—tz-.

The load(5) represents the membrane equilibrium state of the plate.
oy, 0, and T in (5) are respectively: normal radial, normal circumfental and
shear stress. We confine to the case

(8) or=0,=p=const.,, T=0
Hense
(9) m = hﬁvzw.

For 7 > 0 (P < 0) the plate is under tension (pressure).

The component (6) is the reaction of the Winkler foundation, k is the
Winkler constant (bed coefficient).

The component (7) is the inertial load, and the mass density is p =
const .

In the case of charmonic oscillations we assume

(10) w(r, ¢, t) = W(r) cos(nyp)[A cos(t) + B sin(Q1)).

The constants A and B in (10) can be determined by the initial con-
ditions, € is the frequency of the plate free vibrations. The function W(r)
defines the vibration’s mode. The integer n characterizes the vibration modes

in circumferential direction. At n = 0 we obtain axisymmetrical vibrations.
After substituting (10) into (1) we obtain the differential equation for

W(r):
(11) ViViy - 26V3w —eW =0
where
02 10 n?
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(12) vi= 61‘2+r0r r2’
- h®

(13) b= Yk

(14) = -1—1)-(ph92 —k)>0.
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The condition (14) means “soft” elastic foundation.
At tension we have:

5= p=p= PR
(15) p=p>0, b—b—2D>0,
and the presure:
- T ph
= — b=-— o .

So, we assume that

2
2= /b2 = ph 1 2 _ ph
(17) a’=+/b +c+b—\/(2D) +D(th k)+2D>0’

2D

The equation (11) for a circular plate without hole and its respective
solution are (following [1]):
(i) Plate under tansion:

h\* 1, h
(18) ﬂ2=\/b2+c—b=\/(p—) +B(ph92—k)—-;)3>0

(19) (V2= a®) (V2 +)W(r) = 0,

(20) W(r) = Cil.(ar) + CaJn(Br).
(ii) Plate under pressure:

(21) (V2 +a®)(V? - g)W(r) =0,

(22) W(T) = ClJn(ar) + CzIn(ﬂ’I‘),

where J,( ) is a Bessel function of the first kind of order n, and I,( ) is a
modified Bessel function of the first kind of order n. C; and C; are integral
constants.

3. Boundary conditions. Characteristic equation

We assume the plate as elastically clamped along the circle r = R. v is
the stiffness of the rotational spring which moulds the support. The boundary
conditions are respectively:

(23) w|r=r = 0,

0.

r=R_

(24) [, - v
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Taking into account (10) and the expression for the bending moment

0w 10w 1 0%w
%) M= G415+ s )|
from (23) and (24) we obtain the boundary conditions for the function W(r):
(26) W(r)|r=R= 0

- [d2W (1 dw n2W) 5 aw

dr? rdr 12 " D dr
Substituting the solutions (20) and (22) into (26) and (27) we obtain
the homogenious linear system of equations for the constants C; and Cj:

r=R_ )

(28) d11C1 +d12C2 =0
d1Cy + dy2C3 = 0.
v The resulting from this system characteristic equation is
(29) d11d22 - d12d21 =0.
As an example, for the pressured plate we have:
(30) di = Jn(za)a dis = In(Zp),
R
dyy = 22J(24) + (u - 7—) 2ol (20) = untJn(2a),
(31) p
dan = 3110ea) + (1= 20 sali(on) — o)
where

(32) 22 =(aR)?= P+ (@2 - k) +5,
(33) 2= (BR)> = \/P2 + (02— k) - B,

and

. R < 2 [pPh = R*

(34) P=r3g Q=QR ok k= kf
are dimentionless parameters. ;
At v = 0 the plate becomes simply supported. By v — oo we get an

ideal clamping. We consider further only the case of an ideal clamed plate at
the boundary r = R.
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The characteristic equation (29) is:

y

Fig. 1 Geometry of the plate

Numerical results. Conclusions

The eigenfrequencies Q of an ideally clamped circular plate are eval-
uated by the numerical solution of the characteristic equation (35), and the
results are represented graphically in Fig. 2 and Fig. 3.
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Fig.2 The frequency as a function of p by ¥ and n constant
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_ The diagrams in Fig. 2 show the dependence of the frequencies ﬁl and
§2; with respect to the load parameter p at wave numbers n = 0 (axisymmetric
mode of vibration), n = 1, and a constant Winkler coefficient k& = 20.

As far as the load p is conservative the curves in Fig. 2 permit to
determine the critical value p.,, corresponding to the statistical lost of stability
of the plate. The critical value p = p,, can be found from the condition:

(36) Q= p(pr) = 0.

The diagrams in Fig. 3 define the eigenfrequencies Q, and Q, as func-
tions of the Winkler coefficient k at wave numbers n = 0, n = 1 and a constant
load p. The diagrams show that the frequencies increase together with k. Such
a behaviour of the plate is easy to be explaned. If the coefficient k increases
the construction becomes “stiffer” and as far as the mass remains constant,
the frequency increases too.
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Fig.3 The frequency € as a function of k by p and n constant
If we put
(37) 0=vE
in (32) and (33) the corresponding values
(38) 2a=2p, 23=0

satisfy the characteristic equation (35) or (29) for each number n > 0. Hence,
for circular plates based on elastic foundation an additional frequensy exists
(37) which we call “special”. This frequency does not depend on the membrane
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load p < P.r and the kind of the support. It is connected only with the elastic
foundation.
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